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A beyond-mean-field theory of new generation has been developed and applied for the first time to
discuss the controversial N � 32 and/or N � 34 shell closures and the puzzling behavior of the transition
probabilities from the ground to the first 2� state in the titanium isotopes. In the numerical applications,
the finite range density dependent Gogny interaction has been used. As compared with the experimental
data for several calcium, titanium, and chromium isotopes, we obtain a good agreement for the excitation
energies and a reasonable one for the transition probabilities. Our calculations support a shell closure for
N � 32 but not for N � 34.
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New developments in radioactive nuclear beams and
gamma ray detectors have allowed the study of atomic
nuclei far from the beta line of stability. From the theoreti-
cal point of view, the study of such exotic systems has
favored the development of more elaborated many body
theories. Among other interesting properties, the appear-
ance of new magic numbers [1] or the degradation of the
conventional ones in exotic nuclei is one of the major
research fields of the nuclear structure community.
Recently, a new shell closure at N � 32 in the neutron
rich Ca, Ti, and Cr isotope chains has been studied both
theoretically and experimentally. The experimental sys-
tematics of the energies of the first 2�1 states in the Ca
[2], Ti [3–6], and Cr [7,8] isotopic chains, and also of the
B�E2; 0�1 ! 2�1 � in Ti [9] and Cr [10], are consistent with a
shell closure at N � 32. Large scale shell model calcula-
tions have been performed in the pf shell with two differ-
ent families of effective interactions, namely, GXPF1 [11]
and KB3G [12]. All the calculations are in agreement with
the experimental trend of the energies of the 2�1 states up to
N � 32 although the GXPF1 interaction predicts another
shell closure at N � 34 which is not observed in 56Ti and
58Cr [3,7,13]. The crucial nucleus 54Ca has not been mea-
sured yet. Concerning the transitional probabilities, none
of both interactions is able to reproduce the zigzag behav-
ior of the B�E2; 0�1 ! 2�1 � values observed in the Titanium
isotopes with the usual effective charges.

An alternative approach to the large scale shell model
calculations are the mean field based many body theories
[14]. These theories have been traditionally applied to
heavy nuclei, and the treatment of light, exotic nuclei
requires special consideration. A characteristic of these
nuclei is that as one leaves the stability line, the potential
energy surface softens in most degrees of freedom, and the
mean field approximation, even in its most sophisticated
version like the Hartree-Fock-Bogoliubov (HFB), is not a
good approximation anymore and additional residual in-
teractions must be considered. This is usually done in the
so-called Beyond-Mean-Field Approximations (BMFA).
This approach incorporates residual interactions of differ-

ent type. On the one hand, those associated with the
restoration of the symmetries spontaneously broken in
the HFB approach, like angular momentum and particle
number. On the other hand, configuration mixing to in-
clude fluctuations of small and large amplitude of the main
degrees of freedom. Up to now, due to limitations of the
numerical feasibility, only the quadrupole deformations are
considered explicitly. In the plain HFB approach, one
explores the quadrupole potential energy surface for a large
set of discrete values of q (qi � 1; . . . ;M) by minimizing
E00 � h’jĤ0 � �qQ̂j’i=h’j’i, with �q the Lagrange mul-
tiplier determined by the constraint h’jQ̂j’i=h’j’i � q
and Ĥ0 � Ĥ � �NN̂ � �ZẐ in an obvious notation. The
wave function (WF) ’ is of the HFB type. To recover the
particle and rotational invariance broken in the HFB ap-
proach, a projection on the corresponding quantum num-
bers takes place to obtain the WF j��q�i � P̂JP̂Nj’�q�i
with P̂J �P̂N� an operator which projects j’�q�i onto an
eigenstate of the angular momentum (particle number)
operator. At the end, these calculations amount to deter-
mine a set of highly correlated WF’s fj��qi�ig -depending
parametrically on the variables qi- as a basis to diagonalize
the nuclear Hamiltonian. This pattern, with small varia-
tions, is the one followed by all BMFA calculations per-
formed so far [14–16]. These kinds of approaches have a
drawback in the treatment of the pairing correlations. The
HFB approach with or without particle number projection
works properly in the regime of strong pairing correlations,
but it breaks down in the weak pairing regime. The Lipkin-
Nogami (LN) [17] approximation partially cures this defi-
ciency but not completely. The real solution to this prob-
lem is well known [18,19]; namely, one has to minimize
the particle number projected energy in order to minimize
the energy of the nucleus we are interested in—this is the
so-called Variation After Projection (VAP) method—in-
stead of minimizing the energy of an admixture of nuclei
with different number of particles, as it does in the HFB
approach.

The purpose of this Letter is twofold: first, to incorporate
the particle number projection in configuration mixing
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calculations with the Gogny force, which so far [15] has
not been done, and second and more important, to intro-
duce for the first time the above mentioned VAP effects in
BMFA theories. As a test, we shall apply the new theory to
the challenging problem of the N � 32 and N � 34 shell
closures and the intriguing problem of the effective charges
in the Titanium isotopes [20]. Specifically, in our approach,
we proceed in the following way: for each q value,
we minimize the particle number projected (PNP)
HFB energy E0N�q� � h’�q�j�Ĥ� �qQ̂�P

Nj’�q�i=
h’�q�jPNj’�q�i with the corresponding constraint on the
expectation value of Q̂. Later on, we diagonalize Ĥ in the
subspace spanned by the WF’s PNPJj’�q�i for a wide
range of q-values. We restrict ourselves to axial symmetry
in all steps of the calculations. We use a large configuration
space of eleven harmonic oscillator shells (we do not need
therefore effective charges) and the standard parametriza-
tion D1S of the Gogny force [21]. We also take into
account all exchange terms of the force to avoid the
well-known problem associated with the divergences ap-
pearing in a particle number projected theory [22]. The
presence of divergences is specially critical for all BMFAs
since the parameter q must be changed in a continuous
way.

Pairing correlations depend very much on the single
particle level density around the Fermi level. In the upper
panels of Fig. 1, we display as an example the single
particle energies in the HFB approach for the nucleus
54Cr. If we follow the Fermi level for protons or neutrons,
we find on the oblate side relatively high level density and a
very low one in several regions on the prolate side. It is
well known that the HFB approach provides a good ap-
proximation in the strong pairing regime and a very poor
one in the weak pairing regime. As a consequence, we
expect an oscillating degree of quality of the HFB ap-
proach as a function of q; in particular, one finds a spurious
superfluid normal-fluid phase transition for those q-values
for which the level density is extremely small. This can be
seen in the bottom panels of Fig. 1 where the HFB pairing
correlations have been plotted. As expected from the upper
panels, the proton pairing correlations vanish for 1:2 b �
q � 2:4 b and for the neutron around q � 1:1 b. This
situation presents a serious drawback and needs to be
improved. The projected Lipkin-Nogami which is used as
a remedy by some authors [14,16] might not help much in
these situations since this method is known to provide a
bad approach in the weak pairing regime [17]. A thorough
comparison between different approaches to the treatment
of pairing correlations will be published elsewhere [23]. In
the bottom panels, the pairing energies in the PNP-HFB
approach are also shown. The neutron and proton systems
illustrate clearly how this approach works. In the regions
where the HFB pairing correlations are sizable, the PNP-
HFB approach provides additional correlations of about
2 MeV, and in the regions where they vanish or are very
small, the additional correlations amount to 4 to 5 MeV. As

we will see in Fig. 2, the q values where the differences
between the HFB and the PNP-HFB are larger are very
relevant since they correspond to the energy minima.

One can get some insight in the physics of the shell
closures problem posed above by looking at the intrinsic
potential energy curves, which are plotted in Fig. 2 in the
PNP-HFB approach for the Ca, Ti, and Cr isotopes for
neutron number 28, 30, 32, and 34. The Calcium isotopes
display the steepest curves due to the Z � 20 proton shell
closure, and for increasing proton number, we find a broad-
ening of the curves, i.e., an increase of collectivity.
Concerning the shell closures, the dependence on the
neutron number is more interesting. For all three elements,
we find the curves for N � 28; 32 to behave differently
from the ones for N � 30; 34. The next interesting ques-
tion concerns the role played by the residual interactions
brought in by the angular momentum projection and the
configuration mixing effects.

As an example, we display in Fig. 3 the angular mo-
mentum projected energy curves for the nucleus 54Cr.
Specifically, we are plotting the quantity EJ;N�q� �
h’�q�jĤPJPNj’�q�i=h’�q�jPJPN’�q�i for different q val-
ues. As a reference, the PNP-HFB curve is also repre-
sented. In the left panel, the results for J � 0�@ are
shown; the angular momentum projection gives an addi-
tional energy lowering with respect to the PNP-HFB result,
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FIG. 1. Upper panels: Single particle energies of protons (left)
and neutrons (right) for the nucleus 54Cr as a function of the
quadrupole moment. Positive (negative) parity levels are repre-
sented by continuous (dashed) lines. Thick dotted lines represent
the Fermi levels. Lower panels: Pairing energies for protons
(left) and neutrons (right) in two approaches.
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of a few MeV. The prolate and oblate minima are slightly
shifted to larger q values, and the energy gain amounts to
3 MeV in both minima. The energy lowering for J � 2�@
(see right panel) is in general smaller than for J � 0�@.
The shift to larger q values also takes place, but the energy
gain for the prolate minimum is 1 MeV larger than for the
oblate one. The projected curves are, so to say, the diagonal
elements of the matrix to be diagonalized in the configu-
ration mixing calculations. The diagonalization of these
matrices for different J values provides the eigenvalues and
the eigenstates we are looking for. In Fig. 3, we have
plotted the energies and the wave functions for the 0�1
and 2�1 states. The configuration mixing provides an addi-
tional energy lowering with respect to the minimum of the
projected surface of 0.60 MeV for the 0�1 state and
0.32 MeV for the 2�1 . The wave functions indicate that
the 0�1 state is a superposition of prolate shapes peaked at
1.2 b and a small admixture of oblate ones. The wave
function of the 2�1 state looks similar to the one of the
0�1 state though it has less oblate mixing. With these wave
functions, one calculates properties like transition proba-
bilities, spectroscopic moments, and so on. It is important
to notice that the q-value where the collective WF peaks is
the one where the HFB approach provides the worst ap-
proximation, cf. Figure 1.

We have performed the same analysis for all nuclei we
are interested in, and the results for the energies of the 2�1
states are plotted in Fig. 4 for some isotopes of the nuclei
Cr, Ti, and Ca together with the experimental data. The
theoretical predictions display the same behavior as the

experimental data though they are a bit larger. As discussed
on p. 290 of [24], this is caused in part by the lack of
triaxiality effects in our calculations. The largest effect is
expected for spherical nuclei and the smallest one for well
deformed ones ,and this is also the case here, cf. Fig. 2. In
Ref. [24], we estimated that a factor of about 0.7 is needed
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FIG. 3. Angular momentum projected energy surfaces (dashed
lines) and energies (bullets) and collective wave functions in
arbitrary units (continuous lines) of the configuration mixing
calculation for J � 0�1 @ (left) and J � 2�1 @ (right) states. The
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rameter. To fix an absolute scale for both panels, the energy of
the 0�1 state has been set equal to zero.
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FIG. 2. Potential energy surfaces in the PNP-HFB approach as
a function of the quadrupole moment. The energy origin of the
isotopes of each element has been set at the same value, Cr at
1 MeV, Ti at 4 MeV, and Ca at 6 MeV. At large q-values, the
energies are not displayed to keep the plot readable.
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FIG. 4. Excitation energies of the 2�1 states for the Ca, Ti, and
Cr isotopes; the experimental data are taken from [2] (Ca), [3–6]
(Ti), and [7,8] (Cr). The values of the factor f are: 0.58 (Ca), 0.69
(Ti), and 0.76 (Cr).
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to bring the theoretical predictions in agreement with the
experimental data. If we multiply our theoretical predic-
tions by a factor 0.58 (Ca), 0.69 (Ti), and 0.76 (Cr), we
obtain the results shown in the figure and now the agree-
ment is spectacular. Concerning the question of the hypo-
thetical shell closures at N � 32 and N � 34 from the
pattern displayed by our results, we confirm the shell
closure at N � 32. However, our results for 54Ca do not
support a shell closure for N � 34. To exclude additional
triaxial effects, we have studied the �� � plane with a
triaxial code in the VAP approach in the Calcium isotopes.
The contour lines do not show any special features (soft-
ness) as a function of �, and we do not expect drastic
changes after an eventual triaxial angular momentum
projection.

In Fig. 5, the E2 transition probabilities are displayed.
As expected from Fig. 2, the largest values are found for
the well deformed Cr isotopes and the smallest for the
spherical Ca nuclei. Our results present a general trend
similar to the experimental data and within a given isotopic
chain; specially for the light isotones, the B�E2�’s are
correlated with the relative energy of the 2� level: the
higher the energy is, the smaller is the B�E2�. In general,
our values are somewhat larger than the experimental ones.
Probably, this is in part due to the Gogny force (and the
Skyrme force too) that has the tendency to provide larger
quadrupole moments than experimentally observed and
partially to the already mentioned lack of triaxial shapes

in our calculations. It is interesting to notice that our B�E2�
values qualitatively reproduce the experimental zigzag
behavior in the Ti isotopes without any need to invoke
effective charges. As mentioned in the introduction, shell
model calculations with the usual values of the effective
charges provide a flat behavior for the B�E2� values of Ti.
Though a readjustment of the effective charges leads to a
certain improvement of the theoretical values [20], it re-
mains to be investigated how these changes affect the
B�E2� values of other pf shell nuclei.

In conclusion, we present the first results of beyond-
mean-field theories of the new generation where for the
first time variation after projection effects were considered
as well as simultaneous projection of angular momentum
and particle number for the Gogny force. We have applied
the theory to challenging problems and obtain a good
agreement with the experimental excitation energies and
a qualitative one with the transition probabilities. These
results support a N � 32 shell closure and predict the
nonexistence of a shell closure at N � 34. An added value
of our results is the fact that the force parameters were
fixed many years ago and that no effective charges are
needed in our calculations.
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