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Atomic force microscopy observations of the free surface of gold thin films deposited on silicon
substrates have evidenced the buckling of the films and the formation of blister patterns undergoing plastic
folding. The classical elastic buckling and plastic deformation of the films are analyzed in the framework
of the Föppl–Von Kármán theory of thin plates introducing the notion of low-angle tilt boundaries and
dislocation distributions to describe this folding effect. It is demonstrated that, in agreement with
elementary plasticity of bent crystals, the presence of such tilt-boundaries results in the formation of
buckling patterns of lower energy than ‘‘classical’’ elastic blisters.
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It is now well established that buckling of many macro-
scopic structures such as thin sheets can accurately be
described in the framework of Föppl–Von Kármán’s
(FVK) theory of thin plates [1,2]. Recently, this theory
has been applied at the mesoscopic scale to investigate
the buckling patterns observed when thin films deposited
on substrates or multilayers are submitted to compressive
stresses, these structures being used for a number of en-
gineering applications ranging from microelectronic de-
vices to coatings in the fields of metallurgy and materials
science [3–7]. A plethora of patterns has thus been already
characterized, such as straight-sided wrinkles, telephone
cords, or axi-symmetrical blisters taking advantage of
atomic force microscopy (AFM) and have been investi-
gated using continuum elasticity theory. Recently, the ef-
fect of substrate plasticity on the formation of straight-
sided wrinkles has been investigated [8]. However, a num-
ber of problems among which is the study of the influence
of elementary plasticity at the microscopic scale of crys-
talline thin films on their ‘‘pure’’ elastic buckling still
remains mainly unexplored to the best knowledge of the
authors. It is the purpose of this Letter to investigate how
thin film elementary plasticity mechanisms can modify the
classical elastic buckling patterns. This Letter is organized
as follows. Experimental observations of the plastic fold-
ing of spontaneous buckling patterns generated in thin
films deposited on substrates are first reported. The for-
mation of these structures is then investigated in the frame-
work of FVK’s theory of thin plates introducing the notion
of low-angle tilt boundaries characteristic of thin film
plasticity at the microscopic scale.

AFM observations of a compressed polycrystalline gold
thin film have been performed in contact mode using Si3N4

cantilevers. The 630 nm thick film has been deposited by a
physical vapor deposition method on a (100) silicon sub-
strate. Unusual shapes of buckling structures are evidenced
on the whole specimen. These spontaneous buckling pat-
terns are characterized by well-defined circular blisters,

with a strong bending of the film localized at the circular
boundary of the delaminated structures that is character-
istic of an irreversible or plastic deformation [see Figs. 1(a)
and 1(b)]. This plastic deformation is a commonly ob-
served phenomenon for ductile metallic films [9] such as
gold thin films [10]. The average stress in the planar part of
the film has been estimated by curvature method to be
�0:6 GPa; the small angle between the buckled and flat
parts of the film is around 9 degrees.

In the following, the coupling effects between elastic
buckling and plastic deformation have been investigated.
For the sake of simplicity, one considers the simple case of
one-dimensional wrinkle for a monocrystalline thin film.
This approach can be generalized to axi-symmetrical blis-
ters and polycrystalline thin films, assuming that the ele-
mentary plasticity mechanisms involved in the folding
effect take place in the different grains of the blister
circumference. Tilt boundary should be thus considered
in each of these grains. The resultant ‘‘plastic’’ energy of
the folding blister [equivalent to that derived in Eq. (10)] is
then obtained by summing up the energy contribution of

FIG. 1 (color online). (a) A circular blister exhibiting plastic
folding is observed on the free surface of a gold thin film
deposited on a silicon substrate. (b) Taking � � 9 degrees and
�0 � 0:61 GPa, the theoretical profile of the wrinkle �x � x�
u�x�; w�x�� is superimposed to the cross-section of the buckled
thin film.
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each tilt-boundary of the considered grain distribution, the
classical elastic energy (bending plus stretching) being also
calculated for axi-symmetrical blister.

A straight-sided wrinkle lying along (0y) axis and under-
going plastic folding is thus considered (see Fig. 2 for
axes). As usual, it is assumed that in its initial planar
configuration, the film of thickness h is already delami-
nated on a distance 2b. Since the ratio of Young’s modulus
of the film and silicon substrate, respectively, labeled Ef �
78 GPa and Es � 150 GPa, is Ef=Es � 0:5, the elasticity
of the substrate is not considered [5,11,12]. The compres-
sive reference stress in the initially flat thin film is defined
as�0

xx � �0
yy � ��0, the total stress in the film�tot

ij is thus
written as �tot

ij � �0
ij � �ij, with �ij the stress variation

resulting from buckling [3]. The corresponding x, y, and z
variations of the displacements from the reference state are
labeled u, v, and w, respectively. Since the wrinkle is
assumed to be infinite along (0y) axis, u, v, and w only
depend on the x variable. The nonlinear FVK’s theory of
thin plates is used to investigate the wrinkle formation.
Within this framework, the w component of displacement
field satisfies [3]

 w�4� � �2w�2� � 0; (1)

with w�i� � @iw=@xi and � �
��������������������������������
h��0 � �xx�=D

p
. The

bending stiffness D is defined as D � Efh3=�12�1� �2
f��

with �f the Poisson’s ratio of the film. The boundary
conditions write

 u�	b��v�	b��w�	b��0;
@w
@x
jx�	b�
�; (2)

with � the small positive angle at the edges between the
buckled thin film and the flat substrate (see Fig. 2). The

complete setting of the problem requires us to consider two
supplementary compatibility equations leading to [2,3]

 �yy � �f�xx;
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Using Eqs. (1)–(3), one finds the following displacement
field characterizing the shape of the buckled structure:
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with �c � �2h2Ef=�12�1� �2
f�b

2� the classical critical
stress above which the Euler column (with � � 0) appears
[3]. The compatibility Eq. (3) finally writes

 � �

����������������������������������������������������������������������������������
4�1� �2
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Once � is known, Eq. (6) allows for determining a discrete
set of � parameters, each of them being associated with a
specific buckling profile. According to the experimentally
observed morphology of buckling patterns shown in
Fig. 1(a) for gold thin films, one focuses on the study of
� values such that � � �=b, the Euler column with � � 0
being obtained for � � �=b. The cases � > �=b leading
to multioscillating profiles are not studied in this Letter. It
can also be emphasized that when �! 0, a wrinkle with

� � 0 is still obtained with a limit amplitude given by h
2 �

���
2
p

�����
�0

�c

q
. For each value of �, Eq. (6) allows for determining

a first restriction on �0 variations. One gets �0 
 ��0 �
Ef

6�1��2
f�
�2. It can be thus deduced that as � decreases, ��0

may be smaller than the critical stress �c above which the
Euler column appears. In this Letter, based on energetic
consideration, the formation of the plastically deformed
structure is compared with respect to planar configuration
when �c 
 �0 
 ��0 and with respect to classical Euler
column when �0 
 ��0 >�c.

Following Landau and Lifchitz [13], the bending and
stretching energy variations with respect to the flat con-
figuration, defined per unit length along (0y) axis and,
respectively, labeled �Ebend and �Estre, can easily be
determined in the case where u and w only depend on x
using the relationships:

 �Ebend �
Efh

3

24�1� �2
f�

Z �b
�b

�
@2w

@x2

�
2
dx; (7)

FIG. 2. The scale along (0z) has been enlarged. A straight-
sided wrinkle undergoing plastic folding is considered for a thin
film of thickness h deposited on a rigid substrate. Two low-angle
tilt boundaries made of distributions of edge dislocations are
considered leading to crystal folding.
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Introducing the expressions of u and w given by Eqs. (4) and (5) in Eqs. (7) and (8), one gets Eb � �Ebend ��Estre, the
total buckling energy variation with respect to the flat configuration per unit length along (0y) axis:
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h
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Taking � � �=b (or � � 0) in Eq. (9), �Eb reduces to
�EEuler

b the energy variation associated with the formation
of the pure elastic Euler column [3].

It is well admitted that in crystals, individual grains
contain rotated subgrains whose sub-boundaries are made
of distributions of dislocations (see [14–18] and refs.
therein). Likewise, when a crystal is plastically bent of a
small angle � along one axis, the dislocations rearrange
themselves in such a way that in the lower configuration of
energy, sub-boundaries or tilt boundaries are formed which
separate stress-free blocks of matter. In this Letter, such
low-angle tilt boundaries are considered in the bent parts of
the film located at the edges of the wrinkle where plastic
deformation takes place (see Fig. 2). One tilt boundary is
introduced at each edge, which is composed of a distribu-
tion along (0z) axis of infinite straight edge dislocations
lying along (0y) axis of Burgers’ vector bb ~ux and separated
by a distance d such that d � bb=� [15]. The correspond-
ing supplementary energy E2tb resulting from the forma-
tion of the two considered low-angle tilt boundaries yields
[15,18]

 E2tb��; h� �
h

4�

Ef
1� �2

f

bb� log
�

1

2�
e
�

�
; (10)

with � the angle given by Eq. (6). In order to determine in
which conditions the plastic folding and buckling is favor-
able with respect to planar thin film or Euler column, the
energy variations �E1 � �Eb � E2tb (when �c 
 �0 

��0) and �E2 � �Eb � E2tb � �EEuler

b (when �0 
 ��0 >
�c) have been, respectively, studied as a function of �0 for
different values of � in Figs. 3(a) and 3(b). The experi-
mental parameters of the considered gold thin film on
silicon substrate are taken as follows: �f � 0:44 h �
630 nm, b � 26750 nm, �c � 44:1 MPa, bb � 0:28 nm.
In Fig. 3(a), it is observed that for small values of � angle
(smaller than 3 degrees with the considered physical pa-
rameters), there exists a critical stress �c0 above which the

energy variation �E1 is negative. The plastic folding
(� buckling) become thus energetically favorable with

FIG. 3 (color online). (a) �E1 versus �0 when �0 � �c.
(b) �E2 versus �0 for �0 >�c.
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respect to planar configuration in a range of stress �0

where the classical Euler column can not develop. In
Fig. 3(b), it is found that for � < 3�, �E2 is always
negative. For � � 6� and 9�, �E2 is negative for�0 greater
than the critical value �c0 � ��0. For � � 3�, one finds
�c0 � ��0 � 1:0016�c. As a consequence, the formation
of the plastically deformed structure becomes energetically
favorable with respect to Euler column as soon as the stress
is greater than its critical threshold. It can be thus first
concluded that irrespective of �c value, one can define for
each value of � angle a range of stress �0 where the
plastically fold structure is susceptible to develop. The
variation of the critical stress �c0 versus � has been finally
plotted in Fig. 4. It can be observed that �c0 increases with
�, so that it becomes harder in terms of stress to develop
plastically deformed structures as � increases.

In the case of gold thin films on silicon substrates, taking
for stress �0 � 0:61 GPa and angle � � 9 degrees, it is
found from Fig. 3(b) that the energy variation �E2 asso-
ciated with the formation of a wrinkle is negative. As a
consequence, our simplified 1D model clearly justifies the
formation of the plastically folded wrinkle resulting from
thin film buckling which has been experimentally observed
[see Fig. 1(a)]. The model is also relevant to determine
accurate values of the characteristic length scales of the
buckling patterns. In particular, it can be observed in
Fig. 1(b) that the theoretical profile [x� u�x�; w�x�] given
by Eqs. (4) and (5) matches the experimental one.

As a conclusion, it is demonstrated in this Letter from
both an experimental and theoretical point of view that

folding of thin films deposited on substrates may strongly
modify the buckling patterns when plasticity can occur
depending on dislocation nucleation and mobility. It is
found, in particular, that below the classical stress thresh-
old of Euler column �c, a plastically folded wrinkle with
small angle value may appear for thin film stress�0 greater
than the critical value �c0. Above the Euler column thresh-
old, the plastically deformed wrinkle is found to be ener-
getically favorable with respect to Euler column (when
�0 
 �c0). It is finally believed that the coupling effects
between elasticity and plasticity may also play an impor-
tant role in the formation of other buckling patterns such as
those resulting from the vertical superimposition of
blisters.
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