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Properties of finite nuclei are evaluated with two-nucleon (NN) and three-nucleon (NNN) interactions
derived within chiral effective field theory. The nuclear Hamiltonian is fixed by properties of the A � 2
system, except for two low-energy constants (LECs) that parametrize the short range NNN interaction,
which we constrain with the A � 3 binding energies. We investigate the sensitivity of 4He, 6Li, 10;11B, and
12;13C properties to the variation of the constrained LECs. We identify observables that are sensitive to this
variation and find preferred values that give the best overall description. We demonstrate that the NNN
interaction terms significantly improve the binding energies and spectra of mid-p-shell nuclei not just with
the preferred choice of the LECs but even within a wide range of the constrained LECs. We find that a very
high quality description of these nuclei requires further improvements to the chiral Hamiltonian.
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The nuclear strong interaction has proven to be compli-
cated and replete with ambiguities. However, chiral per-
turbation theory (ChPT) [1] provides a promising bridge to
the underlying theory, QCD, that could remove ambigu-
ities. Beginning with the pionic or the nucleon-pion system
[2], one works consistently with systems of increasing
nucleon number [3–5]. One makes use of spontaneous
breaking of chiral symmetry to systematically expand the
strong interaction in terms of a generic small momentum
and takes the explicit breaking of chiral symmetry into
account by expanding in the pion mass. Thereby, the NN
interaction, the NNN interaction, and also �N scattering
are related to each other. At the same time, the pion mass
dependence of the interaction is known, which will enable
a connection to lattice QCD calculations in the future [6].
Nuclear interactions are nonperturbative, because dia-
grams with purely nucleonic intermediate states are en-
hanced [1]. Therefore, the ChPT expansion is performed
for the potential. Solving the Schrödinger equation for this
potential then automatically sums diagrams with purely
nucleonic intermediate states to all orders. Up to the
fourth- or next-to-next-to-next-to-leading order (N3LO)
of the ChPT, all the low-energy constants (LECs) can be
determined by the A � 2 data with the exception of two
LECs that must be fitted to properties of A> 2 systems.
The resulting Hamiltonian predicts all other nuclear prop-
erties, including those of heavier nuclei. We demonstrate
that this reductive program works to predict the properties
on mid-p-shell nuclei with increasing accuracy when the
NNN interaction is included.

We adopt the potentials of ChPT at the orders presently
available; the NN at N3LO of Ref. [7] and the NNN
interaction at N2LO [8]. Since the NN interaction is non-
local, the ab initio no-core shell model (NCSM) [9–11] is
the only approach currently available to solve the resulting

many-body Schrödinger equation for mid-p-shell nuclei.
In this Letter, we use the NCSM to evaluate binding
energies, spectra, and other observables for 6Li, 10;11B,
and 12;13C. We also present our results for the s-shell nuclei
3H, 3He, and 4He. We use the A � 3 binding energies to
constrain the two unknown LECs of the NNN contact
terms, cD and cE [12]. cD (cE) is the strength of the
NN-�-N (NNN) contact term; see diagrams in Fig. 1.
Their determination from three-nucleon scattering data is
difficult due to a correlation of the 3H binding energy and,
e.g., the nd doublet scattering length [8] and, in general,
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FIG. 1 (color online). Relations between cD and cE for which
the binding energy of 3H (8.482 MeV) and 3He (7.718 MeV) are
reproduced. (a) 4He ground-state energy along the averaged
curve. (b) 4He charge radius rc along the averaged curve.
Dotted lines represent the rc uncertainty due to the uncertainties
in the proton charge radius.
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due to the lack of an in-depth three-nucleon scattering
phase shift analysis. We therefore investigate sensitivity
of the A> 3 nuclei properties to the variation of the con-
strained LECs. Our approach differs in two aspects from
the first NCSM application of the chiral NN � NNN in-
teractions in Ref. [12] which presents a detailed investiga-
tion of 7Li. First, we introduce a regulator depending on the
momentum transfer in the NNN terms which results in a
local chiral NNN interaction. Second, we do not use ex-
clusively the 4He binding energy as the second constraint
on the cD and cE LECs.

The NCSM casts the diagonalization of the infinite
dimensional many-body Hamiltonian matrix as a finite
matrix problem in a harmonic oscillator (HO) basis with
an equivalent ‘‘effective Hamiltonian’’ derived from the
original Hamiltonian. The finite matrix problem is defined
by Nmax, the maximum number of oscillator quanta shared
by all nucleons above the lowest configuration. We solve
for the effective Hamiltonian by approximating it as a 3-

body interaction [10,11] based on our chosen chiral NN �
NNN interaction. With this ‘‘cluster approximation,’’ con-
vergence is guaranteed with increasing Nmax.

It is important to note that our NCSM results through
A � 4 are fully converged in that they are independent of
the Nmax cutoff and the @� HO energy. For heavier sys-
tems, we characterize the approach to convergence by the
dependence of the results on Nmax and @�.

Figure 1 shows the trajectories of the two LECs cD � cE
that are determined from fitting the binding energies of the
A � 3 systems. Separate curves are shown for 3H and 3He
fits, as well as their average. There are two points where the
binding of 4He is reproduced exactly. We observe, how-
ever, that in the investigated range of cD � cE, the calcu-
lated 4He binding energy is within a few hundred keV of
experiment. Consequently, the determination of the LECs
in this way is likely not very stringent. We therefore
investigate the sensitivity of the p-shell nuclear properties
to the choice of the cD � cE LECs. First, we maintain the
A � 3 binding energy constraint. Second, we limit our-
selves to the cD values in the vicinity of the point cD � 1
since the values close to the point cD � 10 overestimate the
4He radius.

While most of the p-shell nuclear properties, e.g., exci-
tation spectra, are not very sensitive to variations of cD in
the range from �3 to �2 that we explored, we identified
several observables that do demonstrate strong dependence
on cD. In Fig. 2 we display the 6Li quadrupole moment that
changes sign depending on the choice of cD, the ratio of the
B�E2� transitions from the 10B ground state to the first and
the second 1�0 state, and the 12C B�M1� transition from
the ground state to the 1�1 state. The B�M1� transition
inset illustrates the importance of the NNN interaction in
reproducing the experimental value [13]. The 10B B�E2�
ratio, in particular, changes by several orders of magnitude
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FIG. 2 (color online). Dependence on the cD with the cE
constrained by the A � 3 binding energy fit for different basis
sizes for: 6Li quadrupole moment, 10B B�E2; 3�1 0!
1�1 0�=B�E2; 3�1 0! 1�2 0� ratio, and the 12C B�M1; 0�0!
1�1�. The HO frequency of @� � 13, 14, 15 MeV was em-
ployed for 6Li, 10B, 12C, respectively. In the inset of the 12C
figure, the convergence of the B�M1; 0�0! 1�1� is presented
for calculations with (using cD � �1) and without the NNN
interaction.
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FIG. 3 (color online). 11B excitation spectra as function of the
basis space size Nmax at @� � 15 MeV and comparison with
experiment. The isospin of the states depicted is T � 1=2.
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depending on the cD variation. This is due to the fact that
the structure of the two 1�0 states is exchanged depending
on cD. From Figs. 1 and 2, we can see that for cD <�2 the
4He radius and the 6Li quadrupole moment underestimate
experiment while for cD > 0 the lowest two 1� states of
10B are reversed and the 12C B�M1; 0�0! 1�1� is over-
estimated. We therefore select cD � �1 for our further
investigation.

We present in Fig. 3 the excitation spectra of 11B as a
function of Nmax for both the chiral NN � NNN, (top
panel) as well as with the chiral NN interaction alone
(bottom panel). In both cases, the convergence with in-
creasing Nmax is quite good especially for the lowest-lying
states. Similar convergence rates are obtained for our other
p-shell nuclei.

We display in Fig. 4 the natural parity excitation spectra
of four nuclei in the middle of the p shell with both the NN
and the NN � NNN effective interactions from ChPT. The
results shown are obtained in the largest basis spaces
achieved to date for these nuclei with the NNN interac-
tions, Nmax � 6 (6@�). Overall, the NNN interaction con-
tributes significantly to improve theory in comparison with
experiment. This is especially well demonstrated in the odd
mass nuclei for the lowest few excited states. The cele-
brated case of the ground-state spin of 10B and its sensi-
tivity to the presence of the NNN interaction is clearly
evident. There is an initial indication in these spectra that
the chiral NNN interaction is ‘‘overcorrecting’’ the inad-
equacies of the NN interaction since, e.g., the 1�0 and 4�0
states in 12C are not only interchanged but they are also
spread apart more than the experimentally observed
separation.

Table I contains selected experimental and theoretical
results, including Gamow-Teller (GT) transitions, for 6Li
and A � 10–13. A total of 68 experimental data are sum-
marized in this Table including the excitation energies of
28 states encapsulated in the rms energy deviations. Note
that the only case of an increase in the rms energy deviation
with inclusion of NNN interaction is 13C and it arises due
to the upward shift of the 7

2
� state seen in Fig. 4, an
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FIG. 4 (color online). States dominated by p-shell configura-
tions for 10B, 11B, 12C, and 13C calculated at Nmax � 6 using
@� � 15 MeV (14 MeV for 10B). Most of the eigenstates are
isospin T � 0 or 1=2, the isospin label is explicitly shown only
for states with T � 1 or 3=2. The excitation energy scales are in
MeV.

TABLE I. Selected properties of 6Li, 10;11B, and 12;13C from
experiment and theory. E2 transitions are in e2 fm4 and M1
transitions are in �2

N . The rms deviations of excited state
energies are quoted for the states shown in Fig. 4 whose spin-
parity assignments are well established and that are known to be
dominated by p-shell configurations. The total energy rms is for
the 28 excited states from Fig. 4. Results were obtained in the
basis spaces with Nmax � 6 (8 for 6Li) and HO frequency @� �
15 MeV (13 MeV for 6Li, 14 MeV for 10B). In the NN � NNN
column, we show sensitivity of selected observables to the
change of cD by �1 at fixed Nmax and @�. The experimental
values are from Refs. [14–21].

Nucleus/property Expt. NN � NNN NN

6Li: jE�1�1 0�j [MeV] 31.995 32.63 28.98
Q�1�1 0� [e fm2] �0:082�2� �0:12�4� �0:052
��1�1 0� [�N] �0:822 �0:836 �0:845
Ex�3

�
1 0� [MeV] 2.186 2.47(8) 2.874

B�E2; 3�1 0! 1�1 0� 10.69(84) 3.685 4.512
B�E2; 2�1 0! 1�1 0� 4.40(2.27) 3.847 4.624
B�M1; 0�1 1! 1�1 0� 15.43(32) 15.04(4) 15.089
B�M1; 2�1 1! 1�1 0� 0.149(27) 0.08(2) 0.031

10B: jE�3�1 0�j [MeV] 64.751 64.78 56.11
rp [fm] 2.30(12) 2.197 2.256
Q�3�1 0� [e fm2] �8:472�56� �6:327 �6:803
��3�1 0� [�N] �1:801 �1:837 �1:853
rms (Exp-Th) [MeV] - 0.823 1.482
B�E2; 1�1 0! 3�1 0� 4.13(6) 3.05(62) 4.380
B�E2; 1�2 0! 3�1 0� 1.71(0.26) 0.50(50) 0.082
B�GT; 3�1 0! 2�1 1� 0.083(3) 0.07(1) 0.102
B�GT; 3�1 0! 2�2 1� 0.95(13) 1.22(2) 1.487

11B: jE� 3
21

� 1
2�j [MeV] 76.205 77.52 67.29

rp�
3
21

� 1
2� [fm] 2.24(12) 2.127 2.196

Q� 3
21

� 1
2� [e fm2] �4:065�26� �3:065 �2:989

�� 3
21

� 1
2� [�N] �2:689 �2:06�1� �2:597

rms (Exp-Th) [MeV] - 1.067 1.765
B�E2; 3

21

� 1
2!

1
21

� 1
2� 2.6(4) 1.476 0.750

B�GT; 3
21

� 1
2!

3
21

� 1
2� 0.345(8) 0.24(1) 0.663

B�GT; 3
21

� 1
2!

1
21

� 1
2� 0.440(22) 0.46(2) 0.841

B�GT; 3
21

� 1
2!

5
21

� 1
2� 0.526(27) 0.53(3) 0.394

B�GT; 3
21

� 1
2!

3
22

� 1
2� 0.525(27) 0.76(2) 0.574

12C: jE�0�1 0�j [MeV] 92.162 95.57 84.76
rp [fm] 2.35(2) 2.172 2.229
Q�2�1 0� [e fm2] �6�3� �4:318 �4:931
rms (Exp-Th) [MeV] - 1.058 1.318
B�E2; 2�0! 0�0� 7.59(42) 4.252 5.483
B�M1; 1�0! 0�0� 0.0145(21) 0.006 0.003
B�M1; 1�1! 0�0� 0.951(20) 0.91(6) 0.353
B�E2; 2�1! 0�0� 0.65(13) 0.45(1) 0.301

13C: jE� 1
21

� 1
2�j [MeV] 97.108 103.23 90.31

rp�
1
21

� 1
2� [fm] 2.29(3) 2.135 2.195

�� 1
21

� 1
2� [�N] �0:702 �0:39�3� �0:862

rms (Exp-Th) [MeV] - 2.144 2.089
B�E2; 3

21

� 1
2!

1
21

� 1
2� 6.4(15) 2.659 4.584
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indication of an overly strong correction arising from the
chiral NNN interaction. However, the experimental 7

2
�

may have significant intruder components and is not well
matched with our state. In addition, convergence for some
higher lying states is affected by incomplete treatment of
clustering in the NCSM.

These results required substantial computer resources. A
typical Nmax � 6 spectrum shown in Fig. 4 and a set of
additional experimental observables, takes 4 h on 3500 pro-
cessors of LLNL’s Thunder machine. We present only an
illustrative subset of our results here.

We demonstrated here that the chiral NNN interaction
makes substantial contributions to improving the spectra
and other observables. However, there is room for further
improvement in comparison with experiment. We stress
that we used a strength of the 2�-exchange piece of the
NNN interaction, which is consistent with the NN inter-
action that we employed (i.e., from Ref. [7] with, in
GeV�1, c1 � �0:81, c3 � �3:2, c4 � 5:4). Since this
strength is somewhat uncertain (see, e.g., Ref. [12]), it
will be important to study the sensitivity of our results
with respect to this strength. Further on, it will be interest-
ing to incorporate subleading NNN interactions and also
four-nucleon interactions, which are also order N3LO [22].
Finally, we plan to extend the basis spaces to Nmax � 8
(8@�) for A> 6 to further improve convergence.

Our overall conclusion is that these results provide
major impetus for the full program of deriving the inter-
nucleon interaction in the consistent approach provided by
chiral effective field theory.
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Nucleus/property Expt. NN � NNN NN

B�M1; 3
21

� 1
2!

1
21

� 1
2� 0.70(7) 0.70(7) 1.148

B�GT; 1
21

� 1
2!

1
21

� 1
2� 0.20(2) 0.095(10) 0.328

B�GT; 1
21

� 1
2!

3
21

� 1
2� 1.06(8) 1.50(13) 2.155

B�GT; 1
21

� 1
2!

3
21

� 3
2� 0.19(2) 0.400(5) 0.151

Total energy rms [MeV] - 1.314 1.671

TABLE I. (Continued)
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