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It was recently conjectured that the ratio of the shear viscosity to entropy density �=s for any fluid
always exceeds @=�4�kB�. A theoretical counterexample to this bound can be constructed from a
nonrelativistic gas by increasing the number of species in the fluid while keeping the dynamics essentially
independent of the species type. The question of whether the underlying structure of relativistic quantum
field theory generically inhibits the realization of such a system and thereby preserves the possibility of a
universal bound is considered here. Using rather conservative assumptions, it is shown here that a
metastable gas of heavy mesons in a particular controlled regime of QCD provides a realization of the
counterexample and is consistent with a well-defined underlying relativistic quantum field theory. Thus,
quantum field theory appears to impose no lower bound on �=s, at least for metastable fluids.
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A universal bound for the ratio of the shear viscosity �
to entropy density s in any fluid has recently been conjec-
tured by Kovtun, Son, and Starinets (KSS) [1]:

 

�
s
�

@

4�kB
; (1)

where the kB and @ are Boltzmann’s constant and Planck’s
constant, respectively. This is the strong form of the KSS
conjecture. Since the limit of zero viscosity is the ‘‘per-
fect’’ fluid, the bound from the strong KSS conjecture
implies that ‘‘the most perfect’’ fluid is one with � �
@s=�4�kB�. For simplicity, in the remainder of this
Letter, units will be chosen using standard theory conven-
tions with @ and kB set to unity. The KSS conjecture in its
strong form represents an extremely important advance in
our understanding of many-body physics, if correct.
Indeed, it has been invoked in discussing physics as diverse
as ultracold gases of trapped atoms [2] and the quark-gluon
plasma [3].

A fluid is a substance that continually deforms (i.e.,
flows) under an applied shear stress regardless of the
magnitude of the applied stress. Usually, this definition is
taken to hold regardless of whether the state of the system
is stable or metastable (in the sense of being very long-
lived on all relevant time scales). Consider a liquid high
explosive—which obviously is not absolutely stable. Such
a substance is usually regarded as unambiguously being a
fluid. In principle, � and s can be measured for a liquid
high explosive with extremely high accuracy despite its
lack of absolute stability (although great care is advised in
making the measurements). There may be a fundamental
uncertainty in values of � and s arising from a natural time
scale for the lifetime of the metastable state �met. However,
one expects that any fundamental uncertainty to be of
relative order �fl=�met, where �fl is the natural time scale
of the fluid dynamics (e.g., the collision time for a dilute
system). Since this ratio is many orders of magnitude less
than unity for typical metastable fluids, the entropy density

and viscosity are essentially well defined. It is natural to
suppose that if the KSS bound is a generic feature of fluids
that it will also hold for metastable fluids (up to the very
small intrinsic uncertainty in the value of � and s due to
metastability), although it is logically possible that the
bound holds only for stable fluids.

A principal motivation for the conjecture is based on the
transport properties on gauge theories with gravity duals
computed [4] using the famed anti-de Sitter–conformal
field theory correspondence [5]. A truly remarkable result
has emerged [1]. For systems at nonzero temperature, at
large Nc, and infinitely strong ’t Hooft coupling g2Nc, all
known theories with a gravity dual have the same ratio of
the shear viscosity (�) to the entropy density (s): �s �

1
4� .

This suggests a general feature of classical gravity which
should hold for all large Nc theories with gravity duals; in
Refs. [6,7] it was shown to hold in a very wide class of
theories. It is natural to assume that �=s increases as one
departs from the limit of infinite strong ’t Hooft coupling
since weaker couplings should increase �. An explicit
calculation confirmed this behavior for a specific model
[8]. Thus, a class of large Nc gauge theories with gravity
duals appears to have a bound for�=s. The KSS conjecture
is that the bound could be much more general. Moreover,
the conjectured bound does not involve c (when units are
restored), and it is not unnatural that the bound, if true,
applies equally to nonrelativistic systems [1]. A heuristic
argument for the bound in nonrelativistic systems can be
found in Ref. [9].

The bound is respected by all real fluids considered
[1,7]. Typically, for a fluid at fixed pressure and low
temperatures, �=s decreases with increasing temperature
until a minimum is reached and then increases. The min-
ima all appear to be well above the putative bound, provid-
ing an empirical basis for the conjecture.

However, in a second publication [7] KSS briefly note a
serious threat to this universal conjecture based on rather
elementary theoretical considerations indicating a class of
counterexample. The issue raised there is critical to the
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discussion, and an expanded variant of this argument is
given below.

Consider a nonrelativistic quantum many-body system
in a regime for which the computation of �=s is analyti-
cally tractable. The system consists of a gas comprised of a
number (Ns) of distinct but equivalent species of spin-zero
bosons of degenerate mass. The dynamics is specified by a
Hamiltonian containing kinetic energy terms plus two-
body interactions which are independent of the species
type: For all species a and b, Vab�r� � V�r=R�, where R
is the range of the potential. The gas is in local thermal
equilibrium and has an equal density of each species: na �
n=Ns for any species a. The system is in the regime

 R�2; a�2 � mT � n2=3; (2)

where a is the scattering length. This simultaneous low
temperature, low density regime can be enforced by a
common scaling behavior with a parameter �:

 n �
n0

�4 ; T �
T0

�2 : (3)

Sufficiently large � ensures the regime of Eq. (2). At large
�, n is low enough for the entropy to be given by the
classical ideal gas (with small corrections). Moreover, the
many-body dynamics is dominated by binary collisions
and hence is in the regime of validity of the Boltzmann
equation [10]. Although this regime has slowly moving
particles yielding long quantum wavelengths for the ther-
mal particles, one expects the dynamics between collisions
to be essentially classical (as required for the Boltzmann
equation). The key point is that, while the thermal wave-
length scales as �, the interparticle spacing scales as �4=3;
thus, at large �, the quantum wavelengths are much shorter
than the relevant distance scale, and the system behaves
classically between collisions. The low temperature aspect
implies that the two-body scattering amplitude of a typical
pair is predominantly s-wave and (to good approximation)
equal to the scattering at zero momentum. Thus, the scat-
tering term in the Boltzmann equation is based on isotropic
scattering independent of energy. This is formally equiva-
lent to the Boltzmann equation for classical hard sphere
scattering, a case for which the shear viscosity is readily
computed: � � Chs

��������
mT
p

=d2, where d is the diameter and
Chs � 0:179 is a coefficient calculable numerically [10].
The ratio �=s is universal in this regime and is given by

 

�
s
�

Chs�
3 ���������
mT0

p

a2n0�log��mT0�
3=2

n0
� 	 5

2	 log��� 	 log�Ns�

: (4)

Based on the general reasoning above, one expects that
corrections to Eq. (4) are suppressed by various powers of
1=� and should be irrelevant at sufficiently large �. Ideally,
this should be checked by systematic calculations of the
leading corrections to verify explicitly that they are power
suppressed. However, it is not clear that this is tractable at
present, and the analysis here will be based on the general
theoretical arguments given above. The validity of Eq. (4)

at large � should not depend on the number of species
being small. Accordingly, it is legitimate to consider an
exponentially large number of species: Take Ns to be

 Ns � exp��4� (5)

(rounded to the nearest whole number). As the temperature
and density of the system are decreased, the number of
species simultaneously increases greatly. In the combined
regime of Eqs. (3) and (5), �=s is given as

 

�
s
�

1

�
Chs

���������
mT0

p

a2n0

(6)

up to power law corrections. Clearly, �=s can be made
arbitrarily small by increasing � and, in particular, can be
made smaller than 1=�4��. At large �, the mixing entropy
associated with the many species overwhelms other effects
yielding a small value of �=s.

For purely repulsive potentials, the argument appears to
hold generally. As a practical matter, it would be very
difficult to realize this example in realistic circumstan-
ces—the number of equivalent species must be the expo-
nent of a large number. However, it does show as a matter
of principle that nothing in ordinary many-body quantum
mechanics requires that the conjectured strong KSS bound
be respected.

Subtleties arise if the potential has attractive regions.
The second derivative of the free energy density is given by
d2f=dn2 � �2�T0=n0� � 4�jaj=m (up to power law cor-
rections in ��1). It is clearly positive for large �, indicating
that the fluid is locally stable against density fluctuations.
However, it may be possible for the system to globally
lower its energy either by forming macroscopic regions of
higher density or by forming two- or higher-body bound
states. Regardless of whether the system is absolutely
stable, the time scale for the decay of the system is very
long at large �. The fastest possible mechanism for the
system to qualitatively alter its state is if two-body bound
states exist. To conserve energy and momentum, two par-
ticles can bind only if three or more particles interact. This
implies that in this situation �fl=�met � nR

3
0 � �

�4, and the
system becomes a well-defined fluid at large �. For other
mechanisms, the lifetime of the metastable system is para-
metrically larger. Thus, regardless of whether the interac-
tion is attractive or repulsive, a fluid violating the KSS
bound can be constructed (although for an attractive inter-
action it may only be metastable.)

It is useful to introduce another variant of this example
which will be of use later. Suppose that, in addition to Ns,
n, and T, the mass and the strength of the interaction
potential also have a nontrivial scaling with �:
 

m � m0 exp��4�; R � R0;

Vab�r� � Vo�r=R0� exp���4�; T �
T0 exp���4�

�2 ;

n �
n0

�4 ; Ns � exp��4�: (7)
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In this scaling, the particles become heavy at the same rate
as the number of species grows, while their interaction
potentials become weak at the same rate. The two-body
scattering depends only on the productmV and is unaltered
by this scaling; thus, the cross section remains independent
of �. Note that T in Eq. (7) drops off exponentially faster
than the analogous scaling in Eq. (3). However, the relevant
combination is the thermal momentum

��������
mT
p

, which scales
as ��1 in both scaling regimes. Thus, for this scaling
regime �=s is still given by Eq. (6) with m replaced by
m0; corrections are still down by powers of ��1, and the
KSS bound is still violated at large �.

One way to accommodate counterexamples of this sort
is to discard the strong form of the conjecture in favor of a
much weaker version—any relativistic quantum field theo-
retic system at zero chemical potential has the ratio of
�=s � �4���1—as proposed by KSS in Ref. [7]. The
weaker form of the conjecture remains of great theoretical
importance, if true. However, its practical implications are
severely limited; apart from relativistic heavy ion colli-
sions where the chemical potential may be low enough to
neglect, the vast majority of fluid problems of physical
interest are outside of its domain. Moreover, the weak form
of the conjecture seems less plausible if the strong form is
discarded. A principal justification for the conjecture is
empirical data on ordinary fluids; this provides no support
for the weak version. In addition, it has recently been
shown [11] that systems with gravity duals at infinite
’t Hooft coupling and large Nc with nonzero chemical
potentials also have�=s � 1=�4�� just as with zero chemi-
cal potential. To the extent that the zero chemical potential
case motivates the weak form of the conjecture, one might
expect a similar level of justification to hold at nonzero
chemical potential.

However, the very fact that the counterexamples are so
impractical raises an obvious question: Could there be
some deep physical reason of principle preventing them
from being realized? This could preserve the strong form
of the conjecture. Since this physics must be beyond the
structure of nonrelativistic quantum mechanics, it is natu-
ral to ask if the structure of the underlying relativistic
quantum field theory could do this. The issue is whether
it is possible for nonrelativistic systems inconsistent with
the strong KSS conjecture to arise from any consistent
underlying quantum field theory, i.e., whether there exists
a consistent ultraviolet completion for the nonrelativistic
system [12].

A priori, it is not implausible that the structure of quan-
tum field theory might rule out these counterexamples and
preserve the strong form of the conjecture. Consider a
simple example: a low temperature, low density pion gas
in a generalization of QCD with Nf degenerate flavors—
half of which we denote to be‘‘uplike’’ and half ‘‘down-
like.’’ The net number density for uplike quarks and down-
like antiquarks can be set to n, and the temperature can be
chosen to be well belowm�, yielding a nonrelativistic pion

gas with N2
f=4 species of pion present. However, it is not

possible to take NF large (and thus evade the KSS bound)
while keeping the theory well defined. The one-loop �
function for QCD is ��g� � ��g3=16�2���11Nc=3� �
�2Nf=3�
; asymptotic freedom is lost at large Nf, and the
theory presumably becomes ill defined in the ultraviolet
[13]. One might evade this by setting Nc large simulta-
neously with Nf with the ratio Nf=Nc held fixed. However,
�� � scattering cross section scales asN�2

c , implying that
�� N2

c . Thus, either the theory is ill defined in the ultra-
violet or �=s grows with increasing species number. If all
consistent field theories behave in an analogous way, then
the strong KSS conjecture would remain viable. However,
this behavior is not generic.

Consider a nonrelativistic gas of heavy mesons (i.e.,
mesons with the quantum numbers of a heavy quark and
a light antiquark) in a very special regime of generalized
QCD with weak and electromagnetic interactions absent.
The regime involves a theory with Nc colors, Nh degener-
ate flavors of heavy quark (of mass mh), and one flavor of
light quark (of mass ml). The total density of light anti-
quarks to be n and the density of each heavy flavor is fixed
at n=Nh (for a total heavy meson density of n). The
parameters of the theory are taken to scale according to

 

Nc � e�
4
; Nh � e�

4
; mh �mh0e�

4
; ml�ml0;

�QCD ��QCD0; n� n0��4; T � T0
e��

4

�2 :
(8)

The scaling relations in Eqs. (8) are designed to create a
nonrelativistic gas of heavy mesons in a regime equivalent
to that of Eq. (7). The problem of diminishing cross section
in the large Nc, large Nf pion gas is evaded here by having
the meson mass grow to compensate for the decreased
interaction strength yielding a constant cross section.

There are several aspects of this system which require
comment. First, note that the scaling rules giveNf � Nh 	
1 � Nc 	 1. Asymptotic freedom is maintained, and the
theory remains well defined at large � (assuming, of
course, that QCD itself is, in fact, well defined).

The next key point is that the system behaves like a
nonrelativistic gas whose constituents are the lightest pseu-
doscalar mesons containing a heavy quark. The pseudo-
scalar containing a quark of flavor a is denoted as Ha.
Recall that, for heavy quarks, the vector meson H?

a is
nearly degenerate [14] with the pseudoscalar Ha: �M?

H �

MH� ��2
QCD=mH � e��

4
��2

QCD=mh0�. Combining this
with the scaling of the temperature, one sees that �M?

H �

MH�=T � �
2��QCD2=mh0� so that, at sufficiently large �,

excitations of the H? are thermally suppressed; the proba-
bility of a heavy meson being in the H? state is exponen-
tially suppressed by a factor of e��

2
. Other excited states

are suppressed by much larger factors (i.e., by exponentials
of exponentials of �). Similarly, the density of light mesons
in the system is thermally suppressed by a very large factor
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at large �. Thus, both the viscosity and the entropy of the
system are dominated by the H mesons. Moreover, the H
mesons are clearly extremely nonrelativistic: The charac-
teristic thermal velocity vT �

��������������
T=MH

p
scales as e��

4
=�2.

Only the dynamics of H mesons are relevant at large �;
all other degrees of freedom can be integrated out, yielding
an effective theory. The appropriate effective theory is
nonrelativistic quantum mechanics with an effective po-
tential between the H mesons; the particle number is
essentially fixed and the motion is nonrelativistic. From
standard large Nc analysis, it is easy to see that the strength
of the effective potential scales like 1=Nc; the range of the
effective potential is fixed from the light degrees of free-
dom (light quark and gluons) since virtual heavy quarks
may be integrated out for large �. Thus, in the regime of
Eq. (8), the system behaves like a nonrelativistic gas of
pseudoscalar heavy mesons; their properties scale analo-
gously to those in Eqs. (7). From the logic leading to
Eq. (6), one expects that �s �

1
� �Chs

�������������
mh0T0

p
=a2n0�, where

a is the meson-meson scattering length (corrections are
power law suppressed in 1=�). The KSS bound is violated
at large � since �=s becomes arbitrary small.

Given this counterexample, it appears that the strong
form of the KSS conjecture cannot be supported: A fluid
based on an underlying consistent relativistic field theory
can have an arbitrarily small value of �=s. Of course, the
preceding argument does not rule out the strong form of the
KSS conjecture in any rigorous mathematical sense. The
calculation of �=s in this regime was based on numerous
approximations. However, these approximations appear to
be well motivated physically, and the result should be exact
in the limit of large �; accordingly, it seems highly unlikely
that there exists a fundamental bound on the ‘‘most per-
fect’’ fluid which is consistent with an underlying quantum
field theory.

There is an important caveat to this conclusion. In the
heavy meson system, there are attractive interactions be-
tween, and the fluid can be shown to be metastable rather
than stable (with �fl=�met going to infinity at large �). The
logical possibility exists that the strong KSS conjecture
holds but only for stable fluids. A priori, it is unclear how
plausible it is for the KSS bound to hold for stable fluids
but not to hold (even approximately) for metastable fluids
no matter how long-lived. Moreover, if the strong KSS
bound holds only for absolutely stable systems, it cannot be
applied directly to ordinary fluids such as water which are
not stable under the standard model. In principle, the free
energy of water can be lowered via nuclear reactions (e.g.,
two hydrogen nuclei combining from a deuteron). One
cannot argue that the standard model dynamics are irrele-
vant (on the grounds that the dynamics are essentially
purely electromagnetic in nature); the logic supporting
the strong KSS conjecture depended on the existence of
an underlying quantum field theory. Thus, the direct appli-
cation [15] of the strong KSS bound to ordinary fluids is

legitimate only if the bound applies to metastable fluids;
the previous counterexample implies that it does not.
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