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Spinor Dipolar Bose-Einstein Condensates: Classical Spin Approach
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Bose-Einstein condensates which are dominated by magnetic dipole-dipole interaction are discussed
under spinful situations. We treat the spin degrees of freedom as a classical spin vector, approaching from
the large spin limit to obtain an effective minimal Hamiltonian. This is a version extended from a
nonlinear sigma model. By solving the Gross-Pitaevskii equation, we find several novel spin textures
where the mass density and spin density are strongly coupled, depending upon trap geometries due to the
long-range and anisotropic natures of the dipole-dipole interaction.
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Bose-Einstein condensates (BEC) with the internal de-
grees of freedom, the so-called spinor BEC have attracted
much attention experimentally and theoretically in recent
years [1]. Spinor BEC opens up a new paradigm, where the
order parameter of condensates is described by a multi-
component vector [2,3]. This situation can be realizable by
optically trapping cold atoms where all hyperfine states are
liberated, while magnetic trapping freezes its freedom. So
far 2Na (the hyperfine state F = 1), and 3Rb (F = 2) are
extensively investigated.

Griesmaier et al. [4] have recently succeeded in achiev-
ing BEC of *>Cr atom gases whose magnetic moment per
atom is 3up (Bohr magneton). Several novel aspects have
already emerged [5] associated with a larger magnetic
moment in the >Cr atom even in this magnetic trapping,
where all spin moments are polarized along an external
magnetic field. Namely, the magnetic dipole-dipole (d-d)
interaction, which is proportional to F? is expected to play
an important role in a larger spin atom.

It is natural to expect realization of a BEC with still
larger spin atomic species under the spinful situations by
optical trapping or controlling the d-d interaction via the
Feshbach resonance relative to other interaction channels.
There already exists a large amount of theoretical studies
for dipolar BEC [6]. Most of them treat the polarized case
where the dipolar moments are aligned along an external
field. The intrinsic anisotropic or the tensorial nature of the
d-d interaction relative to the polarization axis manifests
itself in various properties. The head-to-tail moment ar-
rangement due to the d-d interaction is susceptible to a
shape instability by concentrating atoms in the central
region. We have seen already that tensorial and long-
ranged d-d interaction is responsible for this kind of shape
dependent phenomenon where the mass density is con-
strained by the polarization axis.

In contrast, the theoretical studies of the spinor dipolar
BEC are scarce, and just started with several impressive
works [7-10]. They consider either the F = 1 spinor BEC
by taking into account the d-d interaction or F = 3 for >2Cr
atom gases in a realistic situation. Here one must handle a
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7-component spinor with 5 different interaction channels
80s 82> 84» 86- and g,. The parameter space to hunt is large
and difficult enough to find a stable configuration. The
situation becomes more difficult towards a larger F, where
the d-d interaction is more important and eventually the
dominant one among various channels.

Here we investigate generic properties of the spinor
dipolar BEC under an optical trapping where the d-d
interaction dominates other interactions except for the
s-wave repulsive channel. A proposed model Hamil-
tonian is intended to capture essential properties of the
spinor BEC system. We note that this long-ranged and
anisotropic d-d interaction has fascinated researchers for
a long time; for example, Luttinger and Tisza in their
seminal paper [11] theoretically discussed the stable spin
configurations of a spin model on a lattice where classical
spins with a fixed magnitude are free to rotate on a lattice.
The present Letter is designed to generalize this lattice spin
model to a dipolar BEC system. Here we are interested in
the interplay between the spin degrees of freedom and the
mass density through the d-d interaction.

We approach this problem from atomic species with
large magnetic moment. This spinor dipole BEC with the
hyperfine state F (F, = —F, —F + 1, ..., F) is character-
ized by 2F + 1 components V¥, (r). In general the number
of the interaction channels are F + 1. For example, the
F =1 spinor BEC [2,3] is characterized by the scattering
lengths a, and a,, leading to the spin-independent repul-
sive interaction g, = 47h*(ay + 2a,)/3m and the spin-
dependent exchange interaction g, = 4mh*(a, — ay)/3m.
Since a; and a, are comparable, g, is actually small:
lg2l/g0 ~ 1/10 for *Na [12,13] and ~1/35 for 3'Rb
[14,15]. This tendency that, except for the dominant re-
pulsive part g, other spin-dependent channels are nearly
cancelled is likely to be correct for other F’s [16].

We can take a view in this Letter that instead of working

with W(r) full quantum mechanical 2F + 1 components
(We, Wiy, ..., ¥_r) with the interaction parameters g,
g2, 84, - .., and g,p, the order parameter can be simplified

to ‘i’(ri) = ¢(r,)S(r;), where S(r;) is a classical vector with
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|§(rl-) 2 = 1. Namely, we can treat it as the classical spin
vector whose magnitude |¢(r;)|*> is proportional to the
local condensate density. In other words, we focus on
long-wavelength and low energy textured solutions of a
dipolar system which will manifest the interplay between
the mass and spin density degrees of freedom.

We start with the minimal model Hamiltonian

H = fd3ri@T(ri)H0(ri)ﬁ’(ri) + %

x ff PrdeV g IRl (1)

where Hy= =2V + Vi (r,) — p + &% (r)I%,
Vaa(ri, 1)) = {S S - 3(5 éi)(S; - é)ij)}/r?,'» éij =
(r; —x;)/r;; with r;; = |r; — r;|. The uniaxially symmet-

ric trap potential is glven by Vigp(r) = s maw*(yp? + 2%)
with p> = x> + y? and 7y being the anisotropy parameter.
M is the chemical potential. The repulsive (g > 0) and the
dipole-dipole (g,) interaction are introduced. The classical
spin vector §,~ = §(ri) characterizes the internal degrees of
freedom of the system at the site i and is denoted by
spherical coordinates [¢(r;), 6(r;)] with |S |2=1. A di-
mensionless form of this Hamiltonian may be written as

o= [ PHIVYEP + nl[VOOT + sin200)[V o)
+ 72p2 + 22 = 2u + gn}]

ﬂd% APV (e, x)nn;, (2

with |¢(r;)|> = n;. We note that the spin gradient term in
the first line is a nonlinear sigma model [17]. Here it is
extended to include the dipole-dipole interaction between
the different parts of the spin density. The energy (length)
is measured by the harmonic frequency w (harmonic
length d = 1/ /mw) with i = 1. The functional deriva-
tives with respect to *(r;), ¢(r;), and 6(r;) lead to the
corresponding Gross-Pitaevskii equations.

In this Letter, under a fixed repulsive interaction
(g/wd® = 0.01), we vary the d-d interaction g, in a range
of 0 = g, = 0.4g, beyond which the system is unstable.
We consider two types of the confinement: A pancake
(y = 0.2) and a cigar (y = 5.0) to see the shape depen-
dence of the d-d interaction, which is long-ranged and
anisotropic. The total particle number is ~10* The
three-dimensional space is discretized into the lattice sites
~2.5 X 10*. Using the imaginary time (7) evolution of
Gross-Pitaevskii equations, e.g., dy;/d7 = —8H/8y7,
we obtain stable configurations for spin and particle den-
sities by starting with various initial patterns.

We start with the pancake shape (y = 0.2). Figure 1
shows a stereographic image of the particle density and
spin distributions. We call it spin current texture, where the
spin direction circulates around the origin and is confined

FIG. 1 (color online). Stereographic view of the spin current
texture, displaying simultaneously the number and spin den-
sities. The pancake (y = 0.2) is distorted and at the center the
number density is depleted to give a doughnutlike shape. g; =
0.2g. All spins lie in the x-y plane, i.e., a coplanar spin structure,
circulating around the origin O. The length of the arrow is
proportional to its number density. Inset shows the schematic
spin configuration on the z = 0 plane.

into the x-y plane without the third component, that is, a
coplanar texture. It is seen that the particle density distri-
bution is strongly coupled to the spin one; in the central
region the particles are depleted over the coherent length
&, of the d-d interaction. In the present case &, ~ 2.0€,
(&, is the ordinary coherent length of the repulsive
interaction).

This spin current texture can be readily explained in the
following way: (1) locally, along the stream line of the spin
current the head-to-tail configuration minimizes the en-
ergy; (2) globally, the spins at A and B which are situated
far apart about the origin O shown in inset of Fig. 1 are
orientated antiparallel to minimize the d-d interaction;
(3) when the two antiparallel spins at A and B come closer
towards the origin O, the kinetic energy due to the spin
modulation increases. To avoid this energy loss, the parti-
cle number is depleted in the central region at the cost of
the harmonic potential energy.

For an alternative explanation of the spin current texture
we rewrite the d-d interaction as wvgu(r;) * % X

ZM_,Z Y,,(cos6)2 ,(ij) with %, (i) being a rank 2 tensor
consisting of the two spins at i and j sites, and Y5, (cos) a
spherical harmonics [18].  is the polar angle in spherical
coordinates of the system. The spin current texture shown
in inset of Fig. 1 picks up the phase factor ¢*¢ when
winding around the origin. This is coupled to Y,.,(cos) o
sin?f, meaning that this orbital moment dictates the num-
ber density depletion at the pancake center. The spin-orbit
coupling directly manifests itself here. The total angular
momentum consisting of the spin and orbit ones is a
conserved quantity of the present axis-symmetric system,
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FIG. 2 (color online).

The r-flare texture. Left (right) column
shows the cross-sectional density plots of the particle number
(the corresponding spin structure). The circular profile in the x-y
plane is spontaneously broken. g; = 0.2g, y = 0.2.

leading to the Einstein—de Haas effect [7]. The spin current
texture is stable for the wide range of anisotropy y: 0.01 =
v = 0.6, beyond which it becomes unstable.

Figure 2 displays another stable configuration in a simi-
lar situation. The left (right) column shows the density
plots of the particle number (the corresponding spin struc-
ture). The spins are almost parallel to the x axis, but at the
outer region they bend away. We call it r-flare texture,
which is a non-co-planar spin arrangement. It is clearly
seen that the axis symmetry in the x-y plane, which was
originally circular, is spontaneously broken so that the
circular shape is elongated along the x axis and compressed
along the y axis. Figure 3 displays the x and y axis cross
sections of the particle density, compared with the
Thomas-Fermi (TF) profile for g, = 0, with the same
particle number. Because of the d-d interaction, which

400 ;

0
x ()
FIG. 3 (color online).  Cross sections of the particle number in
Fig. 2 along the x and y axis compared with the TF profile for

g4 = 0. The profile is elongated (compressed) along the x (y)
axis.

favors the head-to-tail arrangement, the particle number
is increased at the center. The bending tendency at the
circumference increases with increasing g,. Beyond a
certain critical value g, < 0.24g for ~1.9 X 10* particles,
the r-flare texture becomes unstable, indicating a quantum
phase transition. Upon increasing the total particle number
the r-flare is replaced by the spin current texture. We also
note that the z-flare texture in which the polarization points
to the z axis is equally stable as we explain shortly.

Let us turn to the cigar shape case elongated along the z
axis with the trap anisotropy y = 5.0. The stable configu-
ration we obtain is shown in Fig. 4 where the spin structure
is basically a flare spin texture which is a non-co-planar
spin arrangement. Namely, the bending occurs radially so
that the spin texture is a three-dimensional object, but
keeps axis symmetry around the z axis. The particle den-
sity is modified from the TF profile for g, = 0, elongated
along the z direction and compressed to the z axis.

This can be understood by seeing Fig. 4(b). The up-spin
density near the center exerts the d-d force so as to align
the outer spins parallel to the vector connecting the center
and its position, taking the head-to-tail configuration. This
results in a non-co-planar structure, but the axis symmetry
about the z axis is preserved. This spin texture is stable for
g4 <0.3g for ~2.3 X 10* particles, and robust for differ-
ent aspect ratios: v = 0.2 and 1.5. The bending angle of the
flare spin texture increases and the elongation along the z
direction becomes larger as g, increases ( = 0.1 and 0.2).

Finally, we display an example to show how the model
Hamiltonian admits many subtle spin textures with com-
parable energies. Figure 5(a) shows the two-z-flares oppo-
sitely polarized stacked back to back. This configuration is
stabilized starting with a hedgehog spin configuration, or

FIG. 4 (color online).

(a) The z-flare spin texture in the cigar
trap along the z axis. The spins almost point to the z direction. In
the outer regions they are bent. The bright region in the back-
ground corresponds to high number density. g, = 0.2g, y = 5.0.
(b) Schematic figure to explain this spin configuration due to d-d
interaction.
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FIG. 5 (color online).

(a) The two-z-flare spin textures under
the same parameter set (g, = 0.2g, v = 5.0.) as in Fig. 4 with
different initial spin configuration. The bright region in back-
ground corresponds to high number density. (b) Schematic figure
to explain this spin structure. At the z = 0 plane two oppositely
aligned spins meet and the number density is depleted.

Skyrmion at the center from which all the spins point
outward from the origin. In the end, the two-z-flares oppo-
sitely polarized become stable, but at the central z = 0
plane the antiparallel spins meet as seen from Fig. 5(b). To
avoid drastic changes of the spin direction, or the spin
kinetic energy loss, the particle density decreases there.
As a result, even though the harmonic potential energy is
minimal there, the two-z-flare spin textures oppositely
polarized are stacked back to back, but two objects are
almost split. This example illustrates strong coupling be-
tween the particle number and spin densities through the
d-d interaction.

Some of the spin textures are similar to those obtained
by Kawaguchi et al. [7] for F = 1 case, such as the flare
(flower in their terminology) and the spin current textures
(polar core vortex). The latter texture demonstrates the
interaction between the orbital and spin angular momenta,
ultimately leading to the Einstein—de Haas effect men-
tioned in connection with the F = 3 32Cr case [5] and
the F = 1 case [7].

These spin textures can be observed directly via a novel
phase-sensitive in situ detection [1] or indirectly via con-
ventional absorption imaging for the number density. It is
interesting to examine the vortex properties under rotation.
For the spin current texture, the vortex entry into a system
should be easy because in the central region the mass
density is already depleted. We point out that the collective
modes might be also intriguing because the mass density is
tightly coupled with the spin degrees of freedom. These
problems belong to future work.

In summary, we have introduced a model Hamiltonian to
capture the essential nature of dipolar spinor BEC where
the spin magnitude is large enough, focusing on long-
wavelength and low-energy textured solutions. We show
several typical stable configurations by solving the Gross-
Pitaevskii equation where the spin and mass densities are
strongly coupled due to the dipole-dipole interaction. The
shape of the harmonic potential trapping is crucial to
determine the spin texture. The model Hamiltonian is a
minimal extension of the nonlinear sigma model with the
d-d interaction, and yet complicated and versatile enough
to explore further because it is expected that there are many
stable configurations with comparable energies. Finally,
the model Hamiltonian is applicable literally for electric
dipolar systems without further approximation. We expect
that BEC of heteronuclear molecules with permanent elec-
tric dipole moment might be realized in the near future
[19], where the formation of such textures may be possible.

We thank Tarun K. Ghosh and W. Pogosov for useful
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