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Sputtering of an amorphous or crystalline material by an ion beam often results in the formation of
periodic nanoscale ripple patterns on the surface. In this Letter, we show that, in the case of alloy surfaces,
the differences in the sputter yields and surface diffusivities of the alloy components will also lead to
spontaneous modulations in composition that can be in or out of phase with the ripple topography. The
degree of this kinetic alloy decomposition can be altered by varying the flux of the ion beam. In the high-
temperature and low-flux regime, the degree of decomposition scales linearly with the ion flux, but it
scales inversely with the ion flux in the low-temperature, high-flux regime.
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It is well known that periodic surface patterns can be
spontaneously induced by ion-beam-assisted etching of
amorphous and crystalline materials. In many cases, the
feature sizes of the observed ripple and dot patterns are in
the nanometer scale, making them potentially suitable for
sublithographic surface templating. In a classic 1988 pa-
per, Bradley and Harper (BH) [1] showed that the forma-
tion of ripple patterns can be understood on the basis of a
competition between the surface roughening caused by the
ion beam and the smoothening induced by surface diffu-
sion. While experiments in different material systems have
confirmed various aspects of their analysis, more detailed
theoretical refinements have also been incorporated to the
original model [2]. Given the success of these models in
describing pattern formation in elemental materials, a
natural question to ask is if a similar description can be
developed for the sputtering of alloy materials.

In this Letter, we show that sputtering of alloy surfaces
can spontaneously lead to kinetic surface decomposition of
the alloy at the peaks and the valleys of the ripples. While
the relative phase between the ripple height and composi-
tion is found to depend on the ratios of the yields and
diffusivities of the alloy components, the magnitude of the
ion flux can be altered to control the degree of alloy
decomposition. Sputtering can therefore be used as a tool
to simultaneously achieve nanoscale patterning of both the
surface topography and composition. In what follows, we
derive equations for the evolution of the height and com-
position modulations on sputtered alloy surfaces and study
the instabilities resulting from the coupling between these
modulations.

Let the sputtered surface be located in the xy plane, and
let � denote the polar angle made by the incident beam as
shown in Fig. 1. For an ion flux F, let YA and YB denote the
sputter yields from the elemental surfaces of species A and
B, respectively. Then, for an AB alloy, the fluxes of sput-
tered A and B atoms are taken to be FA � FYAcs and FB �
FYB�1� cs�, respectively, where cs denotes the fraction of
lattice sites at the surface occupied by A atoms—the
sputter yield for a given species is then proportional to its
surface composition. For steady state sputtering of a planar

surface, however, the fluxes of eroded atoms should also be
proportional to their bulk composition, or

 

FA
FB
�

cb
1� cb

: (1)

If YA � YB, this condition necessarily leads to a steady
state kinetic surface composition, which can be obtained by
solving Eq. (1) as

 cs �
YBcb

YA�1� cb� � YBcb
: (2)

This equation predicts that the surface is enriched in the A
(B) species when YB is large (small) compared to YA. In our
analysis, we restrict attention to the regime where bulk
diffusion is negligible compared to surface diffusion (as in
the BH [1] and other related models [2]) and use � (of the
order of a few atomic spacings) to denote the thickness of
the surface layer with composition cs.

Next, we consider the time evolution of height and
composition perturbations h�x; y; t� and ��x; y; t� (refer to
Fig. 1) applied to the steady state surface profile. For the

FIG. 1 (color online). Schematic of a sinusoidal surface per-
turbation with a wave vector along the x direction induced by an
ion beam incident in the xz plane at an angle �. The height
modulations will also lead to gradients in composition, as
indicated by the color variations along the surface.
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perturbed surface, the change in the flux of sputtered
atoms, to linear order in h and � , can be written as �Fi �
FYi��i � ci�h�, where i corresponds to A or B species,
�A � ��B � � , cA � cs, cB � 1� cs, and

 �h �
�
�0���

@h
@x
�Gx���

@2h

@x2 �Gy���
@2h

@y2

�
(3)

gives the slope and curvature dependence of the sputter
yield. The coefficients multiplying the derivatives of the
height in �h are given in the work of BH [1]. Within their
model, the rate of material erosion is determined by the
power deposited at a given point due to the slowing down
of the implanted ions. Here, for simplicity, we have as-
sumed that the average depth of penetration of the ions and
the spatial distribution of energy deposition from the beam
is independent of the alloy composition. Therefore, once
the yields Yi of the individual species are given, the co-
efficients �0, Gx, and Gy in �h will be the same for both
species of atoms. The perturbations also lead to a diffusive
surface mass current, given by

 J i � �Di�sr�i �
Dici�s��

kT
r�; (4)

where the first term follows from Fick’s law, and the
second term gives the contribution from capillarity [3],
where � is the surface energy, r denotes the gradient on
the surface, � � r2h is the curvature, � is the atomic
volume, Di is the diffusion constant of species i, and �s is
the areal density of mobile atoms, which could depend on
the ion flux [4].

While the evolution of the perturbation in composition �
is determined by the deviation of the ratio of the effective
surface fluxes �Fi � r � Ji of the A and B species from the
stoichiometric ratio cb=�1� cb� in Eq. (1), mass conser-
vation requires the growth of surface height to be propor-
tional to the sum of the effective fluxes; the evolution
equations for the perturbations can then be written as
 

�
@�
@t
� ���cb � 1���FA � r � JA� � cb��FB � r � JB��;

@h
@t
� ����FA � �FB � r � JA � r � JB�: (5)

Using the expression for surface composition in Eq. (2),
Eqs. (3) and (4), and adopting the definitions

 H �
h
�
; L �

��
kT

;

BA �
DA�s�

2�
kT

; and fA � FYA�;

the evolution equations, to linear order in the perturbations,
take the form
 

@�
@t
� Ar4H � Br2� � C�; (6a)

@H
@t
� �A0r4H� B0r2� � C0� �D0�h; (6b)

where the coefficients of the terms on the right-hand side
are given in Table I.

A key feature of Eq. (6) is the coupling between the
height and composition modulations. To study the effect
of this coupling on the evolution of sputter ripples, we
look for solutions of the form �H; �� � �H0; �0ei��	
ei�kxx�kyy�!t��rt, where � is the relative phase between
the height and composition modulations, kx and ky are
wave vectors, ! is the wave speed, and r gives the growth
rate of the perturbations. Of particular interest is the fastest
growing ‘‘mode’’ that will be observed for a given set of
material parameters. Although an exact analytical solution
for this mode is difficult, below we derive an approximate
solution and show that it closely agrees with the numerical
solution of Eq. (6). Since the coupling effects should be
most significant in a 50–50 alloy, we will set cb � 0:5 in
all of the calculations.

In order to obtain an approximate solution, we first
observe that the terms on the right-hand sides of the two
equations in (5) are equal in magnitude. Therefore,
�@�=@t will be comparable to @h=@t only if the surface
composition changes by 
O�1� in the time it takes to
change the surface height by an amount �. We can rule
out this possibility, since removing a few layers of material
from the slightly perturbed surface cannot lead to a signifi-
cant variation in surface composition; this amounts to
assuming that composition variations remain in steady
state as the ripples grow in amplitude, or @�=@t � 0 in
Eq. (6a). Next, we consider the factors that lead to this
steady state condition.

The growth in height perturbations induced by rough-
ening mechanisms during sputtering [1] also induces the
growth of composition modulations due to differences in
the yields and diffusivities of the two species as shown by
the first term (with coefficient A) on the right-hand side of
Eq. (6a). The growth in composition is balanced by the
next two terms: The term proportional to B comes from
Fick’s law, and the last term, unique to sputtering, accounts
for the relaxation in composition brought about by the ion
flux—any deviations from the surface composition cs are
compensated by increased sputtering of the species en-
riched by the modulation � . Compared to this ‘‘local’’
relaxation, surface diffusion requires transport of material
on the scale of the wavelength 	 of the modulations—we
can show that it will be significant only when 	 < 	c �
2


����������
B=C

p
. For typical values of material parameters (refer

TABLE I. Coefficients of the terms on the right-hand side of
the evolution equations in Eq. (6). RY and RD denote, respec-
tively, the ratios YB=YA and DB=DA.

A � BAcs�1� cb��
RD
RY
� 1� A0 � BAcs�1�

�1�cb�
cb

RD
RY
�

B � BA�1� cb � cbRD�
1
L� B0 � BA�1� RD�

1
L�

C � fA�1� cb � cbRY�
1
� C0 � fA�RY � 1� 1

�

D0 � fA
RY

�1�cb��RYcb
1
�
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to Table II), we get 	c � 15 nm, which is smaller than the
wavelengths (in the range 50–500 nm) observed in sputter-
ing experiments. We will therefore ignore the terms pro-
portional to B and B0 in the approximate analytical solution
of the evolution equations.

Using the above approximations, Eq. (6a) can be solved
for a 50–50 alloy to obtain the dimensionless ratio of the
composition and height variations:

 

�0

H0
�

2BA�

fA

YAYB
�YA � YB�2

�
YA
YB

DB

DA
� 1

�
�k2
x � k

2
y�

2: (7)

This result can then be used in Eq. (6b) to obtain the growth
rate r for any given set of the wave vectors �kx; ky�, from
which the fastest growing mode can be determined. As in
the BH [1] analysis, this mode is modulated in the x (y)
direction if Gx > Gy (Gy > Gx). Taking Gx > Gy without
loss of generality, the wave vector of the fastest growing
traveling wave is found to be

 kmax � kA

������������������������
1� YA

YB

1� �YAYB�
2 DB
DA

vuuut ; where kA �

�����������
GxfA
2BA

s
(8)

is the corresponding wave vector for the A species (i.e.,
when cb � 1). Also, the angular velocity of this mode is
found to be ! � vnkx, where vn � D0� (given in Table I)
is the steady state velocity of the sputtered surface. Finally,
Eq. (7) shows that the composition and height modulations
are either in phase (peaks rich in A) or out of phase (valleys
rich in A), depending on the sign ofDBYA �DAYB. We can
understand this by noting that the net flux of atoms of a
given species leaving the peaks for the valleys of a sinu-
soidal profile is proportional to their diffusivity Di and
their kinetic surface concentration ci [refer to Eq. (4)].
Since cA is proportional to YB as shown in Eq. (2), the
valleys (peaks) will be richer in A if DAYB > DBYA
(DAYB < DBYA).

Next, we turn to a numerical solution of the evolution
equations and compare these results with the analytical
analysis. In the numerical calculations, we have used the
physical parameters for sputtering of Si(001) by 1 keV
argon atoms at room temperature [5] given in Table II.
Treating Si as the A species of the AB alloy, the results for
kmax, phase �, and the magnitude of the composition
modulations are given in Figs. 2–4 as a function of the
ratios DA=DB and YA=YB. Large variations in diffusivities
of the two components should generally be expected, since
the differences in their activation barriers can be signifi-

cantly larger than kT. Also, the yields of the two species
can differ by 1–2 orders of magnitude [6]. We have there-
fore allowed these quantities to vary from 1=100 to 100.

The bottom frame in Fig. 2 shows that the wave number
kmax (for ripples modulated along the x axis) predicted by
Eq. (8) agrees closely with the numerical results. The
figure also confirms the intuitive reasoning that the ob-
served wave number for the alloy ripples should straddle
the wave number for the individual species, or
min�kA; kB� � kmax � max�kA; kB�, where kB �
kA

���������������������������
YBDA=DAYB

p
. When YA=YB 
 1, the surface is rich

in A, and therefore kmax is close to kA, while it is close to kB
when YA=YB � 1. The phase angles of the ripples obtained
from the numerical calculations (given in Fig. 3) are also in
excellent agreement with Eq. (7). The close agreement of
the wave numbers and the phase angles justifies the ap-
proximations made in deriving the analytical results.

From a practical perspective, perhaps the most signifi-
cant result of this work relates to the degree of modulation
in composition that can be achieved under normal sputter-
ing conditions. In Fig. 4, we have plotted j�0j for modu-
lations with amplitude h0 � 20 nm, typically observed for
ripples with 	
 50–100 nm. The figure shows that, for a
given ratio ofDA=DB, there is a particular value of the ratio

TABLE II. Parameters for sputtering of Si(001) by 1 keV
argon ions at room temperature from Ref. [5]. The parameter
BA is estimated from the BH theory [1] using 	 � 50 nm, and L
is obtained by taking � � 0:02 nm3 and � � 1 J m�2.

fA BA L � �0 Gx Gy

0:2 nm s�1 6 nm4 s�1 5 nm 0.5 nm 1 1 nm 0.3 nm
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FIG. 2 (color online). (Top) Wave number of the fastest grow-
ing mode obtained from the numerical solution of Eq. (6) for
material parameters in Table II. (Bottom) Comparison of the
numerical and analytical results [from Eq. (8)] for kmax=kA. The
brown curves correspond to kB=kA.
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YA=YB for which the composition modulation is the larg-
est—for very large or very small values of YA=YB, the
surface composition cs is close to zero or one, and the
formation of ripples cannot significantly alter this compo-
sition. On the other hand, intermediate values of YA=YB can
allow for larger variations in surface composition. Indeed,
the plot for DA=DB � 33 in Fig. 4 shows a maximum
modulation of �0 � 0:35 at YA=YB � 3, which indicates
that the peaks and valleys are highly enriched in A (c �
0:85) and B (c � 0:15), respectively. Also, the ratio
j�0j=H0 predicted by Eq. (7) is in good agreement with
the numerical calculations. The composition modulations
can be experimentally measured using spatially resolved
scattering techniques (see, for example, Ref. [7]).

While a greater degree of alloy decomposition can be
achieved by increasingDA=DB, for a given material system
where this ratio is fixed, the degree of decomposition can
be altered by varying the ion flux F. We find from Eq. (7)
that j�0j=H0 scales with k4

max=F—depending on the ex-
perimental conditions, we can identify two types of scaling
laws for kmax due to the flux dependence of the areal
density of mobile atoms �s. In the low-flux and high-
temperature limit, �s should be independent of the ion
flux as it is determined primarily by thermal adatom gen-
eration, whereas in the high-flux, low-temperature regime,
�s 
 F [4]. Therefore, in the former case, Eq. (8) shows
that kmax 


����
F
p

, while it is independent of the flux in the
latter case. Subsequently, a linear scaling �0=H0 

k4

max=F
 F is expected in the low-flux, high-temperature
limit, and a scaling law �0=H0 
 1=F is obtained in the
high-flux, low-temperature limit.

In summary, we have shown that sputter ripples on alloy
surfaces will also be modulated in composition due to
differences in the yields and diffusivities of the alloy
components. For alloy sputtering, we have obtained ana-
lytical results for the fastest growing ripple wavelengths,

the degree of kinetic alloy decomposition, and the condi-
tions under which the ripple topography and composition
modulations are in or out of phase. Our work shows that
sputtering can be used as a tool to simultaneously achieve
patterning of both the topography and the composition of
alloy surfaces.

We hope that this work will motivate systematic experi-
mental studies on sputter ripples in alloy systems. The
research support of the NSF through Grant No. CMS-
0210095 and the U.S. DOE under Contract No. DE-
FG02-01ER45913 is gratefully acknowledged.
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FIG. 4 (color online). (Top) Modulation in composition for
ripples with an amplitude h0 � 20 nm, obtained from the nu-
merical solution of Eq. (6) for material parameters in Table II.
(Bottom) Numerical and analytical results [from Eq. (7)] for j�0j
plotted for two different values of DA=DB.
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FIG. 3 (color online). Phase angle between the composition
and height modulations, � obtained from the numerical solution
of Eq. (6) for material parameters in Table II. The peaks (valleys)
are enriched with the A species when � � 0 (� � 
).
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