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We study the origins of the dynamic contact angle in a two-dimensional lattice-Boltzmann model of
immiscible fluids. We show that the dynamic contact angle changes as a function of capillary number as
observed in laboratory experiments and explain how this dependence arises in the lattice-Boltzmann
model. We also explain how the fluid-fluid interface can move while retaining its shape. The interface has
an apparent slip length. The apparent slip follows the classical Navier slipping rule where the velocity of
the fluid at the wall is proportional to the viscous stress at the wall. This apparent slip length is
proportional to the viscous length scale associated with the spurious flow induced by uncompensated
stress at the three-phase contact point.
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When the interface between two immiscible fluids
moves through a capillary tube, the angle of contact
formed by the fluid interface with the solid wall is observed
to vary with velocity, viscosity, and surface tension [1–15].
This variation in the dynamic contact angle, �dyn appears to
follow precise empirical relationships [1,2,13–15], the
foundations of which remain only partially understood
[2–5,9,16]. The main difficulty lies in the breakdown of
the celebrated ‘‘no-slip’’ boundary condition of continuum
fluid mechanics [17–19]. The specification of no-slip at the
three-phase contact line would imply infinite drag [5,7,8],
yet the interface moves. The dynamic nature of the contact
angle is likely related to this conundrum [3,9,11,12].

One of the more profound theoretical predictions of the
dynamic contact angle is due to Cox [3]. In his work he
used a general slip model and matched asymptotic expan-
sions involving the dynamic contact angle. Other possible
explanations include rolling motion [6,7], a thin precursor
film [4,5], stick-slip behavior [4,11,20], and a diffuse inter-
face [21–24]. Here we study the dynamic contact angle
using a lattice-Boltzmann (LB) model. Our results show
that the macroscopic dynamics involving the dynamic
contact angle and apparent slip as predicted by the Cox
model [3] are obtainable with a minimal mass- and
momentum-conserving lattice dynamics without specify-
ing a slip length. Instead, an effective slip length arises
from the microscopic dynamics. The simplicity of our LB
model allows the origin of this microscopic-macroscopic
link to be fully characterized, thereby showing how the
phenomenology of the dynamic contact angle can arise in a
microscopic hydrodynamic model.

For a fluid of viscosity �, flow velocity v, and surface
tension � flowing in a capillary tube of aperture L, the
dynamic contact angle �dyn depends on three dimension-
less parameters: the capillary number Ca � �

� v, the phe-

nomenological slip length ls=L, and static contact angle �.
If a system exhibits contact angle hysteresis, � should be
replaced by the advancing contact angle �a [4,13,14]. In

his pioneering paper, Hoffman [1] showed that the dy-
namic contact angle follows the universal relation

 Ca � F��dyn� � F��a�; (1)

where F is a scaling function. Cox later derived a relation
in a general slip model [3],

 G��dyn� � G��a� � Ca log�L=ls�; (2)

to lowest order in Ca and ls=L. He also gives an analytical
expression for the function G. Sheng and Zhou show that
Eq. (2) is approximated well by [9]

 cos�a � cos�dyn � Ca log�KL=ls�; (3)

where K is a constant. Sheng and Zhou further show that
this same relation holds for a number of different slip
models. The only thing that changes is the value of the
constant K. One of the slip models that Sheng and Zhou
use is the so-called Navier model [5,9,18]. In this slip
model the slipping velocity of the fluid at the wall is
proportional to the viscous stress, i.e., vx � ��xy �
�ls=���xy, where � � 0 for no slip.

In the following we first show that the scaling of �dyn

predicted by Eqs. (2) and (3) is exhibited in our simulations
and then discuss the origin of this scaling in the LB model.
We will also show that the slipping mechanism falls into
the general-class of Navier slip models. The fundamental
idea of the LB method [25–28] is to construct simplified
kinetic models from a discrete finite set of particle veloc-
ities such that, at macroscopic length and time scales, the
Navier-Stokes equations are asymptotically recovered. In
an LB model the particle populations N�

i �x; t�, which give
the velocity pressure and stress at a fluid element, are first
propagated in lattice directions ci [25–28], and then they
relax toward pseudoequilibrium distributions Neq

i �x; t�
[25,28]. We use single-relaxation time lattice Bhatnagar-
Gross-Krook (BGK) model [25]. In this model, the post-
collision state is given by N0i�x; t� � �1� ��Ni�x; t� �
�N�eq�

i �x; t�, where the relaxation parameter � determines
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the kinematic viscosity � � �=�: [28]

 � � �
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�
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�
�
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�
: (4)

We use a simple bounce-back rule [25,29] on the walls.
This rule leads to a no-slip boundary condition [25,29].
The wetting tendency of the walls is controlled by a single
parameter [30]. The surface tension and interfacial dynam-
ics are incorporated with the use of the color gradient
[25,30–32] f�x; t� �

P
ici
P
j�N

red
j �x� ci; t� � Nblue

j �x�
ci; t��. The color gradient acts as a proxy for the orientation
of the interface. The lattice distributions are changed ac-
cording to [30,31]

 N00i �x; t� � N0i�x; t� � Ajf�x; t�j
�
�ci � f�2

f � f
�

1

2

�
(5)

to include the effect of surface tension. The parameter A
determines the surface tension � � �192�A

� [25,30].
Each simulation is initalized with red fluid invading the

blue fluid in a two-dimensional straight and smooth chan-
nel. The walls are chosen to be neutrally wetting so that the
static contact angle � is 90 degrees; as shown previously,
our model yields �a � � [30]. In Fig. 1 we show the
steady-state interfacial shapes for capillary numbers rang-
ing from 6:72	 10�3 to 3:12	 10�2. We measure the
dynamic contact angle by measuring the radius of curva-
ture of the interface at the center of the channel [9,30].
Close to the wall the viscous stresses are comparable to the
capillary pressure and hence the interface bends [9].

In Fig. 2 we show the measured dynamic contact angles
as a function of capillary number. As expected, the dy-
namic contact angle increases as the capillary number is
increased. For any given set of the simulation parameters
L, �, and A, the excess curvature cos�a � cos�dyn depends

linearly on the capillary number. However, if any of the
simulation parameters change, the proportionality factor
also changes. These curves collapse to a single line if
one instead plots cos�a � cos�dyn as a function of
Ca log�AL=A0��. Comparing with Eq. (3) we find the
same relationship but with �A0=A playing the role of the
slip length ls. Here A0 � 3:162	 10�4 is a scale factor for
surface tension. We find this scale factor by least square fit
with A0 being the free parameter.

To gain a better understanding of the dynamic contact
angle and the apparent slip at the contact point we inves-
tigate the lattice dynamics near the three-phase contact
point. At the corner sites (i.e., sites neighboring both the
wall and the fluid-fluid interface) the direction of the color
gradient is neither the direction of the fluid-fluid interface
nor the direction of the wall. The equilibrium distributions
are perturbed such that the directions parallel to the color
gradient receive more particles and directions perpendicu-
lar to it receive less. This introduces a stress to the fluid
elements. This stress mimics the surface tension [25,30] for
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FIG. 1. We show the shape of the fluid-fluid interface in a L �
200 size tube. These curves are for �a � 90
, i.e., neutral
wetting, and for capillary numbers 6:72	 10�3, 1:23	 10�2,
1:89	 10�2, 2:46	 10�2, and 3:12	 10�2 from bottom to top.
In the inset we show the shape of the interface close to the wall.
One can see that the apparent contact angle changes toward �a
and that the dynamic contact angle needs to be measured at the
central part of the flow where the interface is essentially rigid
with respect to the flow.
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FIG. 2. (a) The dynamic contact angle as a function of capil-
lary number. (b) The same data rescaled as a function of
Ca log�AL=A0��. The data points give the measured dynamic
contact angle in a LB simulation. The markers show different
simulation conditions: 
: A � 10�4, � � 1=3, L � 50; +: A �
10�4, � � 1=6, L � 50; *: A � 2	 10�4, � � 1=6, L � 50; �:
A � 4	 10�4, � � 1=6, L � 50; 	: A � 6	 10�4, � � 1=6,
L � 50; �: A � 10�4, � � 1=12, L � 50; �: A � 10�4, � �
1=24, L � 50; 5: A � 10�4, � � 1=6, L � 30; 4: A � 2	
10�4, � � 1=6, L � 30; �: A � 10�4, � � 1=6, L � 70; �:
A � 10�4, � � 1=6, L � 70; �: A � 10�4, � � 1=6, L � 100;
�: A � 10�4, � � 1=6, L � 150; �: A � 10�4, � � 1=6, L �
200.
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flat and moderately curved interfaces. However, at the
corner node the direction of the color gradient changes
abruptly. This stress cannot be compensated with an in-
crease in pressure near the corner node. Instead, it induces
a flow where particles flow towards the corner node along
the interface and away from it along the wall.

To demonstrate the effect of the uncompensated stress
component we initialize a lattice of size 100	 50 lattice
sites. We choose the relaxation parameter � � �1:0 and
surface tension parameter A � 10�4. The wall is left neu-
trally wetting. This will recover an immobile flat interface.
However, due to spurious currents [25,33] the fluid is not at
rest. In Fig. 3(a) we show the resulting flow pattern. The
uncompensated stress at the three-phase contact point in-
duces a circular flow pattern. In Fig. 3(b) we show the flow
pattern in a comoving frame when the average fluid veloc-
ity vx � 2:73	 10�3 lattice units per time step. This
pattern is reminiscent of the rolling motion [3,6,7]. It is
slightly different, however, from the flow patterns reported
by Dussan [7] and Sheng and Zhou [9]. In our simulations
the flow in the slip region has a circulation pattern in front
of the moving interface instead of behind it. This is because
the flow velocity tangential to the interface is directed
towards the wall rather than away from it.

To determine how these currents are generated, we plot
the extrapolated x-directional wall velocity in Fig. 4. This
is found by a cubic fit of vx near the wall and extrapolation
to the expected wall position between the first fluid node
and the wall node. This velocity results from the uncom-
pensated stresses at the three-phase contact point. We
further test how the extrapolated wall velocity changes as
the average flow velocity �vx, the system size L, the surface
tension, and viscosity are varied. As �vx changes the wall
velocity remains constant. This is a clear indication that
even for a moving fluid and hence a moving interface the
unbalanced stress component at the three-phase contact
point induces a constant velocity field that is then super-
imposed on the flow. As L changes the wall velocity also
remains constant. Changing the viscosity does not change
the maximal velocity, but it does change vx�x� (and hence

the flow pattern) due to viscous damping. Figure 4 shows
the wall velocity for four different values of the surface
tension (solid line). As A is increased, the wall velocity
increases in linear fashion. We also show the viscous stress
�xy for the same values of A. The inset shows the Navier
slipping relation, vx � ��xy, is followed where the pro-
portionality factor � is constant. Since � � ls=� in the
Navier model the slipping length suggested by this model
must be proportional to the viscosity.

The fact that the circulation pattern is superimposed on
the flow explains how the contact line moves while keeping
its shape constant. The circulation allows for rolling mo-
tion over the solid surface. Away from the interface (ap-
proximately 20 lattice sites in front and behind) we have
the usual parabolic flow profile. As we move closer to the
interface the flow profile becomes progressively flatter.
This confirms the conclusion of Sheng and Zhou [9] that,
far from the wall, at the interface the viscous stress is
significantly smaller than the capillary pressure. Hence at
the center of a capillary tube the interface appears rigid to
the fluid and moves as a plug with constant velocity. Close
to the walls, however, the viscous stresses increase and the
interface is deformed (see Fig. 1). This forces the dynamic
contact angle to deviate from �a. This change is linearly
proportional to the capillary number. The proportionality
factor of this change is, however, model dependent. In slip
models [1,3,9] the proportionality factor depends on the
slip length as given by Eq. (3). The uncompensated stress
component at the three-phase contact point induces a flow
that has maximum velocity umax � const	 A. There is a
viscous length scale ls associated with this flow. In lattice
units,

 lvisc �
�

�umax
�

�
umax

� const	
�
A
: (6)

From Eq. (3) and Fig. 2(a) we thus find that ls �
constant	 lvisc. Because lvisc is the only nontrivial intrinsic
length scale in our LB model, it is not surprising that it is
related to ls. Of course, ls � lvisc is not expected for real
fluids. The main point, however, is that the uncompensated
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FIG. 3. (a) The flow lines in the bottom half of 100	 50 lattice sites. The wall is marked with a solid line at y � 0 and the interface
with a dashed line at x � 0. The flow circulates around the lattice and is induced by the stresses at the three-phase contact point.
(b) Flow lines in a comoving frame for flow velocity vx � 2:73	 10�3. The gray scale gives the magnitude of the flow velocity in both
plots.
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stresses in our LB model result in a moving contact line
phenomenology indistinguishable from real fluids.

In conclusion, we have shown how a microscopic hydro-
dynamic model reproduces the macroscopic physics of a
moving contact line. We have found the dependence of
�dyn on the capillary number Ca and slip length ls and have
shown that our LB model falls in the general class of
Navier slipping models. Compared to the macroscopic
model of Sheng and Zhou [9], we do not specify a slip
length; the slip length instead arises as a result of the
microscopic dynamics. Compared to molecular dynamics
simulations [10–12] we show the slipping phenomenology
in a simplified fluid, thereby indicating a possible set of
minimal microscopic ingredients for moving contact line
phenomena. In previous studies of moving contact lines in
LB [21,22], the existence of an apparent slip length ls had
been found, but the scaling of �dyn and the nature of the slip
condition had not been discussed. In our model, as in other
LB models, we have particles with discrete velocities on a
lattice. These particles conserve mass and momentum. The
only extra ingredient we require is the uncompensated
stress at the fluid-fluid-solid interface, which is a direct
consequence of the surface tension imposed on the fluids.
Despite the existence of spurious currents [25,33] the LB
model exhibits the correct macroscopic phenomena. Our
point is not to suggest that our model be used for engineer-
ing applications of contact line dynamics. Our results
instead address the foundations of this problem. Without
specification of a slip length, our LB model produces the
same dynamics as the various slip models [5–9]. Thus a
minimal macroscopic understanding of Nature’s apparent
‘‘violation’’ of the no-slip boundary condition need not
require an imposition of an artificial slip length.
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FIG. 4. Solid line: the x component of velocity for A � 5	
10�5, 10�4, 2	 10�4, 4	 10�4. This line represents all four
values of A. As A increases the velocity increases linearly, but
the rescaled curve vx=A remains the same. Symbols: the stress
component �xy for the same values of A. In the inset the viscous
stress �xy as a function of the slipping velocity vx, confirming
that our LB model follows the Navier slipping relation.
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