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Molecular dynamics (MD) simulations under transverse shear, uniaxial compression, and pullout
loading configurations are reported for multiwall carbon nanotubes (MWCNTs) with different fraction
of interwall sp3 bonds. The interwall shear coupling in MWCNTs is shown to have a strong influence on
load transfer and compressive load carrying capacity. A new continuum shear-coupled-shell model is
developed to predict MWCNT buckling, which agrees very well with all MD results. This work demon-
strates that MWCNTs can be engineered through control of interwall sp3 coupling to increase load
transfer, buckling strength, and energy dissipation by nanotube pullout, all necessary features for good
performance of nanocomposites.
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The deformation mechanisms in carbon nanotubes de-
termine their ability to provide high stiffness, strength,
toughness, and engineered friction, in advanced structural
materials. Although single-wall carbon nanotubes
(SWCNTs) have theoretical tensile strengths approaching
100 GPa [1,2], they have several limitations: resistance to
compressive loading can be limited due to buckling; the
achievable volume fraction is limited by the pore space in
the nanotube; and functionalizing to enhance coupling to a
matrix can introduce strength-limiting flaws. Multiwall
carbon nanotubes (MWCNTs), consisting of nested con-
centric SWCNTs, might overcome some of these limita-
tions but often do not. In ideal MWCNTs with interwall
van der Waals coupling, the buckling behavior is not
improved over SWCNTs; load cannot be transferred from
the outer wall to the inner walls, and energy dissipation
after fracture is small because of easy sliding between
walls (‘‘telescoping’’) [3–5]. Little research addresses
these fundamental limitations of the CNTs and so engi-
neering of CNT-based structural materials to achieve de-
sired performance goals thus requires design of the
MWCNT structure itself. There has been some experimen-
tal and computational work on modifying the interwall
coupling in graphite [4,5] and nanotube ropes [6,7] through
controlled sputtering and irradiation. The shear modulus of
graphite is increased by an order of magnitude when sub-
jected to neutron irradiation [4], which was attributed to
the formation of interlayer sp3 bonds [5]. Molecular dy-
namics (MD) modeling of the effect of such irradiation-
induced defects in MWCNTs showed that a small number
of defects can have a large effect on the interlayer shear
strength, improving load transfer to the inner shells [8].
These studies suggest that MWCNTs with optimized me-
chanical properties can be engineered by creating a con-
trolled density of interwall bridges.

Here, we demonstrate that interwall coupling in
MWCNTs via sp3 bonding can enhance load transfer and
increase buckling resistance significantly, permitting full

mechanical participation of all walls in a MWCNT. We
further show that MWCNT buckling failure computed in
molecular dynamics models is consistent with a new
‘‘shear-coupled-shell’’ model that bridges the gap between
the van der Waals coupling in ideal MWCNTs and a fully-
continuum transversely-isotropic shell material. Finally,
preliminary results show large enhancements in the pullout
forces in MWCNTs due to interwall bonding. This work
motivates a new direction for design of MWCNTs for
mechanical performance and provides a theoretical frame-
work for analysis of properties versus interwall coupling.

We study the influence of interwall sp3 bonding on
MWCNT mechanical properties by simulating shear, com-
pression, and pullout loading of armchair MWCNTs con-
taining different densities of randomly distributed interwall
sp3 bonds using molecular dynamics (MD). The forces on
atoms were calculated using a reactive empirical bond-
order potential coupled to a Lennard-Jones (LJ) potential
for the interwall coupling [9,10]. A cutoff distance of
20 nm was used in the LJ potential to capture the long-
ranged van der Waals potential. The Verlet algorithm with
2 fs time step was used to integrate the equations of motion,
with velocity rescaling to maintain a constant temperature
of 0.05 K. Samples were generated starting from an ideal
MWCNT of the desired length L and diameter d, with
L=d � 2 fixed for all MWCNTs studied, and adding sp3

bonds at random locations by incrementally moving two
close atoms in adjacent walls from the graphitic wall
spacing to the sp3 bond distance. After adding the desired
fraction f of sp3 bonds, defined as the number of interwall
sp3 bonds divided by the number of atoms in the system,
the entire nanotube was relaxed to equilibrium under zero
applied load. By our definition, the maximum fraction of
sp3 interwall bonds is �11:7%, corresponding to a dia-
mondlike structure. Figure 1 shows the relaxed structure of
a double-wall CNT containing 6% sp3 interwall bonds and
the local distortions necessary to accommodate the mixed
bonding are evident.
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We computed the interwall shear modulus G as follows.
All atoms in the inner wall of a double-walled MWCNT
were fixed in the axial direction while an axial force Fa was
applied on each atom on the outer wall. This is equivalent
to applying uniform shear traction � � NFa=��dL�, where
N is the number of atoms on the outermost wall. The
system was relaxed via MD. We then measured the induced
average axial displacement � of the outer wall and com-
puted the interwall shear strain as � � �=�, where � is the
interwall spacing, and the effective shear modulus as G �
�=�. G scales nearly linearly with sp3 bond fraction as
G � f� �880 GPa� because we are measuring an average
property around the entire tube and the sp3 bond density is
low. G is also independent of the nanotube radius. This is
the first main result of this Letter.

We computed the compressive deformation and critical
buckling strain as follows. All atoms in the first four rings
at the bottom of the MWCNT were held fixed in the tube-
axis direction while the four rings of atoms at the top of the
nanotube were displaced downward rigidly in very small
displacement increments (<0:02 �A). After each displace-
ment increment, the structure was relaxed for 2 ps, achiev-
ing near equilibrium, and the force was measured. The
critical buckling strain corresponds to the point of the first
drop in force with increasing compressive strain. Buckling
was first simulated for SWCNTs and for MWCNTs with no
sp3 bonds, i.e., only van der Waals coupling, for MWCNTs
having average diameters ranging from 1 to 50 nm and
with up to n � 7 walls. These calculations significantly
extend those of Yakobson et al. [11] and other molecular
mechanics results [12]. Figure 2 shows the critical buckling
strain versus diameter and the results agree with the clas-
sical shell-buckling theory [13] employed for SWCNTs
[11] and later extended to MWCNTs [14], depending only
on the average radius and not the number of walls. In the
presence of interwall coupling via sp3 bonding, Fig. 2
shows that the buckling strain at any diameter increases
notably and also depends on the number of walls and the
degree of sp3 bonding. For all nanotube diameters, shear
coupling increases the buckling strain. For the same frac-
tion of sp3 bonds and mean diameter, the buckling strain

increases with the number of walls. Therefore, interwall
coupling quantitatively and qualitatively changes the na-
ture of the deformation and improves failure resistance
relative to MWCNTs with only van der Waals coupling.
This is the second main result of this Letter.

To understand the influence of sp3 interwall bonding on
the buckling strain and to capture it within a continuum
framework, we have developed a shear-coupled-shell
(SCS) model for an n-walled MWCNT. Under a uniform
compressive strain "0, let the axial and radial displace-
ments of the walls be perturbed by u0 � A cos�m�x=L�
and w0 � B sin�m�x=L�, respectively, where x is the axial
coordinate andm is the buckling mode. Such a perturbation
necessitates relative sliding of �dw0=dx between neighbor-
ing walls, resulting in interwall shear stress � � Gdw0=dx
and a total interwall sliding energy Us � �n�
1�G�m2�3RA2=2L, where R is the mean radius of the
MWCNT. This energy is added to the membrane energy,
 

Um �
nEh�RL

�1� �2�
�1� �2�"2

o �
A2m2�2

2L2 �
B2

2R2 �
�m�
RL

AB

�
2�1� �2�"om�

L2 A
Z L

0
sin�m�x=L�dx; (1)

the bending energy Ub � nDm4�5RB2=2L3 due to local
wall curvature, where D � Eh3=12�1� �2� is the bending
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to obtain the total potential energy � � Um �Ub �Us �
V. Minimizing � with respect to the perturbation ampli-
tudes A and B, enforcing existence of nontrivial A and B,
and finally minimizing with respect to m gives the critical
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FIG. 2. Buckling strain of SWCNTs and MWCNTs versus
average tube diameter. Symbols are MD simulations and the
solid line is the classical shell theory result; n is the number of
walls.

FIG. 1 (color online). Atomic structure of a CNT with inter-
wall sp3: (a) Initial geometry of a MWCNT with the surface
undulations due to the presence of sp3 bonds, (b) A close-up
view of the atomic structure, showing sp3 bonds bridging the
walls and (c) An individual sp3 interwall bond.
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Further details of the SCS model can be found in the
supplementary document [15]. The first term on the right-
hand side of Eq. (3) is the standard shell theory result
[11,13,14] which is recovered in the absence of sp3 inter-
wall bonding (G! 0). The second term is due to interwall
shear coupling, which resists interwall sliding and in-
creases the stability of the structure.

Figure 3 shows a normalized buckling strain versus
interwall coupling for several MD simulations and for
the SCS model. In Fig. 3, the interwall coupling is repre-
sented by the nondimensional quantity � � Eg=G�1�
v2�, where Eg is the in-plane Young’s modulus of a graph-
ite sheet, and the buckling strain "b is normalized as

��"b="c � 1� with � � � nn�1��
E
Eg
��h
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���������
1��2

3

q
. As a result,

the normalized SCS buckling strain is a function of �
only. Figure 3 shows that as G! 0 (�! 1), the MD
and SCS results agree and converge to the classical shell
theory result. As G increases (� decreases), the buckling
strain also increases significantly and the SCS model
agrees very well with the MD results over more than 2
orders of magnitude change in �. Figure 4 shows the SCS
model prediction for the buckling strains against actual
MD values for all cases simulated. Perfect agreement
would correspond to all data points lying on the dashed
line of slope unity. The SCS model is in very good agree-
ment with the entire set of MD data points for CNTs with
different number of walls, demonstrating that the contin-
uum SCS model captures the essential mechanics of inter-
wall shear-coupled MWCNTs. This is the third main result
of this Letter.

As can be seen in Fig. 3, at extremely high percentage of
sp3 bonds (�! 0), the SCS model does not recover the

isotropic continuum limit due to the assumption of equal
stress states in each wall, which is a good approximation
for small values of G. The continuum limit can be recov-
ered by modeling the MWCNT as a transversely isotropic
shell (TIS) (see supplementary material in Ref. [15]).
Figure 3 shows the predictions of the TIS model, which
attains the correct continuum limit as �! 0 and is rea-
sonably close to the SCS model over a large range of �, but
fails in the regime of �! 1, where SCS model continues
to work well.

The predictions from our MD simulations and SCS
model rationalize experimental results on shell-buckling
of individual MWCNT fabricated by chemical vapor dep-
osition technique [16]. It is well known that experimental
buckling strains are significantly smaller than the theoreti-
cal values because of imperfection sensitivity [17].
However, in the experiments the average critical buckling
strain was 2:875� 10�3 [16], whereas the value for ideal
MWCNTs is only 1:725� 10�3. Furthermore, Raman
spectroscopy analysis on similarly-fabricated MWCNTs
shows an sp3 peak at 1332 cm�1 in addition to usual sp2

peak at 1582 cm�1 [18,19]. From the Raman intensity
ratio, the sp3=sp2 ratio in the experimental samples
�0:1–0:4 [20], equivalent to 1%–6% of interwall sp3

bonds. Using the measured buckling strain and the SCS
model, we estimate the effective shear modulus as G�
1:3 GPa corresponding to 0.25% sp3 bonds. Quantitative
agreement is therefore not obtained by a simple analysis.
The difference could lie in the imperfection sensitivity: the
experimental buckling strain could be the net result of an
increase due to shear coupling and a decrease due to
imperfections. The SCS model provides an upper bound
for the buckling strain in the presence of interwall
coupling.

Finally, we have simulated the pullout behavior of inner
walls from outer walls in the presence of interwall bonding,
complementing our prior work on pullout in van der Waals
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bonded MWCNTs [3]. Figure 5 shows the results of one
simulation of a double-walled nanotube of radius R �
1:2 nm for both 0% sp3 bonding and 0.5% sp3 bonding
with uncapped ends. The initial pullout force with modest
interwall bonding is�10 times larger than that of the ideal
MWCNT, with a much larger initial range of nearly-elastic
behavior as the sp3 bonds stretch and ultimately fail. After
the initial yielding, the ‘‘steady’’ pullout force for the
nanotubes with sp3 bonds is governed by the formation
of new sp3 bonds at the end of the nanotube. The details of
this mechanism require more investigation. In any case, the
interwall bonding provides much greater shear coupling, as
noted earlier via the computation of G, and much larger
energy absorption capability during the subsequent ‘‘pull-
out’’ phase of the deformation. This is the fourth main
result of this Letter.

There is experimental evidence that shear coupling
due to sp3 bonds enhances the toughness of MWCNT-
reinforced ceramic composites. In materials nominally
identical to those studied in Ref. [16], MWCNT pullout
from the matrix on the fractured surface of CNT-alumina
composites is observed, but with relatively short lengths
and no obvious telescoping within the nanotubes [21]. In
nanoindentation testing, MWCNT bridging across crack
faces was also clearly seen and was subsequently estimated
to increase the composite toughness by up to 10 times the
matrix toughness [22].

Most of the past and current research effort on utilizing
the excellent mechanical properties of carbon nanotubes
has focused on using SWCNTs and MWCNTs as stiffen-
ing fibers in polymer and ceramic composite materials.
Although such an approach has been promising, so far
the gains in strength and toughness of such composites
has been modest, possibly because the inner walls do not
fully participate in the loading process. The results pre-
sented here demonstrate that the superior of mechanical
properties of MWCNTs can be realized by controlling

interwall coupling, number of walls and radius. Speci-
fically, interwall coupling and the associated enhanced
interwall shear resistance mitigate three major problems
with ideal MWCNTs by increasing (i) the interwall load
transfer, (ii) the critical buckling strain, and (iii) the fiber
pullout, solving the telescoping problem and enhancing
energy dissipation. The simulation and analytical results
here thus provide the basis for an engineering design
strategy for high mechanical performance in MWCNT-
based systems.
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FIG. 5. Pullout force versus pullout distance for double-wall
CNTs with 0% and 0.5% sp3 bonds (L � 5 nm).
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