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We have studied the collapse of pseudo-bi-dimensional foams. These foams are made of uniformly
sized soap bubbles packed in an hexagonal lattice sitting at the top of a liquid surface. The collapse
process follows the sequence: (1) rupture of a first bubble, driven by thermal fluctuations and (2) a cascade
of bursting bubbles. We present a simple numerical model which captures the main characteristics of the
dynamics of foam collapse. We show that in a certain range of viscosities of the foaming solutions, the size
distribution of the avalanches follows power laws as in self-organized criticality processes.

DOI: 10.1103/PhysRevLett.98.244501 PACS numbers: 47.55.df, 45.70.Ht, 47.57.Bc, 89.75.Da

Liquid foams are out-of-equilibrium systems. Three pro-
cesses are always present and occur simultaneously: drain-
age (liquid drains out of the foam), coarsening (bubbles
change in size by gas diffusion due to differences in capil-
lary pressure between them), and collapse (liquid films
between adjacent bubbles break); drainage and coarsening
being better understood than foam collapse [1]. Drainage
reduces the films thickness and, as a consequence, their
stability against thermal fluctuations. It is accepted that
foam collapse depends mainly on the properties of single
films and the main experimental and theoretical effort was
directed to the study of the rupture of isolated, single liquid
films in simple geometries (planar and cylindrical films).
The general idea is that films break by spontaneous growth
of thermal fluctuations of film thickness. Vrij [2] proposed
a model for the amplification of thermal thickness fluctua-
tions. These fluctuations are controlled by two contribu-
tions to the free energy of the film. The first one is always
positive due to the increase of the film surface area (the
surface energy is the product of surface area by the surface
tension �) and the second one may be positive or negative
depending on the sign of d�=dh, � being the disjoining
pressure (force between film surfaces per unit area) and h
the film thickness. The film thickness can be written as h�
h0�

P
qAqexp�iqxx�qyy�, where h0 is the average thick-

ness of the film and Aq is the amplitude of the fluctuation of
wave vector q, Aq�t� � Aq�0� exp�t=��. When d�

dh > 0 the
characteristic time � is positive, depends on q and presents
a minimum (i.e., a maximum in the growing rate) given by

 �m �
24��

h3
0

�
d2�

dh2

�
�2

0
; (1)

where � is the bulk viscosity and the index ‘‘0’’ indicates
that the derivative is calculated at h0. If only van der Waals
forces are present, the characteristic time is �m �
96�2��h5

0A
�2
H , where AH is the Hamaker constant. For

typical values (� � 30 mN=m, � � 1 mPa � s, h0 �
40 nm and AH � 10�20 J) �m � 30 seconds. The lifetime
of the film, tlf, depends on h0 and �m:

 tlf � �mf�h0; ��; (2)

where f is a weak function of surface tension and thick-
ness. Since, in practice, repulsive forces are frequently
present, an energy barrier must be overcome. This is
possible if surface density fluctuations occur, these being
governed by surface elasticity �: tlf depends then not only
on h0, �, and �, but also on � [3].

The link between the spontaneous rupture of a single
film and the collapse of a real foam is not direct because
several important phenomena are not considered, among
them, the influence of a bubble rupture in the breaking of
neighboring films and bubbles. When a bubble breaks, part
of its energy is transferred to the neighboring bubbles
inducing mechanical fluctuations which can lead to other
ruptures in a cascade process [4–6]. Here we go beyond
studies of films by using single layers of bubbles of the
same size and packed in an hexagonal lattice at the surface
of a surfactant solution. Because all the bubbles have the
same size, we avoid coarsening. Drainage is also sup-
pressed because the bubbles are in contact with the bulk
liquid. We avoid evaporation and dust by enclosing the
system in a atmosphere saturated with liquid vapor. The
surfactant solutions are poured into a glass container of
15 cm diameter and 1 cm depth. The bubble raft is formed
directly above the liquid with a needle connected to an air
pump. We follow the evolution of the number of bubbles
with a CCD camera. The images are analyzed with soft-
ware (IMAGEJ) that allows us to count bubbles and to
measure their sizes (in order to check that it does not
change with time). We used also a fast camera (VDS
HCC-1000) able to take up to 2500 frames per second, in
order to visualize the rupture of single bubbles and its
influence on their neighbors.

We have used the surfactant sodium dodecyl sulfate
(SDS-Sigma-Aldrich) and varied the solution viscosity by
mixing water with different amounts of glycerol (Aldrich).
The SDS concentration used is 15 mM, twice the critical
micellar concentration. All the solutions have a similar
surface tension, �� 30 mN=m and surface elasticity [7].
The measurements were made at room temperature on rafts
composed of 400� 50 bubbles and repeated a minimum of
20 times (the less viscous systems were measured up to 200
times).
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Figure 1 shows typical snapshots taken at different
times. Without glycerol, when the first bubble bursts, it
produces a perturbation which extends to the neighboring
bubbles and produces a first cascade. Other bubbles burst
later and in different areas, producing further cascades and
leading to the complete collapse of the bubble raft
[Fig. 1(a)]. Here the process is ruled by mechanical per-
turbations. In the case of a water-glycerol solution of bulk
viscosity 2:6 mPa � s, avalanches are rare and the bubbles
burst almost independently of each other. Figure 2 shows
snapshots taken with a fast CCD camera for a bursting

bubble showing the deformation produced onto the neigh-
boring bubbles. These flower shaped bubbles around a
bursting one were observed before in Champagne wine
[8]. Figure 3(a) shows typical results for the relative num-
ber of bubbles (N=N0, N, and N0 being the remaining and
initial number of bubbles, respectively) as a function of
time and for four different glycerol concentrations. We
define characteristic times to describe the behavior of the
bubbles layer: t0 is the time after which the first bubble
bursts, t1=2 is the time elapsed between t0 and the moment
when the number of bubbles is equal to N0=2, and, finally,
tf is the time elapsed between t0 and the last bubble rupture
[see Fig. 3(a)]. The characteristic time t0 is related mainly
to �m, i.e., with the isolated film properties. The time t1=2

and tf are affected by the mechanical energy liberated by
the bursting of previous bubbles.

The values of t0 are hard to obtain experimentally with
confidence, especially for the low glycerol contents, be-
cause they are not sufficiently larger than the time needed
to prepare the bubble raft (raft production�7s. For � � 1,
t0 � 5 s; for � � 2, t0 � 1000 s). The time tf is easily
measured for a particular raft but the last bubbles often
remain intact during a very long time and tf is therefore not
very sensitive to cooperative processes. The time t1=2 is
always well defined and describes the best cooperativity of
the process; therefore, we shall use it to characterize the
systems behavior. In Fig. 4(a) t0 and t1=2 are represented as
a function of reduced bulk viscosity (�r � �=�water). The
time t0 seems to be independent of � except for very low
viscosities and t1=2 increases with bulk viscosity until �r �
1:2, it plateaus up to �r � 2:6 and increases afterwards. In
the following, we propose a numerical model for the
collapse dynamics of the bubble rafts. The justification of
the model is heuristic. We used an hexagonal lattice with
N0 � m2 sites. Each site is occupied by a bubble which can
be in two states: broken (state ‘‘1’’) or intact (state ‘‘0’’).

FIG. 1. Time evolution of bubbles rafts. (a) � � 1 mPa � s; the
first bubble rupture produces an avalanche which destroys all the
raft in 30 s; (b) � � 2:6 mPa � s; bubbles burst almost indepen-
dently each other (arrows). Here the total time for the complete
destruction of the raft is several hours.

FIG. 2. A bubble rupture observed with a fast camera (�r�2).
The total time elapsed between snapshot (1) and (9) is 0.0225 s.
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FIG. 3 (color online). (a) Time evolution of bubble rafts for
four different viscosities: 1; 1.05; 1.08; 1:2 mPa � s. (b) Simu-
lated results for � � 1; 0.1; 0.03; 0.01 in a raft of 400 bubbles
(m � 20).
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We assumed that there exists a critical energy, Ec which
transferred to a bubble breaks it instantaneously. For a
system free of external constraints, the first bubble rupture
is a random process driven by thermal fluctuations. We
define the initial probability, P0

1 � 1=t̂lf, where t̂lf is the
adimensional counterpart of tlf [Eq. (2)]. When a bubble
bursts, part of its energy is transferred to the neighboring
bubbles (Fig. 2). The energy transferred to the six neigh-
bors of a bursting bubble is �Eb / ��a�, a being the
bubble surface. If �Nb is the number of ruptured bubbles
and �E the energy transmitted by these bubbles to a
neighbor, �E=Ec � ��=6��Nb, with � � �Eb=Ec. If
�E=Ec > 1 the bubble ruptures; but if �E=Ec < 1 the
bubble can or cannot rupture (they are always under the
action of thermal fluctuations). Then, P1 changes as fol-
lows:

 P1 �

(
P0

1 �
��Nb

6 if P0
1 �

�E
Ec
< 1

1 if P0
1 �

�E
Ec
> 1

: (3)

We used the following scheme for the simulation: we
produce an hexagonal lattice of m2 sites all in state 0. We
assigned to each site the initial probability P0

1�i; j�. We
generated m2 random numbers r�i;j� and if r�i;j� 	 P0

1�i; j�
we changed the site to state 1 and we change the proba-
bilities of all the 6 neighboring sites according to Eq. (3).
Then we repeated the cycle. If in a complete cycle there is
no change in �Nb for a site in the lattice, we relaxed the
probability of that site to the initial probability P0

1. Doing
that we mimic the energy dissipated by the bubble in the
bulk liquid (see the evolution of the bubble oscillations in
Fig. 2). In the algorithm, there is no rule that permits state 1
to go to state 0; when a bubble bursts it cannot regenerate
again. For physically realistic boundary conditions that
mimic the walls of the glass container we used a lattice
of �m� 2�2 sites enclosing our lattice of m2 sites were the
bubbles out of the internal lattice never burst. Figure 3(b)

shows the results of the simulations for 4 different values of
�: the resemblance with Fig. 3(a) is striking.

Let us now discuss the influence of bulk viscosity. We
take for simplicity, � � C�=�r (other dependences on �r
lead to similar results) and t̂lf � Ct�r [as in Eq. (1) and
(2), other film rupture processes leading to similar viscos-
ity dependences], C� and Ct being constants. The results
for t1=2 are shown in Fig. 4(c). When C� � 0, no energy is
transferred when a bubble bursts; foam collapse is driven
only by thermal fluctuations and t1=2 increases linearly
with viscosity. As C� increases, t1=2 increases less rapidly
with viscosity until a plateau is seen as in the experimental
results [compare Figs. 4(a) and 4(c)]. These plateaus arise
because the time at which n � N0=2 can be reached in
many different ways depending on the number of simulta-
neous avalanches and on the ratio �E=Ec. Let us use an
example to illustrate this. Suppose that the raft is composed
initially of 400 bubbles, with an initial probability P0

1 �
0:35. After the first cycle of the simulation there will be
approximately 400� P0

1400 � 260 bubbles. After the next
cycle there will be a maximum of 260� 91 � 169 bubbles
(we are not considering avalanches), and therefore t1=2 �

2. If we increase the viscosity, P0
1 decreases, for example,

to 0.3, there will then be 400� 120 � 280 bubbles after
the first cycle and a maximum of 196 bubbles after the
second and again t1=2 � 2. We then see how the plateau is
built. If in the above example we increase again the vis-
cosity and P0

1 falls to 0.25, t1=2 will increase to 3. The
values of � (and C�) affect the position and the width of
the plateaus. If the energy liberated by a bursting bubble is
many times greater than the energy needed to break its
neighbors (�
 1) the increase of bulk viscosity will no
affect t1=2 because we will have always P1 � 1, and there
will be a long plateau [C� � 100 in Fig. 4(c)]. If the
viscosity increases enough, the energy release by a burst-
ing bubble will be below the energy threshold, Ec, and the
plateau will end.

In the simulation (for C� � 5 and Ct � 6), t0 is inde-
pendent of viscosity. This is because the probability P0

1

goes from 1=6 (�r � 1) to 1=36 (�r � 6), then, in a raft of
400 bubbles, there will be always (at least) one bubble
rupture in the first cycle of the simulation. Note that the
experimental t0 is also constant within experimental error
[Fig. 4(b)]. Let us now discuss the possible relation be-
tween foam collapse and self-organized criticality. In 1987,
Bak, Tang, and Wiesenfeld introduced the self-organized
criticality concept (SOC) [9,10]. SOC is based on the idea
that a complex behavior can develop spontaneously in
certain nonequilibrium systems with many body interac-
tions and exhibiting abrupt changes in dynamic behavior
(avalanches), the statistical distribution of events following
power laws. Various complex systems follow these power
laws such as light emitted from a quasar, population sizes
in cities, the Gutenberg-Richter law of earthquakes, bio-
logical evolution, or forest fires [11]. Müller and di Meglio
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FIG. 4 (color online). Characteristic times (a) Experiment on
raft composed of N0 � 400 bubbles (b) Simulations for m � 20,
Ct � 6, and C� from 0 to 100.
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[6] and Vandewalle et al. [4,5] have shown that the dis-
tributions of time between successive avalanches and of the
energy dissipated follow power laws suggesting that 3D-
draining foam collapse is a SOC dynamical process.

Here, we define an avalanche as an event of energy
release (bubbles ruptures) that occurs at different positions
on the raft or with a minimum time separation of 1=30 s
(camera temporal resolution); the size of an avalanche will
be the number of bubbles involved in it. Figure 5 shows the
size distribution of the first avalanche, P�s� simulated and
measured for systems of different viscosities, where s �
n=N0, n being the number of bubbles ruptured in an
avalanche, and P�s� the frequency of occurrence of an
avalanche of size s divided by the total number of experi-
ments (or runs). Simulations and experiments show the
same qualitative behavior. For solutions of low bulk vis-
cosity the power-law distribution was observed only for
small avalanches in a limited range. These systems exhibit
a peak for n close to the initial number of bubbles in the
raft. The exponents found for the regions with power laws
varies from 2.2 to 0.8. For intermediate viscosities we
found power laws with an exponent of 1� 0:2 for a wide
range of s values. For high viscosities the distribution of
avalanche sizes seems to be exponential. For the very high
viscosities there are no avalanches at all (at least in the
limited number of experiments that we did �40).

This scenario is very similar to the case of avalanches on
rice piles. Frette et al. carried out experiments with differ-
ent types of rice [12]; rice with grains of large aspect ratio
exhibit SOC behavior whereas rice with less elongated
grains exhibit stretched exponential avalanche distribu-
tions. SOC behavior requires a separation of times scales:

the external driving process needs to be much slower than
the internal relaxation process. This is intimately related
with the existence of thresholds which ensure the separa-
tion of time scales. The ability of spherical grains to roll or
flow eliminates the threshold and limits the number of
possible metastable configurations. We can identify all
these elements in our bubble rafts. The driving force comes
from thermal fluctuations and the threshold arise from the
existence of a critical energy to break a bubble, Ec. If the
energy communicated by a bursting bubble to its neighbors
is large enough, all bubbles burst in a big avalanche be-
cause there is no threshold, as in the case of rounded grains
of rice. The viscosity plays here the role of grain aspect
ratio in rice piles. Bubble rafts follow SOC behavior only
in a limited range of viscosities and �E=Ec ratios.

We are currently investigating the role of surface ten-
sion, surface elasticity, and viscosity in the time evolution
of bubbles rafts. These ideas could easily be extended to
3D-foams under the same conditions (no drainage, no
coarsening) and could be eventually tested in future experi-
ments on the International Space Station. We are also
currently trying to implement drainage in the simulations
by adding a vertical profile in P0

1 and Ec in order to
compare with the experimental results for 3D draining
foams [4,5].
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FIG. 5 (color online). (a) Simulation: Size distribution for the
first avalanche simulated with the model over 10 000 runs for
different viscosities (m � 20, C� � 3: In these simulations only
one avalanche at a time is allowed). (b) Experiment: Size distri-
bution of the first avalanche for different viscosities (power-law
behavior). (c) Experiment: Size distribution for �r � 2:8 (ex-
ponential behavior).
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