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A full measurement of the four-dimensional coherence function from an undulator beam line is
reported. The analysis is based on the observation that the data are consistent with a coherence function
that is mathematically separable. The effective source size can be altered by changing the width of the exit
slit, and the complete coherence function is presented for two settings. We find, to within experimental
error, that the four-dimensional complex degree of coherence can be described as a real Gaussian function
that depends only on the difference of the spatial coordinates.
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Coherent x-ray optical methods, such as photon corre-
lation spectroscopy [1] and coherent diffraction imaging
[2], as well as emerging related imaging techniques [3], are
becoming of increasing importance to science, and the
utility of these methods, combined with the comparatively
modest coherent output of third-generation synchrotron
sources, is driving the development of new laserlike
sources of x rays such as high-harmonic generation lasers
[4] and x-ray free-electron lasers [5]. All of the emerging
coherent imaging techniques rely for their interpretation on
the well-known rules of propagation for coherent light.
Partially coherent light propagates according to broadly
similar and equally well-established rules which, assuming
that the four-dimensional coherence properties of the wave
field are known, should allow coherent methods to be
extended to partially coherent synchrotron measurements,
with the attendant improvements in signal level. The first
step in such a program is to properly measure the coher-
ence properties of a field, and we here report the first full
four-dimensional characterization of a partially coherent
synchrotron beam.

The second-order coherence properties of an electro-
magnetic field over a surface are characterized via the
mutual coherence function [6]

 ��r1; r2; �� � hE�r1; t�E�r2; t� ��i; (1)

where h i denotes an ensemble average and the vectors ri
denote position in a plane at propagation distance z. In the
case of quasimonochromatic light, in which the light has a
narrow distribution of frequency around the value �0, one
adopts the approximation

 ��r1; r2; �� ’ J�r1; r2� exp�2�i�0��; (2)

where J�r1; r2� is the mutual optical intensity (MOI). In
this Letter we adopt quasimonochromatic approximation,

which is well satisfied in the experiment we report, and so
restrict our discussion to the MOI.

It is immediately apparent that the field over a one-
dimensional slit is described by a two-dimensional func-
tion, while the field over a two-dimensional aperture re-
quires four dimensions. The technique of phase-space
tomography [7] has been applied to the one-dimensional
case [8] but has not been applied to a two-dimensional
field. In this Letter, we present such an application.

Phase-space tomography is based on a measurement of
the phase-space density distribution of the wave over a
plane at z � 0, characterized in terms of the MOI by

 B�r; u� �
Z
J�r��=2; r��=2� exp��ik0� � u�d�;

(3)

where r � 1
2 �r1 � r2� and � � r1 � r2. Under the paraxial

approximation, also well satisfied in the current experi-
ment, an intensity measurement over a plane located at z is
given by [9]

 I�r; z� �
Z
B�r� zu; u�du; (4)

which can be recognized as a two-dimensional projection
over the four-dimensional phase-space density distribution
[10]. As the light propagates, the phase-space distribution
of the light undergoes a shearing transformation, rather
than the rotation that occurs in conventional imaging to-
mography, but nonetheless leads to a different projection at
each position along the optical axis. In the case of a one-
dimensional field I�y�, a measurement of the full (two-
dimensional) intensity distribution over (y; z) space is suf-
ficient to fully characterize the MOI. In the case of the field
over a plane, the three-dimensional intensity distribution
over (r; z) space is not sufficient to fully specify the four-
dimensional coherence function. It has been proposed that
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the additional information may be acquired through the
introduction of astigmatic lenses [7], though this has yet to
be demonstrated experimentally.

Here we consider the case of a separable MOI, by which
we mean one of the form

 J�x1; x2; y1; y2� � Jx�x1; x2�Jy�y1; y2�: (5)

It has already been shown that a one-dimensional projec-
tion of a two-dimensional field propagates as if it is a one-
dimensional field [11] and so may be completely recovered
using the methods of phase-space tomography [12].

It is straightforward to show that, for a field described by
Eq. (5), the phase-space density and its Fourier transform
are also separable, i.e., that

 B�x; y; ux; uy� � Bx�x; ux�By�y; uy�; (6)

and its two-dimensional Fourier transform may be written

 B̂�px; py; qx; qy� � B̂x�px; qx�B̂y�px; qy�; (7)

where ^ denotes a Fourier transform.
Phase-space tomography then tells us

 Î�px; py; z� � Îx�px; z�Îy�py; z�

� B̂x�px; zpx�B̂y�py; zpy�: (8)

It is apparent that measuring the intensity over all of three-
dimensional space fully determines Î�px; py; z� and there-
fore also the right hand side of Eq. (8).

Let I�1��x; z� �
R
I�x; y; z�dy, a projection over the y

axis. It follows that

 Î �1��x; z� � B̂x�px; zpx�B̂y�0; 0�: (9)

One can apply the methods of one-dimensional phase-
space tomography, as demonstrated elsewhere [8], to the
projections in both the x and y directions to obtain the
functions B̂y�0; 0�Bx�x; ux� and B̂x�0; 0�By�y; uy�, respec-
tively. These can be assembled [Eq. (6)] to recover the
complete phase-space density and thereby the complete
coherence function.

Before describing the experiment, it is worth consider-
ing whether a separable model is appropriate in the context
of a synchrotron. The synchrotron source is conventionally
characterized as a two-dimensional Gaussian, which is a
separable function and so has a separable MOI. If such a
beam is passed through an aperture that is itself described
by a separable transmission function, such as a rectangular
entrance window, then the field leaving the window will
also be described by a separable function. Note that

 I�x; y� � Jx�x; x�Jy�y; y�; (10)

which shows that a separable MOI produces a separable
intensity distribution. In the experimental system used
here, however, there are significant optical components
between the source and the square exit window which

may perturb the separability of the coherence function.
Certain classes of nonseparable MOI can produce a sepa-
rable intensity distribution. However, it is unlikely that, if
the optical components perturb the MOI, they do so in
precisely such a manner that the intensity measurements
remain separable. We contend, therefore, that a test of the
separability of the experimental intensity measurements
furnishes a reliable, though not infallible, test of separa-
bility for the MOI.

The experiment was carried out at beam line 2-ID-B [13]
at the Advanced Photon Source. We used a quasimono-
chromatic 2.1 keV x-ray beam defined by a square aper-
ture, whose nominal side length was 12 �m, located
60.3 m from the undulator source. The aperture was
made by orthogonally overlapping two 25 �m thick single
steel slits. Optical microscopy was used to determine that
the edge was determined smooth to within about 1 �m.

The intensity distributions were recorded at 94 propa-
gation distances between zmin � 7 mm and zmax �
997 mm, where z � 0 corresponds to the aperture location.
The separation between adjacent positions ranged from
5 mm near the aperture to 20 mm in the far-field region.
The intensity distribution was measured using a 5 �m
thick YAG fluorescent screen imaged through a 20� mag-
nification objective onto a CCD camera with 2048� 2048
pixels, each with a nominal width of 13:5 �m. The effec-
tive pixel size was determined to be 0:64 �m by compar-
ing images after precisely known lateral translations of the
camera.

A helium-flow tube was used between the aperture and
the CCD camera to minimize the absorption of the air path.
To achieve better counting statistics, the exposure times at
each position varied between 0.1 sec and 10 sec, for the
420 �m setting of the horizontal slits, and between 1 sec
and 3 min for the 20 �m setting. Longer helium tubes had
to be installed periodically as the propagation distance to
the detector increased, and repeated measurements were
carried out before and after each installation. These mea-
surements were used to calibrate and correct for the non-
linear response demonstrated by the detection system for
measurements recorded with extremely high incident
fluxes.

The diffracted intensity will have structure beyond the
resolution of the detector for measurement planes within
about 20 mm of the aperture. In order to correct these data,
the detector point spread function was estimated by com-
paring the data closest to the aperture with the expected
intensity distribution for a rectangular aperture. The data
was then corrected using this point spread function. Such a
correction modifies the recovered MOI close to the plane
r1 � r2, but does not otherwise influence our conclusions.

The beam exit slits, located 52.3 m downstream from the
undulator, were used to control the size of the secondary
source in the horizontal direction. Two different secondary
source sizes were investigated: one with a horizontal width
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of �20� 5� �m, and the other corresponding to a reimag-
ing of the natural source size of the undulator by a mirror
located in the beam line. The first setting is used at this
beam line to produce a spatial coherence that is the same in
both vertical and horizontal directions.

Figure 1 shows intensity distributions I�x; y; z �
997 mm�, corresponding to a far-field measurement, for
both the data sets. The assumption of a separable field was
tested by calculating the intensity projections (i.e., the sum
of the measured intensity) along orthogonal directions and
using them to subsequently reconstruct the two-
dimensional intensity. The original data and the recon-
struction were essentially indistinguishable by eye, and
the reconstruction deviated from the original data by no
more than 2% of the peak intensity for all propagation
distances. The intensity measurement can therefore be
described using a separable functional form to a very
high degree of accuracy, and the data itself is consistent

with a separable MOI. We are therefore confident that our
analysis approach is valid.

Note that the contrast of the diffraction in the vertical
direction is experimentally indistinguishable for both set-
tings of the slits. Conversely, there is a clear degradation in
the contrast of the diffraction in the horizontal direction for
the wide-slit data, as shown in Fig. 1(b).

The separable components were extracted and treated
using the methods of one-dimensional phase-space tomog-
raphy [8] to recover the two-dimensional MOI. The recon-

FIG. 1 (color online). Far-field diffraction data I�x; y; z �
997 mm� obtained (a) with the narrower exit slit and (b) with
the wider exit slit. The line plots display the intensity profile over
a line passing through the center of the data. The poorer contrast
for the wide-slit measurement is obvious. These data are con-
sistent with the separable model in which I�x; y; z� �
Ix�x; z�Iy�y; z�. The horizontal axis is taken to be the horizontal
slit direction in this plot.

(a)

(b)

(c)

FIG. 2. The complex degree of coherence is found to be a
function only of the separation of the coordinates, to within
experimental error. The average value for the (real) complex
degree of coherence for (a) the low coherence data in the x
direction, (b) the high coherence data in the x direction, and
(c) the data in the y direction, which were experimentally
indistinguishable for the two slit settings. The error bars indicate
the standard deviation for the data, and the curves are a Gaussian
fit to the data.
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struction of the MOI and the complex coherence function
were repeated for both projections for each data set and
from these the four-dimensional MOI functions were re-
covered. The imaginary part of the MOI was found to be
negligible (more than 3 orders of magnitude smaller than
the real part), consistent with the observation that data was
centrosymmetric to within experimental error, and we
conclude that the MOI is, for these data, real.

The clearest representation of the correlation properties
of the field uses the complex degree of coherence,

 ��r1; r2� �
J�r1; r2�����������������������
I�r1�; I�r2�

p : (11)

Careful analysis of the reconstructed complex degree of
coherence reveals that, to within experimental error, it
depends only on the differences of the variables. Given
this observation we are able to represent the four-
dimensional complex degree of coherence using a two-
dimensional representation. Accordingly, the complex de-
gree of coherence can be described, as in Fig. 2, as a
function of �x � x1 � x2 and �y, defined analogously.
The error bars indicate the standard deviation for the data
as the average position is changed.

Figure 2 also shows Gaussian fits to the magnitude of the
data which are used to obtain the coherence length of the
illuminating field, defined here to be the half width at half
maximum of the distribution. These were found to be ‘wx �
10:2� 0:5 �m and ‘nx � 42� 10 �m, where the sub-

script denotes the direction of the measurement and the
superscript denotes whether the source was wide or narrow.
We found ‘wy � ‘ny � 44� 15 �m. The quoted uncer-
tainty is the uncertainty in the fit. The value for ‘wx is
consistent with other reported measurements [11,14].
Note that the perfect symmetry in these plots arises from
the Hermitian nature of the MOI.

With these observations it is possible to properly display
the four-dimensional coherence function in the form
���x;�y�. The data are plotted in Fig. 3. The difference
in the coherence states for the two beams is obvious, and
show that the horizontal spatial coherence does indeed
decrease as the slit width increases.

A synchrotron source can be regarded as essentially a
thermal source and so there is no need to explore the
higher-order correlation properties of the field. Given that
we are confident that the field is separable, we have a
complete description of the coherence properties of the
field. It is information of this form that will permit the
development of methods that build on a detailed and
accurate knowledge of the coherence properties of the
field.
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FIG. 3 (color online). The measured complex degree of coher-
ence for the beams in the two conditions. The real part is plotted,
but it was found that the imaginary component was negligible.
The data is plotted as a function of coordinate difference in both
directions. (a) Data for the wider slit and (b) data for the narrow
slit. The reduced horizontal coherence is readily apparent.
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