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We demonstrate that by utilizing displacement currents in simple dielectric resonators instead of
conduction currents in metallic split-ring resonators and by additionally exciting the proper modes, left-
handed properties can be observed in an array of high dielectric resonators. Theoretical analysis and
experimental measurements show that the modes, as well as the subwavelength resonance, play an
important role in the origin of the left-handed properties. The proposed implementation of a left-handed
metamaterial, based on a purely dielectric configuration, opens the possibility of realizing media at
terahertz frequencies since scaling issues and losses, two major drawbacks of metal-based structures, are

avoided.
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The concept of left-handed material (LHM) is now well
accepted by both the scientific and the engineering com-
munities. Possessing simultaneously a negative effective
permittivity and permeability, LHMs exhibit unique elec-
tromagnetic (EM) properties compared with normal, right-
handed materials while still obeying Maxwell equations
and not violating known physical laws [1,2]. Since the first
realization and verification of an artificial LHM at micro-
wave frequencies in 2000 [3], there have been numerous
studies on various aspects of LHM, seeking their inner
physics and pursuing possible applications. In [4,5], the
basic principles inducing an effective negative permittivity
in an array of thin metallic wires and an effective negative
permeability in an array of split-ring resonators (SRR) are
presented, according to which the negative permittivity and
permeability are due to a plasmalike effect of the metallic
mesostructures and to the low-frequency magnetic reso-
nance of the SRRs, respectively. Various metal-based
LHMs have been proposed, including the widely studied
rod-SRR structure, () ring, S ring, and some other varia-
tions [3,6,7]. From the equivalent circuit model (ECM)
analysis of metal-based LHMs [8], it has been realized
that independently of the shapes of the LHM unit cells, an
important task in the design is to actually obtain a sub-
wavelength resonance, from which the left-handed behav-
ior appears in a frequency band corresponding to both an
electric and a magnetic resonance. In this Letter we show
that, in addition to subwavelength resonance, the modal
distribution of the EM fields plays an important role in
generating an effective left-handed behavior as well. By
exciting specific modes, we show that the left-handed
behavior can be observed in simple dielectric resonators.
A theoretical analysis as well as experimental measure-
ments of an array composed of high dielectric constant
rods, both periodically and randomly arranged, is pre-
sented. The closed form analysis and experimental results
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indicate that the scattered fields generated by the inner
subwavelength modes indeed produce a left-handed
behavior.

We start by considering a standard cylindrical dielectric
resonator as depicted in Fig. 1(a) and an incident plane
wave propagating along the x axis with its electric field E;
polarized along the z axis. As functions of the permittivity,
multiple modes can be excited within this resonator. In
Figs. 1(b) and 1(c), the second resonant mode (the mode of
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FIG. 1 (color online). Second resonant mode inside a dielectric
resonator under a plane wave incidence. (a) Unit cell configura-
tion, (b) electric field distributions, (c) magnetic field distribu-
tions, and (d) equivalent current ring. The solid line represents
the displacement current J,; inside the resonator, and the dashed
line represents the outside current J,, which has to be continuous
with J,. In the calculation of (b) and (c), & = 600, r =
0.68 mm, and the frequency is 6.9 GHz. The incident wave
propagates along the x axis and is polarized along the z axis.
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interest in this Letter) is calculated by expanding the
incident, internal, and scattered fields into vector cylindri-
cal harmonics and imposing the boundary conditions at the
surface of the resonator [9]. We see that in such mode the
electric field is distributed along the =z directions with
opposite signs along the propagation direction. When the
relative permittivity of the resonator is very high [g; in
Fig. 1(a)], an internal subwavelength resonance is set up
with a large displacement current (g, edE./dt). Realizing
that the displacement current plays the same role as the
conductive current in Ampere’s law, a strong magnetic
field H, is induced by the two contradirectional displace-
ment currents, yielding simultaneously strong electric and
magnetic resonances, which can be equivalent to a current
ring, as shown in Fig. 1(d). From the displacement current
point of view, a dense array of such resonators has a similar
topology to the conductive current based rod-SRR array, in
which the dense displacement current along the z direc-
tions produces a similar plasma behavior as the metallic
rod array, and in which the strong magnetic resonance
caused by the equivalent current rings acts similarly to
the SRRs. Therefore, we expect a similar behavior from
the dielectric array structure as from the rod-SRR structure.

In this Letter, we specifically investigate a dielectric
resonator array made of a nonmagnetic, ferroelectric ce-
ramic, i.e., BaysSrysTiO; (BST), which has a relative
dielectric constant of about 600 at microwave frequencies
and at room temperature without external driving dc volt-
age [10]. Because of the very high permittivity, the wave-
length inside the resonator is “‘shrunk” by a factor of 24.5,
so that more than 10 resonators can be placed in a distance
of one wavelength in free space, justifying the use of a
homogenization approach [5,11] to calculate the effective
constitutive parameters of this dielectric composite. In
such a case, the field illuminating each resonator (consist-
ing of the incident field in the absence of the resonators and
the field scattered by all the other resonators) can be
assumed to be homogeneous inside each unit cell as it
has been confirmed by an analytical calculation based on
the method presented in [12], which simplifies the calcu-
lation without losing accuracy, as shown later.

For simplicity, we assume that the inner fields are uni-
form along the z direction and therefore we only need to
calculate the two-dimensional EM response in the x-y
plane inside the unit cell. Following the definition in
[11], for periodically arranged unit cells, the effective
permittivity along the z direction in each unit cell with a
cell constant / is defined by &g (1) = (Degr . (1)) /{Eesr . (1)),
where (D, . (1)) and (E . (1)) denote the averaged electric
displacement and electric field strength in each unit cell [5]
and

(D 1) = % [s, f £ EpdS + [ 2-(E,~+Es>d5}
s, So
1 _ _
(e (D) = - f ¢ (E, + E,)dS, (1)
0

where E,, E,, and E; represent the internal, the scattered,
and the incident electric fields, respectively. S, = 7r?
represents the area of the cross section of the rod and Sy =
> — S, as shown in Fig. 1. Replacing the integral region
Sy by an annular region S, whose outer and inner radii are

= [/\/m and r in Eq. (1), the approximation of & .(/)
takes the form

(R~ )

Seff,z(l) =~ R

where L(r, R) = kre e, (k,r) {al" [RH" (kR) —
rH{" (kr)] + RJ, (kR) — 1l (kn)}, k= w(eopmo)'/?, k, =
\/— k, and agv )¢t g ) are corresponding coefficients defined
in Ref. [9].

By applying a similar approach, the effective perme-
ability along the y direction can be estimated by

[1+1,(r,R)] 2)

(R~ )
ety (D) = T[l —1,(r,R)], (3)
where  1,(r, R) = i[c¢™) — Mk, 1, (k,r) /{2LrJ, (kr) —
RJ,(kR)] + [a™) + a M rH " (kr) — RH\"(kR)]}  and
(N ) and c,,l,V ) (m = =*1) are coefficients defined in Ref. [9].
In the case of a random arrangement of resonators, the
cell size [ is no longer constant. Supposing that / varies
within the range 2r < [, = [ = Iy, the eqgr, and g,
can be estimated by

fers ~ f ber (OF DAL prery = f sy (D)L

“

where f(I) is the cell fraction function, which can be
treated as a probability density distribution function of a
unit cell with cell size . In this Letter, £(/) is assumed to be
a uniformly distributed function, or (1) = 1/(lax — Imin)-

Starting from the calculated fields shown in Figs. 1(b)
and 1(c) and applying Egs. (1)—(4), the effective permit-
tivity and permeability of a BST resonator array can be
estimated theoretically. Figures 2(a) and 2(b) show the
results for a periodically arranged array and a randomly
arranged array, respectively. In the calculation, the dielec-
tric constant of the BST is selected to be 600 and the radii
of the resonators are all 0.68 mm (in order to be compa-
rable to the later experimental configuration). In the peri-
odic case, the periodicity is 3 mm, while in the randomized
case [ is distributed between 1.8 and 3.5 mm. We see that in
both the periodic and the random cases, the composite
exhibits simultaneously a negative permittivity and a nega-
tive permeability in a band from 6.89 to 7.23 GHz, showing
that the double negative band is dominated by the dimen-
sions of each resonator and has little dependency on their
locations (a property drastically different from photonic
crystals, for example, where the locations of the dielectric
inclusions are fundamentally important). In the frequency
range close to resonance, from 3.7 to 5.3 GHz in Fig. 2(b),
the integral in Eq. (4) does not converge and we do not
expect the effective medium theory to hold.
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FIG. 2 (color online). Calculation of the effective relative
permittivity e., and the effective relative permeability pf
of the BST resonator array. (a) Periodic case and (b) random
case. The black arrows point to the insets showing the enlarged
regions enclosed by the dashed lines.

In the experiment, a bulk BST ceramic manufactured by
hot-press technique is cut into 10 mm long rods with square
cross sections of 1 mm X 1 mm, as shown in Fig. 3(a).
Note that for technological reasons, square cross sections
are used instead of circular ones, without influencing the
qualitative results. Two prisms are fabricated by inserting
the BST rods into a low-loss foam background: in the first
prism, the positions of the rods are periodic while they are
random in the second prism, as shown in the insets of
Figs. 3(b) and 3(c). The cell constant / is 3 mm for the
first prism and is distributed between about 1.5 and about
4 mm for the second. The corresponding angles formed by
the long right-angle side and the hypotenuse are 18.4° and
22°, respectively. The experiment is performed in a setup
very similar to that in Ref. [13], in which the prisms are
placed inside a parallel plate waveguide with good contact
between the rods and the waveguide’s inner walls to ensure
the existence of the predicted modes inside the resonators.
The contact also helps to generate large conductive cur-
rents on the metal boundaries that link the displacement
currents inside the resonators in order to form the closed
current rings, so that the equivalent model in Fig. 1(d) is
unchanged. The experimental results are shown in
Figs. 3(b) and 3(c). We see that in both the periodic and
the randomized cases, negative refractions are observed
around 7 GHz. Two outgoing beams are observed, how-
ever: in Fig. 3(b), the two refractive angles are about —20°
and —67° at 7.2 GHz, and in Fig. 3(c) the corresponding
angles are about —21° and —63°. We subsequently show
that the refractions with larger refractive angles are second
order refractions due to the severe mismatch between the
prisms and the air. For the first order refractions, the
refractive indices calculated from Figs. 3(b) and 3(c) at
7.2 GHz are about —1.08 and —0.96, respectively. From
the theoretical results of Fig. 2, we see that the effective
relative permeability is much smaller than the relative
permittivity in most of the double negative band, yielding
an impedance of the effective medium smaller than that of
the air. For an incident electric field E; polarized along the
z axis, the symmetry of the structure makes the composite
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FIG. 3 (color online). Experimental verification of negative
refraction. (a) Picture of the BST rods utilized in the experiment,
(b) experimental results for a periodically arranged prism, and
(c) experimental results for a randomly arranged prism. The
notation i in (b) and (c) refers to the normal of interface between
the prisms and air.

isotropic in the x-y plane, so that we can calculate the
second order refractions by a direct application of Snell’s
law and the above calculated refractive indices, which are
shown by dark gray (blue) arrows in Figs. 3(b) and 3(c).
The calculated results of —63° and —61°, respectively, are
close to the experimental results. We can also notice that in
both the periodic and the randomized cases, negative re-
fractions occur in a similar manner, indicating that the
negative refraction does not result from the periodicity.
Finally, we show in Fig. 4 the simulated magnetic field
distributions for four metal-based unit cells (SRR, () ring,

157403-3



PRL 98, 157403 (2007) PHYSICAL

REVIEW LETTERS

week ending
13 APRIL 2007

10 10 1

5

5 — £
) o e Eo & . 0
> >
05
5 -5
Kl
1
Y s 0 % s 0 5 10
x (mm) x (mm) (b)
5 s 1
a @
2.5) 25 e 05
1 _ &,
. E B
Eo - . EO ' 0
> 4 >
2.5 25 05
Kl
% 25 o % 25 o 25 5
X (mm) x (mm) (d)

FIG. 4 (color online). Magnetic modes in different metallic
resonators at frequencies corresponding to a negative perme-
ability. (a) SRR, (b)  ring, (c) symmetrical SRR, and (d) S ring.
In all cases, the y components of the magnetic fields in the x-y
plane are shown, and have been normalized by the incident
magnetic field.

symmetrical SRR, and S ring). Although the shapes of
these rings are quite different, the overall distributions of
the magnetic fields inside the resonators along the y direc-
tion are all similar to that in Fig. 1(c), and the negative
permeability vanishes when this mode disappears. From
Fig. 4, we conclude that the SRR and its variations can be
somewhat equivalent to a simple dielectric resonator com-
posed of a high permittivity and with the corresponding
mode. Similar results from earlier works on LHM can be
pointed out. In [14], similar EM modes in dielectric reso-
nators have been discussed in negative refraction, where
the coupling between resonators has been identified as the
major effect producing the negative refraction, while [15]
studied the resonance of rods with negative permittivity
from a modal point of view. In [16], similar current distri-
bution in the “‘plasmon mode” in nanowire composite and
related negative refraction behavior in optical range have
been discussed. In [17], a gold nanostructure exhibiting
negative refraction in optical range is presented, in which
the magnetic mode is very similar to our case.

In summary, we have demonstrated by a homogeniza-
tion approach and an experimental verification that, by
utilizing the displacement current of the proper mode
instead of the classical conductive current, both periodi-
cally and randomly arranged arrays consisting of standard
dielectric resonators made of high permittivity dielectric
can exhibit a left-handed behavior. Simulations of metal-
based SRR unit cells further show that, although different
SRRs have different geometries yielding different ECM,
they all have a magnetic resonance mode similar to the one
in the above dielectric resonator. The dense arrangement of
resonators allows us to regard such composite as an effec-
tive medium with simultaneously negative permittivity and

permeability. These results imply that left-handed behavior
is induced by the proper modes as well as by the subwa-
velength resonances. Apart from the dense periodicity, the
fact that the randomized positions do not influence signifi-
cantly the left-handed properties indicates that such com-
posite is different from some other structures, such as
photonic crystals, in which the negative refraction is
deeply related to the periodicity and to the cutting method.
From an application point of view, the pure-dielectric
structure presented in this Letter opens the way to realize
left-handed metamaterials at very high frequencies since it
avoids scaling and losses issues, two important drawbacks
of metal-based structures. In addition, dielectrics with very
high permittivities exist in the terahertz band, for example,
the SrTiO5, whose dielectric constant is still more than 200
at 10 THz [18].
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