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Electro-flow focusing, a technique combining the features of electrospray (ES) and flow focusing (FF),
provides a reliable tool to reach parametrical microjetting ranges not attainable by ES or FF alone under
specific operational regimes (liquid properties and flow rate). In this Letter, we provide not only a closed
theoretical model predicting the diameter of a high electrical conductivity electro-flow focused liquid
microjet, but also its convective or absolute instability, linked to the jetting-to-dripping transition and the
minimum liquid flow rate that can be ejected in steady jetting regime, in which the smallest droplets are
issued. Good agreement is found with experimental values.
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Owing to extensive technological applications, on the
track of pioneers [1,2], the physics of cone-jet electrospray
has come under intense scrutiny in the last decades ([3–9],
among others). In addition, flow focusing [10,11] has
earned attention in the microfluidic community owing to
its simplicity, robustness, and reliability as a means to
generate steady microjets and nearly monodisperse micro-
droplets. Numerous applications exist, e.g., the production
of high quality aerosols and microspheres [12]. The com-
bination of electrospray and flow focusing (electro-flow
focusing [13], EFF; see Fig. 1), an alternative to either
technique on its own, is here analyzed in the limits of high
electrical conductivity of the focused liquid, and low vis-
cosities of both focused and focusing fluids. For any par-
ticular choice of fluid properties and flow rates, EFF leads
to extended microjetting parametrical ranges, and there-
fore to thinner and faster microjets whose final diameter is
here theoretically predicted. Our analysis is particularly
well suited for high-conductivity aqueous solutions and
liquid metals focused by other dielectric fluids (gases or
liquids, [14]). Further model developments could explore
the influence of other parameters: moderate viscosity, bulk
free charge relaxation, or polarization forces.

Thus, a plurality of theoretical insights are here brought
together, including free-surface inviscid electrohydrody-
namic flow, and spatiotemporal stability analysis. In effect,
we examine the parametrical ranges where electro-flow
focused steady jets can be achieved in the low-viscosity
range. The convective-absolute (CA) instability boundary
obtained is assumed coincident with the jetting-to-dripping
transition; it is located at the minimum flow rate that can be
steadily electro-flow focused (as observed in electrospray).
Our model includes the key physical parameters acting on
the CA transition in a wide range of situations. We consider
liquids of low viscosity and high electrical conductivity,
e.g., aqueous solutions and liquid metals, focused by low-
viscosity dielectric fluids. In addition, interfacial boundary
layer effects are taken into account, revealing their influ-
ence on the jet instability.

Theoretical model. Steady jet diameter.—A flow rate Q1

of a liquid of density �1 and small viscosity �1, with good

electrical conductivity, is ejected into the ambient through
a small orifice of radius R, in the form of a liquid jet of
radius Ro � R issuing from a large meniscus (see Fig. 1
and [10]). A flow rate Q2 of a second dielectric fluid of
density �2 and small viscosity �2 is forced coaxially with
the liquid conductor through the round exit orifice. The 1–
2 interface is maintained at a constant electric voltage V
(tangential electric field along the jet surface vanishes)
relative to the orifice plate. Neglecting the boundary layer
thickness at the orifice edge and the influence of the thin
focused jet, the fluid velocity near the axis at the exit orifice
can be equated to the inviscid velocity ([15], p. 1294):

 U2 �
Q2

2�R2 : (1)

In addition, since the normal electric field at the jet surface
(En) is much larger than the one at the upstream meniscus
surface (Fig. 1 [6]), the following momentum balance
holds at the orifice exit:
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(surface tension �, vacuum permittivity "o). Dividing
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FIG. 1. The electro-flow focusing (EFF) configuration. Oblate
spheroidal coordinates.
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charge (squared).
Corona or gas ionization effects as well as ion evapora-

tion kinetics at the vicinity of the exit orifice, either at the
orifice edge or at the jet surface, will be ignored by our
theory [16]. Now, the jet surface charge at the orifice may
be accurately calculated by using the jet’s geometry near
the exit (Fig. 1). Oblate spheroidal coordinates (OSC) (�,
�) provide an adequate basis for the description of the
inviscid liquid flow and the electric field distribution up-
stream from the circular outlet (radius R). The expression
of the jet’s surface at the orifice in OSC is thus �o ’ 1�
x2=2, as long as x� 1. The electrostatic field produced by
the slender jet can be approximated by the wire-orifice field
given by [17]:
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where h� is the scale factor of coordinate �. Thus, the
dimensionless jet surface charge at the orifice exit can be
approximated by
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up to O�x2� errors, which combined with Eq. (3) and the
�We; x;Q; �� definitions yield the expression for the jet
radius Ro at the orifice exit in terms of the experimental
parameters.

Jet instability. Derivation of the dispersion relation and
parametrical realm of jetting.—The spatiotemporal (CA)
instability of liquid jets has been the subject of increasing
attention since pioneering works [18,19]; see also
[11,20,21]. Assuming inviscid liquid flow, Leib and
Goldstein determined the minimum liquid velocity below
which a cylindrical jet becomes absolutely unstable. At
that point, jet experiments show a transition from jetting to
dripping, under similar operational conditions. To inves-
tigate the CA instability of the issuing charged jet, we
assume: (1) the liquid meniscus from which the jet issues
is stable; (2) the jet is sufficiently slender for the infinite
cylinder theory to hold at the vicinity of the orifice exit.
Assumption (1) involves setting the appropriate feeding
tube–orifice distance H to ensure meniscus stability (see
[22] for the purely electrostatic case, and [23] for a purely
hydrodynamic example): therefore, our stability analysis
will be limited to the study of the CA instability of the

issuing liquid jet. We therefore study the spatiotemporal
stability of an infinite cylindrical liquid jet with radius Ro,
moving with uniform velocity U1 surrounded by a coflow-
ing stream of fluid 2 with uniform velocity U2. U1 and U2

will generally be different, so that our model will be
asymptotically correct if and only if viscous effects are
consistently considered, confined to the vicinity of the
interface. Evaluating the actual surface velocity Us [24]
is of fundamental importance in our spatiotemporal insta-
bility analysis since the effect of the convective velocity on
surface waves cannot be neglected. Thus, viscous effects
are only noticeable in two adjoining boundary layers
whose thicknesses are �1 
 ��1RR

2
o�
�1
1 Q�1

1 �
1=2 and �2 


��2R3��1
2 Q�1

2 �
1=2. Axial pressure gradients are moderate

enough along the jet surface (Ro � R) to ensure that
almost-Blasius layers develop simultaneously from the
meniscus, provided �1 � Ro and �2 � Ro. Thus, equat-
ing the viscous tangential stresses �1 and �2 at the jet
surface, one obtains at the exit orifice:

 ��1�1�Us �U1�
3	1=2 � ��2�2�U2 �Us�

3	1=2 (6)

where U1 and U2 are naturally the axial velocities of the
core liquid and the focusing fluid away from the boundary
layers. This balance immediately provides an expression
for Us, given that U1 � Q1=��R

2
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where � � �2=�1. We use cylindrical polar coordinates
(r, z) along the jet, and assume perturbations proportional
to exp�i�kz�!t�	. Wave frequency !, time t, wave num-
ber k and coordinates fr; zg are scaled with U1=Ro, Ro=U1,
1=Ro, and Ro, respectively. In our analysis, we assume the
liquid to be an inviscid perfect conductor. The equations
expressing mass, momentum, and electric charge conser-
vation for both fluids 1 (conductor) and 2 (dielectric),
together with the normal stress balance at the jet surface
(see, for example, [25] for a simple derivation without
dynamic effects of the outer dielectric), provide the dis-
persion relation between the wave number k and its corre-
sponding frequency !. In our spatiotemporal analysis,
since the liquid moves with uniform velocity U1, we
need to replace the wave frequency ! by !0 � �!� k�
in the dispersion relation. Furthermore, while in [25] the
electric field is caused by a given voltage difference be-
tween the jet and a concentric electrode of radius b, the
surface charge � is here related to the applied voltage V
through Eq. (5). Accordingly, the following asymptotically
consistent dispersion relation results:
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where both ! and k are assumed complex numbers; I and
K are Bessel functions. Next, we follow a spatiotemporal
formalism to describe the CA character of axisymmetric
instabilities in the four-dimensional space fWe;�; �;�g.
We seek solutions of the dispersion relation 8 which satisfy
d!=dk � 0 and sit in the lower complex half plane
Im�k�< 0, with Im�!� � 0 [18,26–29]. We choose solu-
tions whose spatial branches departing from the saddle
point d!=dk � 0 originate from separate halves of the k
plane ([28], p. 484).

Although an exhaustive exploration of the parametrical
realm fWe;�; �;�g is here out of our scope, a significant
collection of results are summarized in Figs. 2(a) and 2(b),
where we have plotted by contour lines the CA transition
surface � � ��We; �;�� for � � 0:1 and � � 1 below
(above) which the instability is convective (absolute). The
values of � and � explored correspond to common sol-
vents and liquid metals EFF focused by any gas o common
liquid dielectric (e.g., water in air, water in oil [30], mer-
cury in octane). Interestingly, there is a Weber number
range We �We��;�� where the instability is always ab-
solute (unconditional dripping) independently of �. This
area is marked below the � � 0 isocontour in Figs. 2(a)
and 2(b). More interestingly, from the trends exhibited in
these figures and making We sufficiently small, one can
obtain the density ratio � as a function of � below which
unconditional convective instability (unconditional jetting)
is found in the absence of electrification, see Fig. 3. For �
values above that curve � � ���� in Fig. 3, one can find
absolute or convective instability depending on We and �.
This striking result has a clear physical explanation: those
focusing fluids providing surface velocities Us=U1 > 1
above all upstream wave speeds (requiring smaller �
with � as large as possible) always pull jets from their
focused partners. The location of nine fluid pairs in the (�,
�) plane is plotted: three liquid conductors (mercury, gal-
lium, saline water) combined with three focusing dielectric
fluids (air, heptane, silicone oil � � 5 cP). Only those
combinations involving metals and focusing fluids with
larger kinematic viscosities 	2 � �2=�2 (namely air
	2 � 1:5� 10�5 m2=s, and silicone oil 	2 � 5:15�
10�6 m2=s) lead to unconditional jetting in the absence
of electrification, a result of practical importance.

Our CA predictions have been carefully tested by ex-
periment. A pressurized aluminum cubic box (50 mm long,
wall thickness 5 mm) with a 2 mm hole centered in one of
its faces is used. A 3 mm disk (75 �m thick) with a central
orifice (radius R � 100 �m) is glued to the inner side of
the 2 mm hole and aligned with it, covering it completely.
A stainless steel liquid feeding tube (OD 1 mm, ID 0.7 mm)
passes through the opposite face of the box, and a 7 mm
long silica capillary (sharpened as in Fig. 1, with D1 �
150 �m) protrudes from its end inside the box. The tip of
said silica capillary, coaxial with the orifice, is located at
H � 200 �m from the 3 mm disk. Filtered drinking water
(measured electrical conductivity K 
 0:015 S=m, and
surface tension � � 0:072 N=m) is supplied through the
tube by a Cole-Parmer pump (syringe B-D 20 cm3), volt-
age by a power supply Bertan 250B-10R, and compressed
air is supplied to the box at a constant flow rate Q2 �
23 l=h (std). Here � � 0:0012 and � � 0:016. Transi-
tional flow rates are carefully assessed by observation of
the sudden issuing spray changes at the jetting-to-dripping
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FIG. 2. Isocontours of the CA transition surface fWe;�; �;�g. (a) � � 0:01; (b) � � 1.
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transition, thus obtaining the transition Q1 as a function of
applied voltage V, from which We and � are evaluated
from Eqs. (3) and (5). Experimental agreement with theo-
retical predictions (Fig. 4) is good and promising: devia-
tions occur only for V > 1 kV (We values above 0.8 in
the plot), when tangential electric fields on the jet surge
owing to finite conductivity effects, enhancing convective
instability. A very significant droplet volume reduction
obtained for increasing applied voltage in the jetting re-
gime, close to the CA transition, is shown in Fig. 4 (inset).
Experimentally measured droplet size values deviate from
theoretical prediction [using Eqs. (3) and (5), and the
instability wavelengths given by the stability analysis]
less than 20%, within the jetting parametrical regime.
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A. M. Gañán-Calvo, Adv. Mater. 18, 559 (2006).
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[22] C. Pantano, A. M. Gañán-Calvo, and A. Barrero, J. Aero-

sol Sci. 25, 1065 (1994).
[23] W. W. Zhang, Phys. Rev. Lett. 93, 184502 (2004);

S. Courrech du Pont and J. Eggers, Phys. Rev. Lett. 96,
034501 (2006).
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