PRL 98, 098301 (2007)

PHYSICAL REVIEW LETTERS

week ending
2 MARCH 2007

Transverse Migration of a Confined Polymer Driven by an External Force
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We demonstrate that a polymer confined to a narrow channel migrates towards the center when driven
by an external force parallel to the channel walls. This migration results from asymmetric hydrodynamic
interactions between polymer segments and the confining walls. A weak pressure-driven flow, applied in
the same direction as the external force, enhances the migration. However, when the pressure gradient and
the external force act in opposite directions the polymer can migrate towards the boundaries. Nevertheless,
for sufficiently strong forces the polymer always migrates towards the center. A dumbbell kinetic theory
explains these results qualitatively. A comparison of our results with experimental measurements on DNA
suggests that hydrodynamic interactions in polyelectrolytes are only partially screened. We propose new
experiments and analysis to investigate the extent of the screening in polyelectrolyte solutions.
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Flexible polymers in a pressure-driven flow field migrate
towards the center of the channel, because of hydrody-
namic interactions. The local shear rate stretches the poly-
mer and the resulting tension in the chain generates an
additional flow field around the polymer. This flow field
becomes asymmetric near a no-slip boundary and results in
a net drift towards the center of the channel [1-3]. Recent
simulations [3,4] show that hydrodynamic lift is the domi-
nant migration mechanism in pressure-driven flow, rather
than spatial gradients in shear rate. Since the migration
depends on chain length [2,4], it is in principle possible to
fractionate polymers based on their length; longer poly-
mers migrate more strongly and therefore elute faster.
However, Taylor dispersion precludes any sharply peaked
distribution, and so there is considerable interest in using
combinations of flow and electric fields to improve sepa-
ration efficiency [5]. We used numerical simulations to
investigate a flexible polymer driven by a combination of
fluid flow and external force. In this preliminary investiga-
tion we have not considered the effects of counterion
screening. We find that the polymer migrates towards the
channel center under the action of a body force alone,
while in combination with a pressure-driven flow, the
polymer can move either towards the channel wall or
towards the channel center. A kinetic theory, based on a
dumbbell model of the polymer, gives a qualitative under-
standing of the results. The simulations mimic recent
experimental observations of the migration of DNA in
combined electric and pressure-driven flow fields [6,7].
The similarities between these results suggest that hydro-
dynamic interactions in polyelectrolyte solutions are only
partially screened [8].

Numerical simulations were used to investigate the mo-
tion of a confined polymer chain driven by a combination
of fluid flow and external forces. The system is bounded in
one direction by no-slip walls with a separation H ~
8-16R,, where R, is the equilibrium radius of gyration.
Periodic boundaries were used in the other two directions,
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with a repeat length (L = 2H) such that the hydrodynamic
interactions between periodic images are negligible [9].
The external field and pressure gradient result in two
different Peclet numbers: Pe = URg /D and Pe, =
¥R,?/D. Here U is the average polymer velocity with
respect to the fluid, D is the free-solution diffusion coeffi-
cient, and ¥ is the average shear rate. We employ a hybrid
algorithm, coupling point particles connected by stiff
springs to a Newtonian fluid [10]. The fluid is simulated
by a fluctuating lattice-Boltzmann equation [11], which
accounts quantitatively for the dissipative and fluctuating
hydrodynamic interactions between polymer segments [9].
The polymer chains were discretized into N — 1 segments
of length b = A, where A is the lattice spacing. Most
simulations used N = 16, with a radius of gyration R, =
2A, but additional simulations with N = 32 were used to
ensure that the effect of chain discretization on the polymer
distribution was small. A detailed description of the nu-
merical method can be found in Ref. [9].

The numerical simulations show that a flexible polymer
chain migrates towards the channel center when subjected
to a strong external force parallel to the channel bounda-
ries. At Peclet numbers in excess of 100, this transverse
migration results in a nonuniform center of mass distribu-
tion (Fig. 1), with the polymer concentrated in the middle
of the channel. For small forces (Pe < 10), Brownian
motion is dominant and the distribution eventually be-
comes uniform, except for a small depletion layer near
the channel walls. However, if hydrodynamic interactions
are neglected there is no migration, and the distribution is
uniform at all Peclet numbers. This observation empha-
sizes the hydrodynamic origin of the migration.

In the limit of infinite Peclet number the distribution still
has a finite width, which shows that flexible polymers have
an additional dispersive mechanism besides Brownian mo-
tion. Each segment, driven by the external force, sets up a
long-range flow field, which perturbs the velocity of sur-
rounding segments. The velocity of each segment then
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FIG. 1. Center of mass distribution of a single polymer in a
channel H /Rg = 8 under the application of an external body
force. Half of the distribution is shown, with the boundary at
y/H = 0 and the center of the channel at y/H = 0.5.

fluctuates in time with changing segment positions, leading
to diffusion of the polymer center of mass and relaxation of
polymer conformations towards the coiled state. This is
similar to the hydrodynamic dispersion in settling suspen-
sions [12], and plays an important role in limiting the
migration at high Peclet numbers. A polymer in the vicin-
ity of a wall rotates due to hydrodynamic interactions with
the boundary and drifts away from the wall. However, the
drifting polymer changes conformation through hydrody-
namic dispersion, eventually assuming a more spherical
shape which limits further drift. Without this dispersion the
polymer would traverse back and forth across the channel,
similar to a rigid rod [13], and the time-averaged center of
mass distribution across the channel would then be uni-
form. However, a flexible polymer achieves a nonuniform
distribution at high Peclet numbers because its drift veloc-
ity diminishes as it gets further from the wall and assumes a
more spherical shape. On the other hand a rigid spherical
particle would not migrate at all and the distribution would
again be uniform, due to the small residual Brownian
motion. Flexibility and hydrodynamic dispersion are there-
fore crucial in determining the distribution at large Peclet
numbers. The hydrodynamic dispersion can be as large as
Brownian diffusion, as can be seen by comparing the width
of the infinite Peclet distribution, where there is no
Brownian motion, with a finite Peclet number case, Pe =
1100 (see Fig. 1). Note that the statistical errors for the
infinite Peclet case are approximately 10%, so these dis-
tributions are statistically indistinguishable. Thus hydro-
dynamic dispersion dominates Brownian diffusion by a
Peclet number of 1000.

A theoretical approach can be used to gain further in-
sight into the hydrodynamic origin of the migration. We
used a kinetic theory similar to Ref. [3] and have identified
three mechanisms that lead to migration: two have been

noted previously [3,6]; one is new. We analyzed the evo-
lution of the distribution function of a dumbbell near a
planar boundary, incorporating a uniform external field in
addition to the linear shear flow [3]. The key assumption is
that the distribution function can be factored into a product
of the center of mass distribution, P(y, t), and the orienta-
tion distribution, where y is the distance of the center of
mass from the boundary. We have further assumed that the
dumbbell is connected by a linear spring and that the
orientation distribution can be expanded in powers of the
local shear rate and external force. The calculation will be
described more fully in a subsequent paper, which will
include a quantitative comparison between theory and
simulation. Here we simply note the final result for the
steady-state center of mass distribution function, P(y), near
a planar boundary,
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The distance from the wall y* = y/R, and hydrodynamic
radius a* = a/R, have been scaled by R,; in the numerical
simulations a* = 0.125. The sign of the mixed term de-
pends on whether the force and flow are applied in con-
junction (+) or opposition (—). A, B, and C are numerical
coefficients: A = 1/32, B =9/160/67r, and C =
1 /20\/5. As in Ref. [3], the solution for a dumbbell
near a single wall can be extended to a channel flow by
superposing the solutions for the two walls and using a
spatially varying shear rate.

The first term in Eq. (1) describes the lift created for the
center of mass of a dumbbell by the asymmetric hydro-
dynamic interactions between the polymer segments and
the walls [3]. The local shear rate generates a tension in the
polymer, which creates a nonuniform distribution in
pressure-driven flows as seen in recent experiments [1]
and simulations [2,4,9]. The second term describes the
rotation and drift of the polymer towards the channel center
under the application of an external field. Although both
terms arise from hydrodynamic interactions with a bound-
ary, the mechanisms are different in the motion they create.
In a shearing flow the polymer is in tension, and the op-
posing forces generate a lift for the center of mass [3] [see
Fig. 2(a)], but in an external field the force on the mono-
mers has the same sign, which causes the polymer to rotate
away from the boundary [see Fig. 2(b)]. Subsequently, the
polymer drifts towards the center under the action of the
force. Finally, there is a cross term that arises from a
coupling between the stretching and rotation of the poly-
mer by the flow and the external force [see Fig. 2(c)]. The
direction of the drift now depends on the sign of the force,
but is independent of the boundaries. This is the mecha-
nism proposed in Ref. [6], but it does not explain polymer
migration in the presence of a body force alone.

If the external force and pressure gradient drive the
polymer in the same direction, the theory predicts that
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FIG. 2. Illustration of different migration mechanisms. In each
figure the solid lines represent the forces while the dashed lines
represent the velocities generated by these forces. The velocities
can be calculated using Blake’s solution [18] for a point source
near a planar boundary. (a) The lift due to shear: the tension in
the polymer near a solid boundary generates a net velocity away
from the boundary. (b) Rotation due to the external field: the
velocity field due to the external force on each bead results in a
rotation about the center of mass of the polymer. (c) Drift of a
rotated polymer: two beads oriented at an angle to the external
force drift due to the hydrodynamic interactions between the
beads.
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the coupled term enhances the migration towards the
channel center [Eq. (1)]. The numerical results in Fig. 3
verify this prediction, as seen by comparing the results
(Pe = 110) in Fig. 1 with Fig. 3 (Pe; = 12.5). The rela-
tively weak flow makes only a 10%—20% contribution to
the migration. However, polymers of different length have
significantly different elution rates; larger polymers mi-
grate more strongly and therefore sample higher velocity
streamlines near the center of the channel. Since the mi-
gration is primarily driven by the external field, a weak
hydrodynamic flow could be used for fractionation,
thereby reducing the Taylor dispersion.

In a countercurrent application of the two fields, the
polymer tends to orient in different quadrants depending
on the relative magnitude of the two driving forces. The
polymer now drifts either towards the walls or towards the
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FIG. 3. Center of mass distributions for concurrent application
of an external body force and pressure-driven flow. The solid
curve shows the level of migration under the pressure-driven
flow only. The flow Peclet number in all three cases is Pe; =
12.5. The boundary is at y/H = 0 and the center of the channel
is at y/H = 0.5.

center depending on its mean orientation. The results in
Fig. 4 show migration towards the boundaries when the
external force is small (Pe << 30), but increasing the force
eventually reverses the orientation of the polymer and the
polymer again migrates towards the center (Pe > 100). We
note as an empirical observation that the peak of the
polymer migration towards the wall (Pe = 44) occurs
when the polymer is driven with almost equal but opposite
velocity by the flow and force.

The numerical results and kinetic theory predictions are
in qualitative agreement with a series of experiments mea-
suring the distribution of confined DNA under the com-
bined action of an electric field and a pressure-driven flow
[6,7]. These experiments showed a strong migration to-
wards the center in the concurrent application of force and
flow, and also the reverse migration towards the boundaries
in the countercurrent application. However the experi-
ments do not show a strong migration when the electric
field is applied by itself. This suggests that the dominant
mechanism in the laboratory experiments [6] is the cou-
pling between the local shear rate and the applied force
[Eq. (1)], rather than rotation of the polymer by hydro-
dynamic interactions with the walls. The channel dimen-
sions in the experiments were about 10 times larger, in
comparison with the polymer size, than those in the simu-
lations, which reduces the importance of wall effects. More
crucially, the hydrodynamic interactions in polyelectrolyte
solutions driven by an electric field are screened by the
counterion motion [14]. Screening is neglected in our
simulations, which consider only an external body force
such as an ultracentrifuge. Nevertheless, if there were no
significant hydrodynamic interaction between segments, a
polyelectrolyte would just follow the external field without
significant transverse motion, even when deformed by a

P(y/H)

FIG. 4. Center of mass distributions for countercurrent appli-
cation of an external body force and pressure-driven flow. The
solid curve shows the level of migration under the pressure-
driven flow only. The flow Peclet number in all cases is Pe;, =
12.5. The boundary is at y/H = 0 and the center of the channel
is at y/H = 0.5.
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shear. The rigid-rod model cited in Ref. [7] only shows
migration because of hydrodynamic interactions between
segments. We have verified this with numerical simulations
in which hydrodynamic interactions were excluded. Thus
the observation of migration in these experiments [6,7]
implies a degree of hydrodynamic interaction on the scale
of the polymer.

The fluid velocity field around a polyelectrolyte in an
electric field has a dipolar component, decaying as 1/r3
[8,15]. We suggest that this dipolar hydrodynamic interac-
tion can account for the observed migration of DNA driven
by a combination of electric field and pressure-driven flow
[6]. A polyelectrolyte in a weak pressure-driven flow field
(Pe ~ 10) is stretched and oriented by the local shear rate
in much the same way as a neutral polymer. On average,
the polyelectrolyte is then roughly ellipsoidal in shape,
with the long axis oriented at 45° to the flow velocity. If
an electric field is applied along the same direction as the
flow, then the dipolar part of the hydrodynamic interaction
causes a weak migration of the polymer in the direction
normal to the field. The calculation follows Ref. [8],
although they only explicitly considered cases where the
electric field was along one of the principal axes of the
polymer. Here we show that an order of magnitude esti-
mate of the migration velocity is consistent with the ex-
perimental observations.

The equilibrium structure factor, S(g), of a polymer or
polyelectrolyte is perturbed by a weak shear flow; the
linearized correction is, to within an O(1) coefficient,
—Pe;q,q,R35(¢). In an electric field, a polyelectrolyte
then has a transverse migration velocity of magnitude
FPe;/n«*R3, where F is the total electric force on the
polymer, 7 is the fluid viscosity, and « is the inverse Debye
length. This velocity is small in comparison with the
electrophoretic velocity along the channel, F/nL; the
ratio of migration velocity to electrophoretic velocity
scales as Pe;L/k’R;. For A-DNA (48.5 kbp) in 5 mM
salt solution, the ratio is of the order of 10~2 when Pef ~
10. This is comparable to experimental measurements
(E =40 V/cm) [6], which suggest migration velocities
of the order of 107° cm/ sec, in comparison with electro-
phoretic velocities of the order of 10~! ¢cm/ sec. The scal-
ing analysis can be made more quantitative by using
kinetic theory to estimate the numerical coefficients.

Additional experiments could be performed to probe the
screening length associated with the hydrodynamic inter-
actions in polyelectrolyte solutions. We note that Fig. 3 in
Ref. [6] may indicate a weak force-induced migration,
although the statistical errors in the data make it incon-
clusive. A narrower channel would be helpful in promoting
hydrodynamic interactions between the polymer and the
channel walls, thereby strengthening any force-induced
migration. The magnitude of the applied force could be
increased by using low-frequency ac fields; since the force-

induced migration is quadratic in the field, the direction of
migration is independent of the sign. This should make it
possible to clearly decide if there is any force-induced
migration or not. Screening could also be investigated
directly by numerical simulation, either with explicit
charges or through a Poisson-Boltzmann approximation
[16,17].

In this work, we have shown that confined polymers
migrate towards the center of a channel under the applica-
tion of body forces, due to hydrodynamic interactions
between polymer segments and the channel walls. We
have developed a kinetic theory that explains these obser-
vations at least qualitatively. We note that our observations
of polymer migration mirror those of recent experiments
with DNA [6,7]. The similarities between the migration of
a neutral polymer driven by a body force and a polyelec-
trolyte driven by an electric field suggest that hydrody-
namic interactions in polyelectrolyte solutions are only
partially screened [8]. Indeed, if they were fully screened
[14] the observed migration would not occur. We have
suggested additional laboratory and numerical experiments
to further investigate this question.
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