PRL 98, 050503 (2007)

PHYSICAL REVIEW LETTERS

week ending
2 FEBRUARY 2007

Monogamy Inequality for Distributed Gaussian Entanglement

Tohya Hiroshima,' Gerardo Adesso,>> and Fabrizio Illuminati’

lQuantum Computation and Information Project, ERATO-SORST, Japan Science and Technology Agency,
Daini Hongo White Building 201, Hongo 5-28-3, Bunkyo-ku, Tokyo 113-0033, Japan
2Dipartimento di Fisica “E. R. Caianiello,” Universita degli Studi di Salerno, CNR-Coherentia, Gruppo di Salerno,
and INFN Sezione di Napoli-Gruppo Collegato di Salerno, Via S. Allende, 84081 Baronissi, SA, Italy
3Centre for Quantum Computation, DAMTP, Centre for Mathematical Sciences, University of Cambridge,
Wilberforce Road, Cambridge CB3 OWA, United Kingdom
(Received 7 June 2006; published 1 February 2007)

We show that for all n-mode Gaussian states of continuous variable systems, the entanglement shared
among n parties exhibits the fundamental monogamy property. The monogamy inequality is proven by
introducing the Gaussian tangle, an entanglement monotone under Gaussian local operations and classical
communication, which is defined in terms of the squared negativity in complete analogy with the case of
n-qubit systems. Our results elucidate the structure of quantum correlations in many-body harmonic

lattice systems.
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Quantum entanglement, at the heart of quantum corre-
lations and a direct consequence of the superposition prin-
ciple, cannot be freely shared among many parties, unlike
classical correlations. This is the so-called monogamy
property [1] and is one of the fundamental traits of entan-
glement and of quantum mechanics itself [2]. Seminal
observations on the monogamy property and its precise
quantitative statement in mathematical terms are due to
Coffman, Kundu, and Wootters [3]. They proved the fol-
lowing inequality for a generic state p,pc of three qubits,

T(pasc) = T(pag) + 7(pa.c), (n

where 7 is an entanglement monotone [4] known as the
tangle [3], 7(p4.pc) stands for the bipartite entanglement
across the bipartition A:BC, and pa.pc) = Treipasch-
Inequality (1) clearly elucidates the restriction on the
sharing of entanglement among the three parties. The
monogamy inequality (1) holds for the tangle defined
through the square of the concurrence [5]. Recently,
Osborne and Verstraete [6] have generalized the monog-
amy inequality to n-qubit systems, proving a long-standing
conjecture formulated in Ref. [3], with important conse-
quences for the description of the entanglement structure in
many-body spin systems.

For higher-dimensional systems much less is known on
the qualification, let alone the quantification of bipartite
and multipartite entanglement, the situation worsening
with increasing dimension of the Hilbert space due to the
exponential increase in the complexity of states.
Remarkably, in the limit of continuous variable (CV) sys-
tems with an infinite dimensional Hilbert space, if one
focuses on the theoretically and practically relevant class
of Gaussian states, an almost as comprehensive character-
ization of entanglement has been achieved as in the case of
qubit systems [7]. In this context, the natural question
arises whether the monogamy inequality holds as well
for entanglement sharing in CV systems, and, in particular,
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in generic Gaussian states of harmonic lattices. The first
step towards answering this question has been taken by
Adesso and Illuminati [8] (see also [9]). They proved the
monogamy inequality for arbitrary three-mode Gaussian
states and for symmetric n-mode Gaussian states, defining
the CV tangle or “contangle” as the square of the loga-
rithmic negativity (an entanglement monotone [10]).
However, it is known [11] that in two-qubit systems the
concurrence is equivalent to another related entanglement
measure, the negativity [12], so it appears natural to pro-
mote the tangle to CV systems by defining it in terms of the
squared negativity itself.

In this Letter we provide the complete answer to the
question posed above. We prove that the monogamy in-
equality does hold for all Gaussian states of multimode
CV systems with an arbitrary number n of modes and
parties Ay, ..., A,, thus generalizing the results of [8,9].
As a measure of bipartite entanglement, we define the
Gaussian tangle via the square of negativity, in direct
analogy with the case of n-qubit systems [6]. Our proof
is based on the symplectic analysis of covariance matrices
and on the properties of Gaussian measures of entangle-
ment. The monogamy constraint has important implica-
tions on the structural characterization of entanglement
sharing in CV systems [8,9], in the context of entanglement
frustration in harmonic lattices [13], and for practical
applications such as secure key distribution and commu-
nication networks with continuous variables.

For a A[:A,...A, bipartition associated to a pure
Gaussian state pg’% with A = A, (a subsystem of a single

mode) and B = A, ... A,, we define the following quantity

76(pily) = N pp). 2
Here, N(p) = (|| p» ||, —1)/2 is the negativity [10,12],

Il - Il denotes the trace norm, and p’# stands for the partial
transposition of p with respect to the subsystem A. The
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functional 74, like the negativity JN, vanishes on sepa-
rable states and does not increase under local operations
and classical communication (LOCC); i.e., it is a proper
measure of pure-state bipartite entanglement [4]. It can be
naturally extended to mixed Gaussian states p4.p via the
convex-roof construction

76(pap) = { in(fp)}ZpiTG(pﬁ”)), 3)
pi i

121

where the infimum is taken over all convex decompositions

of p,.p in terms of pure Gaussian states pl(.p ): Pap =

S p,.pﬁp ), By virtue of the convex-roof construction, 74
[Eq. (3)] is an entanglement monotone under Gaussian
LOCC (GLOCC) [14,15].

Henceforth, given an arbitrary n-mode Gaussian state
PA:A,..A,» WE Tefer to 74 [Eq. (3)] as the Gaussian tangle
and we now prove the general monogamy inequality

76(Pa,a,.4,) = Z 76(Pa,.a,)- 4
=

To this end, we can assume without loss of general-
ity that the reduced two-mode states py.4, =
Tra,.a_\Au,..4,PA A4, OF subsystems (A;A;) (1=
2,...,n) are all entangled. In fact, if for instance py, .4, is
separable, then 75(p4,.4,.4,) = TG(Pa,.a,.4,) because the
partial trace over the subsystem A, is a local Gaussian
operation that does not increase the Gaussian entangle-
ment. Furthermore, by the convex-roof construction of
the Gaussian tangle, it is sufficient to prove the monogamy
inequality for any pure Gaussian state pfq’j ) 4,..4, (see also
Refs. [3,6,8]). Therefore, in the following we can always
assume that p4,.4, 4, is a pure Gaussian state for which the
reduced states py .4, (I = 2,..., n) are all entangled.

Some technical preliminaries are in order. An n-mode
Gaussian state p is completely characterized by the covari-
ance matrix (CM) vy = 2Tr[p(R; — d;)(Ry — d})] —
i(J,)jx» and by the displacement vector d; = Tr(pRy).
Here R = (w}/le, wfl/zPl, el wi/an, w;]/an)T,
with Q, and P the canonical quadrature-phase operators
(position and momentum) for mode k with energy wy, and

J, = &'_,J; with
0 1
S = (—1 0)’

the symplectic matrix [7]. Every unitary transformation for
general (pure or mixed) Gaussian states p — UpU?t is
associated to a symplectic transformation y — SyST
with S € Sp(2n, R) = {S|8J,S” = J,}. Positivity of the
density matrix p is expressed in terms of y as

y+iJ, = 0. (5)

. . T,
Under partial transposition, py4 .4, 4, = pA?}AZ_._A, the

CM vy is transformed to ¥ = F,yF,, where F, =
diag(1,—-1,1,1,...,1).

We start by computing the left-hand side of Eq. (4).
Since pa,.4,.4, is @ 1 X (n — 1) pure Gaussian state, it
can be transformed as [16] Upy,.a, 4 U = Pa:AL ®
Pa,®...@py, by a local-unitary transformation U =
Uy, ® Uy, 4, without changing the amount of entangle-
ment across the bipartition A;:A, ... A,, where p, . A, is a
pure two-mode Gaussian state (a two-mode squeezed
state) and pa (I=23,...,n) are vacuum states. Thus,
76(Pa,a,.4,) 18 equal 0 TG(py A1) = NZ(pAI:A’Z)- In
turn, N2(pya1) = (#=' — 1)2/4 [10,17], where 7_ de-
notes the smallest symplectic eigenvalue of ¥, .4 =
Fyya,aFa, with Ya,A, being the CM of Paa- It is e_asy

to compute _; #_ = +/deta — +/deta — 1, where

o= (71,1 ?’1,2)
Y21 Y22
is the CM of the single-mode reduced Gaussian state p,, =
Tra, a,Pa,:A,.4,- The CM y of a n-mode pure Gaussian
state is characterized by the condition [15] —J,yJ,y =
15,, which implies detar + >, detd; = 1, where §, is the
matrix encoding intermodal correlations between mode 1
and mode [ in the reduced state py.4, (I =2,...,0),
described by a CM

Y11 Y12 Y120-1 Y121
Van = Y21 Y22 Y2,21-1 Y221
e Ya-1,1 Yu-12 Ya-120-1 Y2-12
Y211 Y212 Y2121-1 Y2121
o 6[
= . 6)
<51T 31) (

As py,.4, 1s entangled, detd, is negative [18]. It is useful to
introduce the auxiliary quantities A; = —4detd; > 0. The
Gaussian tangle for py,.a, 4, is then written as

1 n
(Payayn) =@ =1D2=f>A;), D
TG\PA:A,..A 4 v (I_ZZ 1)

where f(1) = (g7 '(r) — 1/2), with g(t) =/t +4 — /1.
We observe that f(r)/t is an increasing function for ¢ > 0
and f(0) = 0 so f is a star-shaped function: f(cr) = c¢f(z)
for ¢ €[0,1] and #= 0. Therefore, we have f(f) =
+f(t+s) and f(s) = 2 f(t + s) for t, s = 0 to obtain
f(@) + f(s) = f(z + 5). That is, f is superadditive [19].
Hence,

f<1_22 A,) = lif(m). (®)

Each term in the right-hand side is well defined since
A >0.

We are now left to compute the right-hand side of
Eq. (4), i.e., the bipartite entanglement in the reduced
(mixed) two-mode states py .4, (I =2,...,n). We will
show that the corresponding Gaussian tangle is bounded
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from above by f(A;), which will therefore prove the mo-
nogamy inequality via Eq. (8). To this aim, we recall that
any bipartite and multipartite entanglement in a Gaussian
state is fully specified in terms of its CM, as the displace-
ment vector of first moments can be always set to zero by
local-unitary operations, which preserve entanglement by
definition. It is thus convenient to express the Gaussian
tangle directly in terms of the CMs. Following
Refs. [8,9,14,15], the definition [Eq. (3)] for the Gaussian
tangle of a mixed Gaussian state with CM vy, ., can be
rewritten as

76(Yan) = inf {0 )V = Yau) ©)
’yAII:Al
where the infimum is taken over all CMs yf{j ) 4, of pure

Gaussian states such that y, .4, = yﬁfi ) " The quantities A,

and 75(y4,.4,) for any [, as well as every single-mode
reduced determinant, are Sp(2, R)®" invariants. For each
two-mode partition described by Eq. (6), we can exploit
such local-unitary freedom to put the CM 7,, .4, in standard
form [20] with « = diag{a, a}, B; = diag{b, b}, and &, =
diag{c,,c_}, where ¢, = |c_| [18,21]. The condition
[Eq. (5)] for 7y, .4, is thus equivalent to the following
inequalities

a=1,b=1lab—c% =1; (10)

detyy .4, + 1 =(ab — c3)(ab — c2) + 1
=a?+ b> + 2c4c. (11)

Furthermore, since the state py,.4, is entangled, we have
(18]

(ab—c2)ab —c2)+1<a®>+b>—2c,c_. (12)

From Egs. (11) and (12), it follows that c_ < 0. In Eq. (9),

TG()/E“’I ) a)= f(4deta'? — 4), which is an increasing func-

tion of deta'”), where a'? is the first 2 X 2 principal
submatrix of yg’j ) A
of Eq. (9) is achieved by the pure-state CM 71(41]1 ) 4, (with

71(4[)1):A, = Y4,.4, and YE;pl);A, + iJ, = 0) that minimizes deta?).

The infimum of the right-hand side

The minimum value of deta'”) is given by ming—y—,,m(6)
[14], where m(6) = 1 + h2(6)/h(0), with h,(0) = £_+
Jmcosh, and hy(8) = 2(ab — c2)(a® + b* + 2c,c ) —

(£/\ym)cosh + (a* — b?)y/1 — &5 /7 sinf. Here
Ei=cylab—c2)*c_, (13)

n =1[a— blab — c2)][b — alab — c%)],  (14)

{ =2abc® + (a* + b, c: + [a* + b? — 2a*b%]c_
— ab(a®> + b* — 2)c,. (15)
Moreover, m(7) = ming<g—,,m(0) and therefore

76(Yaa) = f@m(m) —4) = f(4{3/ L), (16)

where | = h;(7) and ¢, = h, (). Finally, one can prove
that (see the Appendix)

A, = —4detd, = —dcic_ =48/5H, (A7)

which, being f(¢) an increasing function of ¢, entails that
f(A) = f(4£}/4,). Combining this with Eq. (16) leads to
the crucial Sp(2, R)®"-invariant condition

76(Ya,a) = f(Q)), (18)

which holds in general for all / = 2...n and does not rely
on the specific standard form of the reduced CMs 1y, 4,
[20]. Then, recalling Egs. (7), (8), and (18), inequality (4)
is established. This completes the proof of the monogamy
constraint on CV entanglement sharing for pure n-mode
Gaussian states distributed among n parties. As already
mentioned, the proof immediately extends to arbitrary
mixed Gaussian states by the convexity of the Gaussian
tangle [Eq. (3)]. ||

Summarizing, we have defined the Gaussian tangle 7,
an entanglement monotone under GLOCC, and proved that
it is monogamous for all multimode Gaussian states dis-
tributed among multiple parties. The implications of our
result are manifold. The monogamy constraints on entan-
glement sharing are essential for the security of CV quan-
tum cryptographic schemes [22], because they limit the
information that might be extracted from the secret key by
a malicious eavesdropper. Monogamy is useful as well in
investigating the range of correlations in Gaussian matrix-
product states of harmonic rings [23], and in understanding
the entanglement frustration occurring in ground states of
many-body harmonic lattice systems [13], which, follow-
ing our findings, may be now extended to arbitrary states
beyond symmetry constraints.

On the other hand, investigating the consequences of the
monogamy property on the structure of entanglement shar-
ing in generic Gaussian states along the lines of Refs. [8,9],
reveals that there exist states that maximize both the pair-
wise entanglement in any reduced two-mode partition, and
the residual distributed (multipartite) entanglement ob-
tained as a difference between the left-hand and the
right-hand side in Eq. (4). The simultaneous monogamy
and promiscuity of CV entanglement (unparalleled in qubit
systems), which can be unlimited in four-mode Gaussian
states [24], allows for novel, robust protocols for the pro-
cessing and transmission of quantum and classical infor-
mation [9]. The monogamy inequality [Eq. (4)] bounds the
persistency of entanglement when one or more nodes in a
CV communication network sharing generic n-mode
Gaussian resource states are traced out.

At a fundamental level, the proof of the monogamy
property for all Gaussian states paves the way to a proper
quantification of genuine multipartite entanglement in CV
systems in terms of the residual distributed entanglement.
In this respect, the intriguing question arises whether a
stronger monogamy constraint exists on the distribution of
entanglement in many-body systems, which imposes a
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physical trade-off on the sharing of both bipartite and
genuine multipartite quantum correlations. It would be
important to understand whether the inequality [Eq. (4)]
holds as well for discrete-variable qudits (2 < d < ),
interpolating between qubits and CV systems. If this
were the case, the (convex-roof extended) squared nega-
tivity, which coincides with the tangle for arbitrary states of
qubits and with the Gaussian tangle for Gaussian states of
CV systems, would qualify as a universal bona fide,
dimension-independent quantifier of entanglement sharing
in all multipartite quantum systems. In such context, a
deeper investigation into the analogy between Gaussian
states with finite squeezing and effective finite-
dimensional systems, focused on the point of view of
entanglement sharing, may be worthy.

We thank Hiroshi Imai and Alessio Serafini for support.
G. A. and F. 1. acknowledge financial support from MIUR,
INFN, and CNR-INFM.

Appendix.—In this Appendix we prove the inequality in
the right-hand side of Eq. (17). From Egs. (13) and (14), we
have &2 —np = —(ab — 2)[(ab — c%)(ab — %)+ 1—
a®> — b> ¥ 2c,c_]. Using Egs. (10)—(12), we find &2 >
msothat {; = hy(m) = é_ — /m>0(é->0)and &5 =
n sothat £, = /7. Here, Eq. (10) implies §, = ¢, (ab —
¢z — 1) = 0. However, £, = Oimplies dety, ., = (ab —
c})(ab — ¢2) = 1, which means that v, .,, is the CM of a
pure Gaussian state. This can be ruled out from the begin-
ning and therefore we have £, > 0. Substituting /7 = £,
into §; = £ — /7, we obtain

0<{ =¢é.— ¢, ="2c_=2/7cyc_={(.

Next, from Egs. (10) and (15), we observe ¢ + (a”> + b?) X
(cp +c)ab—c2 —1)= —(a— b)*[cy — clab —
c2)] = 0toobtain & = —(a® + b*)(cy + c_)(ab — 2 —
1) = 0. The last inequality is again due to Eq. (10). Hence,
we obtain

& = hy(m) = 2(ab — c2)(@* + b> +2cic )+ {/ym
=2(a® + b + 2cpc) + {/Es = & (A2)

(AD)

Here, we have used Eq. (10), the inequality \/n = &, >0,
and a®>+b>+2c,.c_=2(ab— c%)>0. Now, we observe
that: £, (&5 —4) = 2(a> + b> + 2c,c )éy + L — 4, =
—4c_ + 3(a® + b*)c_ — 2a’b*c_ + 2abc® — 2abe, +
(@*> + b*)cy(ab — %)+ 8ctcy +4abc_c% — 43 2 =
—d4c_[a* + b* + 2cic_ — (ab — Z)(ab — c2)] +

3(a® + b¥c_ — 2a*b*c_ + 2abc® — 2abc. + (a* +

b¥)cy(ab — ¢*) + 8ctcy + dabc_ci — 4¢3t =

—(a* + bYc_ + 2a*b*c_ — 2abc® — 2abc, + (a* +

b)c,(ab — ¢%) = —2abc_ + 2a’b*c_ — 2abcd —
2abc, + 2abc,(ab — ¢%) = 2ab(c, + c_)(ab — % —
1) = 0, where we have used Eq. (11). Noting that £, > 0,
we obtain ¢} = 4. Finally, Eqs. (A1) and (A2), with {} =
Lyield: /6 = 0/ = ~dcrc J = ~crc.. W
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