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Luther-Emery Phase and Atomic-Density Waves in a Trapped Fermion Gas
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The Luther-Emery liquid is a state of matter that is predicted to occur in one-dimensional systems of
interacting fermions and is characterized by a gapless charge spectrum and a gapped spin spectrum. In this
Letter we discuss a realization of the Luther-Emery phase in a trapped cold-atom gas. We study by means
of the density-matrix renormalization-group technique a two-component atomic Fermi gas with attractive
interactions subject to parabolic trapping inside an optical lattice. We demonstrate how this system
exhibits compound phases characterized by the coexistence of spin pairing and atomic-density waves. A
smooth crossover occurs with increasing magnitude of the atom-atom attraction to a state in which tightly
bound spin-singlet dimers occupy the center of the trap. The existence of atomic-density waves could be
detected in the elastic contribution to the light-scattering diffraction pattern.
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Introduction.—The ability to confine ultracold Bose and
Fermi gases inside artificial crystals generated by standing-
wave laser light fields, i.e., optical lattices (OLs), offers the
possibility to create ideally clean and highly tunable
strongly interacting quantum many-body systems [1].
The experimental observation by Greiner et al. [2] of a
superfluid-Mott insulator transition in a 3D OL loaded with
8Rb atoms demonstrated the possibility of realizing
strongly correlated bosonic systems. A number of experi-
mental results have also been obtained for fermionic sys-
tems in OLs [3,4]. Cold atoms have been successfully
trapped in low-dimensional geometries. A 8’Rb gas has
been used to realize experimentally a Tonks-Girardeau gas
[5]. The preparation of two-component Fermi gases in a
quasi-1D geometry [6] provides a unique possibility to
experimentally study phenomena predicted a long time
ago for electrons in 1D. Spin-charge separation in
Luttinger liquids is a paradigmatic example [7].

In the presence of attractive interactions fermions are
predicted to form a peculiar 1D liquid phase characterized
by a massive spin sector, i.e., a Luther-Emery liquid [8].
The gap in the spin sector induces an exponential decay of
spin correlations, while singlet superconducting and
charge-density wave correlations have a power-law decay
[7]. So far no observation of the Luther-Emery phase has
been reported in solid-state electronic systems. In Ref. [9]
it has been shown that an integrable model of two-
component interacting Fermi gases in a quasi-1D geometry
exhibits a smooth crossover between a Luther-Emery lig-
uid and a Luttinger liquid of tightly bound bosonic dimers.
Although long-range phase coherence is absent in a 1D
Luther-Emery liquid, antiparallel-spin fermions do pair as
they do in a conventional superconductor. Seidel and Lee
[10] have shown that the ground-state energy of a system
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with spin gap and gapless charge degrees of freedom has an
exact period of hc/(2e) (corresponding to half a flux
quantum) as a function of an applied Aharonov-Bohm flux.

In this Letter we propose that 1D Fermi gases in OLs be
used to study the Luther-Emery phase and the existence of
antiparallel-spin pairing in a Luther-Emery liquid. A real-
istic OL is superposed on a slowly varying harmonic
potential that makes the lattice sites inequivalent. In order
to assess the very existence and the nature of the Luther-
Emery phase in realistic cold-atom systems it is thus of
fundamental importance to analyze the interplay between
attractive interactions and the confining potential. This is
not a merely quantitative issue: it is well known that in
other cases the confinement modifies qualitatively the
properties of the gas. An example is the coexistence of
superfluid (metallic) and Mott-insulating regions in bo-
sonic (fermionic) OLs [11-14].

We first show that, in the presence of harmonic confine-
ment, a 1D Fermi gas with attractive interactions inside an
OL manifests unambiguous real-space spin pairing through
the appearance of in-phase Friedel oscillations in the spin-
resolved ground-state density profiles. These result in
large-amplitude oscillations in the spin-summed density
profiles that we will label atomic-density waves (ADWs)
in analogy with standard terminology for charge-density
waves in electronic Luther-Emery liquids [7]. We then
propose an experiment that can lead to the observation of
these ADWs.

Inhomogeneous Fermi-Hubbard model.—We consider a
two-component Fermi gas with N atoms confined by a
harmonic potential of strength V, in a 1D lattice with
unit lattice constant and L lattice sites i € [1, L]. The
system is described by an inhomogeneous Fermi-
Hubbard Hamiltonian,
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H = 1> (el,ei11, + He) + U gy
i,o i

+ VZZ(i — L/2)%h;. (1)

Here ¢ is the hopping parameter, o =1, | is a
pseudospin-1/2 degree of freedom (hyperfine-state label),
U is the on-site Hubbard interaction parameter, 7; =
> olig = ZU(?L(?,-(, and (3;4;) = N. L is always chosen
so that the trap makes the ground-state site occupation
n; = (VgslA;|WPas) go to zero smoothly near the edges

of the lattice. The Hamiltonian J{ with repulsive interac-
tions (U > 0) has been extensively discussed in the litera-
ture [12-14]. In this Letter we focus on attractive
interactions, i.e., U < 0, and on the unpolarized case (N; =
N)). Attractive interactions between Fermi atoms in differ-
ent hyperfine states are routinely created in the laboratory
by means of Feshbach resonances [15] and have been used
successfully, e.g., to create superfluid states of °Li Fermi
gases in 3D OLs [4].

In the absence of harmonic confinement (V, = 0) H
has been exactly solved by Lieb and Wu [16] by means of
the Bethe ansatz and shown to belong to the Luther-Emery
liquid universality class. For V, # 0 we calculate the

ground-state properties of JH in Eq. (1) by resorting to
the density-matrix renormalization-group (DMRG)
method [17], which provides a practically exact solution
for any value of U/r. Motivated by the recent interest in the
development of density-functional schemes for strongly
correlated 1D systems [13,14,18—-21] we also use, in par-
allel to DMRG, a lattice density-functional scheme based
on the Lieb-Wu solution for V, = 0. These calculations
employ the Bethe-ansatz local-density approximation
(BALDA) in its fully numerical formulation [14]. The
BALDA method allows us to efficiently treat complex
systems with a very large number of sites. The combined
use of DMRG and BALDA allows a detailed understanding
of the problem and paves the way for further extensions.

Spin pairing and atomic-density waves.—We first dis-
cuss the tendency to pairing by analyzing the pair bind-
ing energy defined as Ep = Egs(N + 2) + Egs(N) —
2Eqs(N + 1) where Egs = (Wgg| H |Wgs) is the ground-
state energy. The pair binding energy of finite Hubbard
chains with attractive interactions has been studied in
Ref. [22]. In the case of a harmonic potential we have
done extensive calculations and found that Ep is negative,
signaling a tendency to pairing. For example, for N = 30
fermions in a lattice with L = 100 sites, inside a trap with
V,/t=4X 1073, wefind Ep/t = —0.2442for U/t = —2
and Ep/t = —16.4217 for U/t = —20.

The pairing is associated with the presence of ADWs,
which are stabilized by the harmonic potential. In Fig. 1 we
report our numerical results for the site occupation of a gas
with N = 30 atoms. The consequences of Luther-Emery
pairing in the presence of confinement are dramatic. For

U < 0 the site occupation exhibits a density wave (with
N/2 peaks in a weak trap), reflecting the tendency of atoms
with different pseudospins to form stable spin-singlet
dimers that are delocalized over the lattice.

For small V,/¢ (see the top panel of Fig. 1) n; in the bulk
of the trap (80 = i = 100) can be fitted to an ADW of the
form n; = 7i + Aspw cos(kapwi + ¢). For example, for
V,/t =107> we find kypw = 0.73 for U/t = —1 and
kapw = 0.84 for U/t = —3. In such a weak confinement
the oscillations of the site occupation extend to regions far
away from the center of the trap, where they are charac-
terized by smaller edge wave numbers. For V, = 0 boson-
ization predicts [7] an incipient ADW with wave number
2kp, kr being the Fermi wave number, quenched by strong
quantum fluctuations. In the present case we find kapw =
2k3!T, where the effective Fermi wave number k& = 777 /2
is determined by the average density in the bulk of the trap
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FIG. 1 (color online). Top panel: DMRG results for the site
occupation n; as a function of site position i for a system with
N = 30 fermions in L = 180 lattice sites, and in the presence of
a harmonic potential with V,/¢t = 107>, For this value of V,/¢
BALDA overestimates the ADW amplitude. Bottom panel:
DMRG results (crosses) for N = 30, L = 100, and U/t = =2
are compared with BALDA data (solid symbols). V,/f is in-
creased from 1073 to 107!, The thin solid lines are just a guide
for the eye.
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(note that kypw = 7 when the average density in the bulk
reaches half filling).

Finite-size effects become important on increasing V,
(see the bottom panel of Fig. 1) and a simple fitting formula
such as the one used above does not work even at the center
of the trap. Eventually when V,/t= 10"! a region of
doubly occupied sites develops at the center of the trap:
spin-singlet dimers, which in a weak trap are delocalized,
are squeezed close together to produce an extended region
of = N/2 doubly occupied consecutive sites.

In Fig. 2 we show how the ADWs evolve with increasing
|U|/t at fixed V,/t. For weak-to-intermediate coupling
ADWs are present in the bulk of the trap. The agreement
between the BALDA and the DMRG results is excellent for
|U|/t = 1. With increasing |U|/tr the BALDA scheme
deteriorates [23], leading to an overestimation of the am-
plitude of the ADWs [see panel (c)]. According to DMRG,
the bulk ADWs disappear in the extreme strong-coupling
limit [see panel (d)]. For |U|/t > 1 a flat region of doubly
occupied sites emerges at the trap center, resembling that
described above for the case of weak interactions and
strong confinement (see the bottom panel of Fig. 1).

The disappearance of the ADWs at strong coupling can
be explained by mapping the Hamiltonian (1) onto a
spin-1/2 XXZ model [7,8],

Ho=Y > 16868, +>Bi67. (@

i a=xyz

with J, =J, = —J, = —/|U| and B; = V,(i — L/2)*.
The total site occupation operator #; is related to J75 by
ii; = 1 + &75. Particle-number conservation requires work-
ing in a sector with fixed total magnetization (3 ;67) =

N —L =M. In the limit |U|/t — oo, J, is negligibly
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FIG. 2. Site occupation n; as a function of i for N = 30, L =
100, and V,/t = 4 X 1073 (N?V,/t = 3.6). Panels (a) and (b):
DMRG results (crosses) are compared with BALDA data (solid
circles). Panels (¢) and (d): DMRG results for the Hamiltonian
(1) (solid circles) are compared with DMRG results for the
strong-coupling Hamiltonian (2) (crosses). The thin solid lines
are just a guide for the eye.

small and thus finding the ground state of HH , is equivalent
to solving the problem of orienting a collection of spins in a
nonuniform magnetic field in order to minimize the
Zeeman energy in producing a magnetization M. Thus,
for |U|/t — oo one expects a classical state with (65) = 1
({(A;) = 2) in N/2 sites at the trap center where B; is small,
and (67) = —1 ({A;) = 0) in the remaining L — N /2 sites.
Thermodynamic limit in a trap.—The existence of de-
localized dimers forming ADWs in weak traps is a com-
bined result of attractive intercomponent interactions and
soft harmonic boundaries. We have carefully studied the
scaling of the ADW amplitude in the thermodynamic limit
proposed in Ref. [24], i.e., N — o and V,/t — 0 with
N,/V,/t = const. We determine the value of A,py after
subtracting the smooth Thomas-Fermi profile [ 14] from the
DMRG profile (see top panel in Fig. 3). We then study the
scaling of Appw under the abovementioned thermody-
namic limit, finding that the amplitude of the ADWs
approaches a finite value. In Fig. 3 we show an illustrative
example of scaling for U/t = —2 and N?V,/t = 3.6.
Detection of ADWs.—ADWs can be detected by a mea-
surement of the elastic contribution to the light-scattering
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FIG. 3 (color online). Top panel: difference dn; = n; — nIt

between the DMRG and the Thomas-Fermi site occupation as a
function of the rescaled site position (i — L/2)\/V,/t for a
system with U/t = —2 and scaling parameter N>V,/t = 3.6
(circles correspond to N = 30, squares to N = 240). The thin
solid lines are just a guide for the eye. Bottom panel: Amplitude
of the ADWs as a function of N for the same parameters as
above. The solid line is a fit with @ = 0.032, 8 = 0.114, and
v =39.93. With a similar procedure we find Ep(N)/t =
—0.184 — 0.171e V/2861,
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FIG. 4. DMRG data for S (k) as a function of k in the range
3r/4d =k=5m/4, for N=30, L=100, and V,/t=
4 X 1073. The long vertical arrow indicates the value of kxpy.
In the inset we show S, (7) as a function of |U|/t.

diffraction pattern, i.e., the Fraunhofer structure factor
Sei(k) = N72|3 je™*in,|?, through the appearance of a
peak at k = kapw-

In Fig. 4 we show the most favorable situation where
there is a wide region in the trap with oscillations at
kapw = 7, inducing a well defined peak in S, (k). The
height of the peak is nonmonotonic as a function of |U|/t,
as a consequence of the aforementioned crossover between
the U — 0~ and U — —oo limits, and is best observed
when this ratio is of order two. However, in a case such as
that shown in the top panel of Fig. 1, where the density
oscillations extend into regions far away from the trap
center, the Fraunhofer structure factor peaks at a slightly
lower wave number, kpe, = 0.96kspw-

In summary, we have shown how the Luther-Emery
phase emerges in an ultracold Fermi gas subject to para-
bolic trapping inside a 1D optical lattice. We have demon-
strated that the interplay between attractive interactions
and harmonic confinement leads to coexistence of spin
pairing and atomic-density waves. The existence of a finite
pairing gap A = —Ep/2 can be tested via radio-frequency
spectroscopy [25]. Atomic-density waves can be detected
from the elastic contribution to the light-scattering diffrac-
tion pattern. At strong-coupling atomic-density waves
change into a state in which spin-singlet dimers form an
extended region of doubly occupied sites at the center of
the trap.
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