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Onsager’s reciprocity theorem has been extensively discussed for fluid systems and its validity
generally accepted. The application of the theorem to solid state, however, is not always transparent
due to additional complications that have no counterparts in fluids, and its validity has not been so
exhaustively examined experimentally either. Here we show that in the phenomenon of mixed ionic-
electronic conduction in TiO2 (rutile), the theorem is verified experimentally, and the Onsager cross
coefficient can be even larger than a direct one, contrary to the conventional belief.
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Mixed ionic-electronic conductor oxides have recently
been attracting a wide attention for their electrochemical
applications, e.g., permeation membranes for oxygen or
hydrogen separation and electrodes for sensors and solid
oxide fuel cells, to name but a few [1]. In principle [2– 4],
the flow of electrons in a mixed ionic-electronic conductor
is induced not only directly by their own electrochemical
potential gradient, but also indirectly by that of mobile
ions, and vice versa for the flow of ions. However, the
latter, indirect or electron-ion interference effect has been
usually ignored or neglected in treatments of the mixed
ionic-electronic transport. A recent report [5], that first
dealt with this electron-ion interference effect in
�-Ag2��Se and �-Cu2��S systems, concluded that the
electron-ion interference effect was indeed negligible (1�
0:01% of the direct effect at most). In contradistinction, for
the Co1��O and Fe3��O4 systems, Yoo and coworkers
[6,7] reported that the interference effect may not always
be negligible depending on the nonstoichiometry �.

Once the electron-ion interference effect is not negli-
gible, then the validity of the Onsager reciprocity [8] of the
effect is also of fundamental interest. The Onsager reci-
procity theorem, a key hypothesis of irreversible thermo-
dynamics, was originally derived for the causality between
flows and forces that are scalar in character [2–4,8]. It was
later theoretically proven to be also valid for those of
vectorial character [2], and efforts have been exerted to
experimentally verify the Onsager reciprocity relation
(ORR) [4,9]. The overall conclusion is that ‘‘the experi-
mental evidence is overwhelmingly in favor of the validity
of the reciprocity’’ [9] and ‘‘it has not been disproved by
experience’’ [10]. Concerning the mixed ionic-electronic
transport phenomenon, in particular, there is one and only
report [5] that is on the systems of �-Ag2��Se and
�-Cu2��S, that the ORR is satisfied within (not specified)
experimental errors, but the electron-ion interference effect
itself is negligible.

Recently, we succeeded in measuring, with sufficient
precision, all the Onsager coefficients of the mixed ionic-
electronic transport in TiO2�� (rutile) in the range of oxy-
gen activity �16< log10aO2

� �1 at 800�, 900� and

1000 �C, respectively. We subsequently found that con-
trary to the conventional belief, the electron-ion interfer-
ence effect was surprisingly large, and were able to
demonstrate ORR with the highest ever precision. The
purpose of this Letter is to report on these results.

It is common in mixed ionic-electronic conductors, e.g.,
Co1��O that an ionic species, say, Co2� is much more mo-
bile than the other, O2� so that the latter is normally re-
garded as fixed in space. The irreversible thermodynamic
treatment of this common situation was first made by
Wagner [11] and later by Yoo et al. [12] in more detail.
For the present system TiO2��, however, both Ti4� cations
and O2� anions may have comparable mobilities depend-
ing on the thermodynamic condition [13]. We will, thus,
have to generalize the conventional transport equations
first.

We choose the cations Ti4�, anions O2�, and electrons
e� as the mobile charged components [14]. Denoting these
components by subscripts 1, 2, and 3, respectively, the
energy dissipation, T�, due to the flows of these compo-
nents may be written in the isothermal and isobaric condi-
tion as [11,12]

 T� � j1��r�1� � j2��r�2� � j3��r�3�; (1)

where jk and r�k denote the flux and the force, the
electrochemical potential gradient of the kth compo-
nent (k � 1, 2, 3), respectively. Because of the local equi-
librium postulate [11,12], one has r�1 � 2r�2 � 0 for
Ti4� � 2O2� � TiO2. Equation (1) may, thus, be rewritten
in terms of the independent forces, say,�r�1 and �r�3,
as

 T� �
�
j1 �

1

2
j2

�
��r�1� � j3��r�3�: (2)

Identifying the independent flows, Ji and Je, and forces,
r�i and r�e, for ions and electrons, respectively, as j1 �
j2=2 	 Ji; j3 	 Je; r�1 	 r�i; r�3 	 r�e, the gener-
alized transport equations are written as [11,12]
 

Ji � �Liir�i � Lier�e (3a)

Je � �Leir�i � Leer�e (3b)
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Here, Lmn (m, n � i, e) are the Onsager coefficients. For
the sake of simplicity, we define

 �
i 	 Lie=Lii; �
e 	 Lei=Lee (4)

which will henceforth be referred to as the ‘‘charge-of-
transport’’ of ions and electrons, respectively [12]. If the
Onsager reciprocity is valid, then the cross coefficients
should be identical to each other or

 Lie � Lei: (5)

Again, by using the local equilibrium postulates [11,12],
r�Ti � r�1 � 4r�3 for Ti � Ti4� � 4e� and r�Ti �

r�O2
� 0 for Ti� O2 � TiO2 (where �Ti and �O2

being
the chemical potential of the neutral component Ti and O2,
respectively), Eq. (3) can be rewritten in terms of the ionic
current density ii�� ziFJi� and electronic current density
ie�� zeFJe� as
 

ii=ziF � Liir�O2
� Lii�zi � �



i �r�e (6a)

ie=zeF � Lee�


er�O2

� Lee�1� zi�


e�r�e (6b)

where zi�� �4� denotes the formal valence of Ti4�,
ze�� �1� that of e�, and F the Faraday constant.

In Eq. (6), the partial current densities (ii, ie) and the
gradients (r�O2

, r�e) are all experimentally measurable
and controllable. Therefore, the four Onsager coefficients
in Eq. (6) may be determined as follows: (i) By blocking
the ionic flow (ii � 0), one can determine from Eqs. (6a)
and (6b), respectively
 �

r�O2

r�e

�
ii�0
� ��zi � �



i �;

�
ie

Fr�e

�
ii�0
� Lee�1� �



i �


e�:

(7)

(ii) By blocking the electronic flow (ie � 0), one can
determine from Eqs. (6b) and (6a), respectively
 �

r�O2

r�e

�
ie�0
� ��zi � �


�1
e �;

�
ii

ziFr�O2

�
ie�0
� Lii

1� �
i �


e

1� zi�


e
:

(8)

The specimens of Ti0:99Ga0:01O1:995�� were prepared by
thoroughly mixing the starting powders of TiO2 and Ga2O3

(both 99.99% purity from Aldrich) into an appropriate
proportion, followed by sintering at 1450 �C in air for 6
hours. Doping of the aliovalent impurity Ga3� is to ex-
trinsically fix the defect structure in the near stoichiometric
regime (� � 0) of TiO2�� as �Ga0Ti � 2�V��O  �
4�Ti����i  in terms of Kröger-Vink notation [15]. The
sintered specimens were found, via both x-ray diffractome-
try and scanning electron-microscopy, to be of single phase
with an average grain size of 33� 4 �m and an apparent
density of 99% of the theoretical value.

The Onsager coefficients Lmn were measured on the
basis of Eqs. (7) and (8) from an electrochemical cell

with the configuration of Cell (I),

 

where the specimen, with a cross-section A, extends from
x � 0 to ‘. The role of the yttria-stabilized zirconia (YSZ)
is to block electron flow as well as to measure the oxygen
activity (aO2

	 PO2
=atm) at the YSZ/specimen interface

relative to a reference electrode with an oxygen activity of
aref

O2
. Esp and Isp stand for the terminal voltage applied and

the current passed across the specimen, respectively, and
similarly EYSZ and IYSZ for the YSZ.

We operated the cell galvanostatically under the ion-
blocking condition and under the electron-blocking condi-
tion, respectively, in identical aref

O2
-atmospheres. In the

former, a constant current (in the range of 3 �A to
20 mA) was passed through the specimen only, while
monitoring open-circuit voltage U across the YSZ and V
across the specimen (corrected against the lead wire volt-
age drop at measurement temperature). In the latter, U and
V were monitored while passing a constant current (in the
range of 0:5 �A to 0.1 mA) through the specimen and
YSZ. In either mode of operation, the extent of chemical
polarization across the specimen was kept as small as
possible (normally jUj � 51 mV and jVj � 63 mV) so
that one might approximate as

 r�e � �FV=‘; r�O2
� 4FU=‘; (9)

and assign the results unambiguously to the reference oxy-
gen activity (aref

O2
) imposed. Details of the experimental

setup, including the construction, design, and performance
of this apparently simple cell, which in reality is extremely
delicate, will be reported elsewhere.

From the steady state values for U, V, and the value of I
applied in the ion-blocking mode (denoted as UI, VI, and
II, respectively), we obtain due to Eqs. (7) and (9)

 4� �
i �
4UI

VI
; �

‘
A
�
II

F2VI
� Lee�1� �
i �



e�: (10)

Similarly from the steady state values for U, V, and the
constant current (denoted as UE, VE, and IE, respectively)
in the electron-blocking mode, we obtain due to Eqs. (8)
and (9)

 4�
1

�
e
�

4UE

VE
;

‘
A
�

IE

16F2UE � Lii
1� �
i �



e

1� 4�
e
: (11)

From Eqs. (10) and (11) have been evaluated �
i , �


e,

Lee, and Lii and subsequently all the Onsager coefficients
Lmn due to Eq. (4), for the identical thermodynamic con-
ditions. In Fig. 1, we plot Lie�� Lii�



i � vs Lei�� Lee�



e�

and in Figs. 2(a) and 2(b), �
i and �
e vs log10aO2
, respec-
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tively. It is important to emphasize here that while the
accuracy of each Onsager coefficient Lmn is affected by
the systematic error associated with the geometric factor
‘=A of the specimen via Eqs. (10) and (11), the ratios of
transport coefficients, say, Lie=Lei, �
i and �
e, are abso-
lutely free from this effect and even free from any other
systematic error (because of being a ratio).

As depicted by the solid straight line in Fig. 1, it is found
that the cross coefficient ratio is

 Lei=Lie � 0:993� 0:013: (12)

Hereby, the ORR, Eq. (5) is experimentally verified,
within a relative error of 1.3%, in the mixed ionic-
electronic transport.

To the best of the authors’ knowledge, the most precise
and extensive experimental demonstration of the ORR in
vectorial phenomena is with the thermoelectric phenome-
non in metals: The cross coefficients ratio between the heat
(q) and charge (e) flow, say, Lqe=Leq, is in the range of 0.77
to 1.08, depending on the types of thermocouples [4,9].
Upon averaging all the data available in the literature
[4,9], one may have Lqe=Leq � 0:978� 0:096. The ORR
in the other vectorial phenomena, particularly matter trans-
fer, however, is subject to much larger uncertainty. In the
recent studies on isothermal diffusion in CaO-Al2O3-SiO2

liquid solutions at 1550�–1450 �C [16] and Cu-Zn-Sn solid
solutions at 800 �C [17], for example, the cross coefficient
ratio between the two independent fluxes (of, say, compo-
nent 1 and 2) was reported to be L12=L21 � 1:29� 1:46
and� 0:85� 1:55, respectively. It is reminded that there is
a single report [5] for the mixed ionic-electronic conduc-
tion in solids that Lie � Lei within the experimental error
that, however, was not specified, but �
i �� Lie=Lii� � 1.

Attention is now drawn to the magnitude of �
i and �
e in
Figs. 2(a) and 2(b): As the electronic conductivity is pre-

dominant for the present system [13] and hence, Lee �
Lii, Lei, Lie, it is easy to guess that �
e < 1, but it is
surprising that �
i > 1: it takes a value in the range of 1.5
to 3.7 depending on the oxygen activity. This fact clearly
indicates that the cross coefficient Lie is not only not
negligible, but can be even larger than the direct coefficient
Lii also. It is noted that the only constraint on the cross
coefficients is �
i �



e < 1 due to the positive-definiteness of

the energy dissipation, T�, in Eq. (2) [2– 4].
Now that the ORR is verified, the charges-of-transport

defined in Eq. (4) may be expressed by using Eq. (3), as

 �
i �
Lei
Lii
�

�
Je
Ji

�
r�e�0

; �
e �
Lie
Lee
�

�
Ji
Je

�
r�i�0

: (13)

It follows that phenomenologically �
i corresponds to
the number of electrons dragged by a mobile ion (Ti4� in
the present context) upon its transfer in the absence of the
direct cause for electron transfer (r�e � 0). Similarly, �
e
is the number of ions dragged by an electron in the absence
of a direct driving force for the mobile ions (r�i � 0).
According to the data in Fig. 2(a), a Ti4� ion drags 1.5 to
3.7 electrons depending on the thermodynamic conditions.

 

FIG. 1 (color online). Cross coefficient Lei vs Lie of the system
1 mol% Ga-doped TiO2 at 1073 K (�), 1173 K (�), and 1273 K
(�). Note that Lei=Lie � 0:993� 0:013 as depicted by the solid
line, precisely demonstrating the validity of the ORR in the
phenomenon of mixed ionic-electronic transport.
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FIG. 2 (color online). Ionic charge-of-transport �
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electronic charge-of-transport �
e (b) of Ga-doped TiO2 vs oxy-
gen activity aO2

at different temperatures: �, 1073 K ; �,
1173 K; �, 1273 K.
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In other words, only �0:3� 2:5�F charge is transported by a
mole of Ti4� transferred, or the effective charge unit of
Ti4� ions is not the formal valence �4�� zi�, but only
0:3� 2:5�� zi � �



i �. On the other hand, Fig. 2(b) indi-

cates that approximately up to one ion is dragged by ten
electrons even in the absence of the ionic driving force, as
aO2

increases up to 1.
At this point, one may suspect that the validity of the

ORR, Eq. (12), may possibly be impaired by the choice of
the formal charge z1. It is emphasized that the ORR re-
mains unimpaired by arbitrary choice of z1, see Ref. [18].

In Fig. 3, we plot �
i against, instead of aO2
, the non-

stoichiometry � by using the nonstoichiometry data (as a
function of T and aO2

) of the system [13]. It is seen that �
i
becomes minimum (�
i � 1:5) apparently at the stoichio-
metric composition (� � 0) and tends to saturate to a value
of 3.7 as j�j increases. The knee of �
e vs log10aO2

in
Fig. 2(b) also corresponds approximately to the stoichio-
metric composition. Considering that the electron-ion
cross effect is a consequence of the short- and/or long-
range interaction between the oppositely charged carriers
[11,12] and � is a measure of the overall concentration of
the defects, the variation of �
i vs � is very much sugges-
tive, but its quantitative understanding is yet to be sought
for.

Nevertheless, the fact that the electron-ion cross effect is
non-negligible and even larger than the direct effect (�
i >
1) will have far-reaching consequences. All the theories or
relationships dealing with mass and charge transport phe-
nomena in mixed conductor compounds have, so far, been
developed on the ground that the carrier ions and electrons
migrate independently or Lie � Lei � 0. Now that the
electron-ion cross effect is by no means negligible, all
those should be corrected against the cross effect.

In conclusion, the Onsager reciprocity relation is firmly
confirmed in the phenomenon of mixed ionic-electronic
conduction in the system of Ga-doped TiO2�� with a
unprecedented precision or Lei=Lie � 0:993� 0:013.
The charge-of-transport of Ti4� ions �
i �	 Lei=Lii�, a
measure of the ion-electron cross effect that corresponds
phenomenologically to the number of electrons dragged by
the ion upon its transfer, takes a value of 1.5 to 3.7 depend-
ing on the extent of nonstoichiometry (�), with its mini-
mum value (�
i � 1:5) falling at the stoichiometric
composition (� � 0). All the mass and charge transport
theories and relationships in mixed ionic-electronic con-
ductor compounds that have so far been based upon the
assumption of independent migration of ions and electrons
should thus be corrected against the electron-ion cross
effect.
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FIG. 3 (color online). The ionic charge-of-transport �
i vs
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