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An accurate description of a subcycle pulsed beam (SCPB) is presented based on the complex-source
model. The fields are exact solutions of Maxwell’s equations and applicable to a focused pulsed beam with
a pulse duration down to and below one cycle of the carrier wave and with arbitrary polarization state.
Depending on the pulse duration, the pulse is blueshifted, and its wings are chirped. This effect, which we
refer to as ‘‘self-induced blueshift’’ goes beyond the carrier-envelope description. The corresponding
phase is a temporal analog of the Gouy phase. The energy gain of a relativistic electron swept over by an
SCPB is very sensitive to the proper form chosen to describe the pulse.
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The generation and application of intense few-cycle and
single-cycle laser pulses is a rapidly increasing field of
research; for reviews, see [1,2]. The theoretical description
of ultrashort pulses and their linear and nonlinear propa-
gation characteristics has caught the interest of many re-
searchers. But, largely, the scalar approximation has been
employed and the pulse has been represented as the prod-
uct of a carrier wave and an envelope, assuming a pulse
duration longer than about one cycle of the carrier wave
[3]. Peak intensities of current few-cycle pulses are reach-
ing into the relativistic regime [4,5]. Therefore, more than
ever, an accurate description of the pulse-matter interaction
requires precise knowledge of all components of the elec-
tromagnetic field.

In this Letter, we will present analytical expressions of
few-cycle, single-cycle, and subcycle pulsed beams
(SCPBs) with arbitrary polarization that are exact solutions
of Maxwell’s equations. The solutions are generated with
the help of the complex-source method [6–8]. They con-
tain the scalar pulsed Gaussian beam as a special case if the
paraxial approximation is adopted. We discuss the spatio-
temporal structure of the solutions and compare with the
scalar approximation. We find that for a subcycle pulsed
beam the instantaneous frequency is highest at the center of
the pulse and always higher than the frequency of the
carrier wave—an effect that is suppressed by the carrier-
envelope description. We will call this a ‘‘self-induced
blueshift’’ since it is enforced by Maxwell’s equations
in vacuo and does not require any specific pulse-matter
interaction. The consequences of this effect are illustrated
by the example of electron acceleration by an SCPB in the
relativistic regime.

Consider two opposite charges oscillating against each
other. We may describe them by an oscillating dipole
located at the origin of the coordinate system with the
dipole moment

 p �r; t� �
p0�t���������������
1� �2

p �ex � i�ey���r�; (1)

where the parameter � determines the polarization state,
such that � � 0 corresponds to linear polarization in the x
direction, � � �1 to circular polarization, and � � �1 to
linear polarization in the y direction. The function p0�t� is,
in principle, arbitrary. Here we model it by the product of a
carrier wave with frequency ! � kc � 2�=T0 (c is the
speed of light in vacuo) and a positive-definite envelope,
for which we take a Gaussian with a FWHM of 2

����������
2 ln2
p

T,

 p0�t� � p0 exp
�
�

t2

2T2

�
exp�i!t� i�0�: (2)

The peak value p0 of the dipole moment determines the
peak power of the beam, as will be shown below, and �0

denotes the carrier-envelope phase or absolute phase. Our
results will be specific for this product form, but not to the
Gaussian shape of the envelope.

The oscillating dipole (1) emits a spherically outgoing
electromagnetic pulse. A focused pulse propagating in a
certain direction, for which we take the z direction, can be
obtained by moving the source dipole from the origin to a
complex position along the z axis. This is a very useful
mathematical technique to obtain focused propagating so-
lutions of Maxwell’s equations. According to this
complex-source-point model [6–8], we introduce the spa-
tiotemporal translation

 z! z0 � z� iz0; t! t0 � t� t0 � i
z0

c
: (3)

We shift both the spatial coordinate z and the time ct by the
same imaginary amount. This way, on axis (for x � y � 0)
the shift cancels from the retarded time, and we will be able
to retrieve the standard Gaussian beam in the paraxial
approximation. In the latter, the parameter z0 � kw2

0=2
will become the Rayleigh range determined by the beam
waist w0. We introduce the complex distance

 R0 �
������������������������������������������
x2 � y2 � �z� iz0�

2
q

; (4)

which is a double-valued function. We have to choose the
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proper branch to ensure that the solution is a ‘‘beam,’’ i.e.,
that it does not diverge in the transverse dimension [7].

We obtain the fields by folding the source with the
infinite-space Green function [9]:

 E �x;y;z;t��
c2�0k2p0��0�

4�R0
�������������
1��2

p
�
f�ex� i�ey��

x� i�y

R02
gr
�
;

(5)

 

H�x;y;z;t��
ck2hp0��0�

4�R02
�������������
1��2

p ��i�z0ex�z0ey��i�x�y�ez�;

(6)

where �0 is the magnetic permeability of the vacuum, and
the source p0��

0� as well as the functions

 f �
�
1�

i�0

!T2

�
2
�

1

k2R02

�
1�

t0R0

cT2 � ikR
0

�
;

g � �f�
2

k2R02

�
1�

�0R0

cT2 � ikR
0

�
; h � f�

1

k2R02
:

(7)

are evaluated at the complex retarded time �0 � t0 � R0=c.
The physical fields are obtained as the real parts of the

fields (5) and (6). Inserting the fields into Maxwell’s equa-
tions allows one to identify the generating current in real
space. The peak value E0 of the electromagnetic field is
related to the (time-dependent) Poynting vector S �
Re�E� 	 Re�H� of the beam through E0 �

������������������
c�0Smax

p
.

This yields the relation p0 � 4�z0A0E0=�c
2k2�0�, where

A�2
0 � �B� 1=�k2z2

0��B with B � 1� 1=�kz0� �
1=�!2T2�. The components of the electric and magnetic
field of the SCPB now are

 Ex � Re
�
A
�
f�

x �xg

R02

��
; Bx � Re

�
�A

i�z0

R0c
h
�
;

Ey � Re
�
A
�
i�f�

�xyg

R02

��
; By � Re

�
A
z0

R0c
h
�
;

Ez � Re
�
A

�xz0

R02
g
�
; Bz � Re

�
A
i�x� y
R0c

h
�
;

(8)

where �x � x� i�y, A � E0z0A0p0��
0�=�p0R

0
��������������
1� �2

p
�.

Panels (a)–(c) of Fig. 1 show the three components of
the electric field for linear polarization in the x direction
[� � 0 in Eq. (1)], while panel (d) exhibits the Ez compo-
nent for circular polarization (� � 1). We see that the
transverse component Ex of the SCPB has a Gaussian
profile in the transverse dimension x, with its maximum
on the propagation axis (x � 0). In contrast, the transverse
component Ey and the longitudinal component Ez are zero
along this axis and assume their (much smaller) extrema
around jxj 
 w0. Even though the electric source dipole
(1) is linearly polarized in the x direction [for panels (a)–
(c)], the transverse component Ey of the SCPB is not equal
to zero. However, its peak value is reduced by more than 1
order of magnitude compared with the x component.

Therefore, the strongly focused beam is no longer strictly
linearly polarized. Moreover, the transverse focusing has
enforced a nonzero longitudinal component. The temporal
profiles of Ex, Ey, and Ez are all different. Panel (d) shows
that for circular polarization the longitudinal component
Ez is nonzero along the propagation axis.

In order to elucidate the structure of the general SCPB
(8) for � � 0, we will first consider the limit of a plane
wave. The expressions can be obtained by letting the beam
waist w0 ! 1 in Eq. (8). For � � 0, we obtain

 Ex � Ref�iE0�p0���=p0�Ad�0��1Ad���g; (9)

where

 Ad��� �
�
1�

i�

!T2

�
2
�

1

!2T2 ; (10)

and By � Ex=c, while all other field components vanish.
The field depends on position only via the retarded time
� � t� t0 � z=c so that its wave fronts (surfaces of con-
stant phase) are planes. Owing to the complex factor Ad���,
the field (9), unlike the source (2), is no longer the product
of a carrier wave and an envelope. Its total phase is

 �����!��2arctan�sgn���
��������������
1��2

p
�����0��=2;

(11)

with � � �1�!2T2 � �2=T2�=�2!��. The corresponding
instantaneous frequency !e��� � d����=d� satisfies

 !e�0� � !e���>!: (12)

Hence, the �-dependent frequency is highest at the center
of the pulse and blueshifted with respect to the carrier-
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FIG. 1 (color online). Profiles of the electric-field components
for � � 2�c=! � 1:054 �m, T � 0:5T0, w0 � 1 �m, �0 �
0:5�, t0 � 0 at y � 0:5w0 and z � 0 as functions of � and x
for linear polarization (a)–(c) and circular polarization (d) of the
generating dipole (1). Note the different scales for the various
field components.
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wave frequency ! throughout the entire pulse [10].
Moreover, the pulse is chirped on either side of � � 0.
These effects are strong when T is small compared with T0,
in which case the center frequency can significantly exceed
the carrier frequency. We will refer to the frequency shift as
a self-induced blueshift (SIBS).

Figure 2 shows the temporal profiles of plane-wave
subcycle pulses for different pulse durations with and
without the SIBS taken into account. The latter case is
realized by replacing the factor Ad�0��1Ad��� in Eq. (9) by
unity. It is evident that in the subcycle region, the SIBS
greatly affects the temporal profile. For T > T0, on the
other hand, its effect quickly disappears. Figure 2(d) shows
the integral of the electric-field component Ex over time for
the plane-wave pulse when the factor Ad���=Ad�0� in
Eq. (9) is replaced by unity. The presence of the SIBS
causes this integral to be zero, as can easily be seen
analytically. If the SIBS is dropped, for T � T0 the inte-
gral acquires a substantial nonzero value, revealing the
presence of a large dc component. Under quite general
assumptions [11], a laser field will satisfy the conditionR
E�r; t�dt � 0 at fixed position r. A field that violates this

condition may cause artifacts, which will be illustrated by
the example below.

In order to see the relation of the general SCPB to the
standard pulsed Gaussian beam [12,13], as a second special
case we investigate the paraxial limit where the transverse
coordinates are small compared with the longitudinal co-
ordinate z. To this end, we expand R0 to second order in x
and y:

 R0 � z� iz0 �
1

2

	2

z� iz0
�    ; (13)

where 	2 � x2 � y2. The x component of the linearly

polarized pulse (8) then becomes

 Ex � Re�E0Ap��; z�Ac�e��; z; 	�As�t��; z; 	�B�1�; (14)

where

 Ap��; z� � Ad��� �
i

k�z� iz0�

�
1�

i�

!T2

�
; (15)

 Ac�e��; z; 	� �
z0

z� iz0

p0���
p0

exp
�
�
ik
2

	2

	�z�
�

	2

w�z�2

�
;

(16)

 As�t��; z; 	� � exp
��

1� i
z0

z

�
�

2cT2

	2

	�z�

�
; (17)

with 	�z� � z� z2
0=z the radius of curvature of the wave

front and w�z� � �w0=z0�
���������������
z2 � z2

0

q
the beam width. We

have dropped terms of order R0�2 and higher. To the
same order, Ey and Bx vanish and Ez and Bz are of the
order of z�1. The function Ac�e��; 	; z� contains the source
function (2) and the standard Gaussian exponential. This is
multiplied by the function As�t��; 	; z�, which goes to
unity in the limit of large T, but mixes the dependence
on �, z, and 	 in a characteristic fashion if T is comparable
with or smaller than the carrier-wave period T0. The total
phase of the pulse (14),

 ��	; z; �� � ����� �  �z; 	� �
z0

z
�

2cT2

	2

	�z�
; (18)

is the sum of the phase ����� � !�� arg�Ap��; z���
�0 � �=2 [note that arg�Ap��; z�� generalizes the phase
���� of Eq. (11)], the phase

  �z; 	� � arctan�2z=�kw2
0�� � k	

2=�2	�z�� (19)

of a stationary Gaussian pulse, and a spatiotemporal cou-
pling phase, which is a characteristic novel feature of the
SCPB.

The total phase (18) contains both the common Gouy
phase [the first term on the right-hand side of Eq. (19)] and
the SIBS phase [the second term on the right-hand side of
Eq. (11)]. The latter is caused by the finite pulse duration,
while the Gouy phase is due to the finite lateral spatial
extent of the pulse [14,15]. The SIBS phase exists for any
pulse of finite duration just as the Gouy phase exists for any
focused pulse. However, only when the pulse duration
approaches the single-cycle regime, will the SIBS phase
become noticeable.

Next we address physical manifestations of the SIBS.
Let us calculate the acceleration of a free electron by the
SCPB (8) by solving numerically the relativistic equations
of motion for an electron in a laser field [16–19], dre=dt �
pe

 and dpe=dt � �ReE� pe


c	 ReB, where re and pe are
the position and the mechanical momentum of the electron,

and 
 �
���������������������
1� p2

e=c2
p

in atomic units. We let the electron

 

FIG. 2 (color online). Temporal profiles of the x component of
a linearly polarized cosine-type pulse (�0 �

�
2 , z � 0) in the

plane-wave limit (w0 ! 1) for different pulse durations with
(solid line) and without (dashed lines) the self-induced blueshift
[panels (a)–(c)]. Panel (d) shows the time integral of Ex in the
latter case.
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start from the position r0 � �0; 0; 0� with zero velocity at
an early time (t � �10T0) before the arrival of the SCPB.

Panel (a) of Fig. 3 shows the electron energy as a
function of time for the cosine (�0 � �=2) plane-wave
SCPB (9). If the SIBS is ignored as described above so that
the pulse acquires a nonzero dc component, the electron
leaves the pulse with a substantial final energy, correspond-
ing to 
 � 1:65. This violates the known fact that the net
acceleration of a free electron by a plane-wave field is zero
[20]. As we have shown, an SCPB being a solution of
Maxwell’s equations automatically includes the SIBS. If
this is properly taken into account, according to Eq. (9), the
curve 
�t� is exactly symmetric about the pulse’s central
peak, and the net energy gain becomes zero, as it should.
Figure 3(b) compares the electron acceleration by a fo-
cused subcycle Gaussian sine beam as given by Eq. (8) and
by a standard Gaussian sine beam in the paraxial and the
carrier-envelope approximation. The standard Gaussian
sine beam is described by Eq. (14) with Ap��; z� � 1 and
B � 1. Again, there are substantial differences between the
energy gain due to the exact pulse and the approximated
Gaussian pulse. The latter exaggerates the net energy gain
by a factor of more than 2 (
 � 84 rather than 
 � 35 for
the exact pulse). Note that the energy gain of an electron
that is swept over by a focused pulse is not necessarily
zero, unlike in the case of a plane-wave pulse discussed
above.

In conclusion, we have presented exact analytical ex-
pressions for the electric and magnetic fields of focused

subcycle pulsed beams. Their precise form is critically
important in the calculation of the physical effects caused
by subcycle pulses. The crucial feature is the existence of a
temporal analog of the Gouy phase. This phase introduces
a frequency blueshift of the pulse, which is maximal at its
center. In the relativistic regime, this blueshift has a sig-
nificant effect on the energy gain of an electron that is
swept over by the pulse. If it is neglected, the gain may
come out much too large.
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[11] See, e.g., D. B. Milošević, G. G. Paulus, D. Bauer, and
W. Becker, J. Phys. B 39, R203 (2006).

[12] Z. Wang, Z. Zhang, Z. Xu, and Q. Lin, IEEE J. Quantum
Electron. 33, 566 (1997).

[13] E. Heyman and L. B. Felsen, J. Opt. Soc. Am. A 18, 1588
(2001).

[14] S. Feng and H. G. Winful, Opt. Lett. 26, 485 (2001).
[15] F. Lindner, G. G. Paulus, H. Walther, A. Baltuška,
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FIG. 3 (color online). The relativistic factor 
 � E=�mc2� of a
free electron accelerated by the SCPB (8) with peak intensity
I � 1	 1021 W=cm2 and T � 0:5T0 under various approxima-
tions: (a) Limit of a plane wave (w0 ! 1) with [solid (red) line]
and without [dashed (black) line] SIBS; (b) exact sine (�0 � 0)
SCPB as given by Eq. (8) with w0 � 2 �m compared with a
Gaussian pulse obtained by neglecting the SIBS.
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