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We propose an experimental scheme to observe spin Hall effects with cold atoms in a light-induced
gauge potential. Under an appropriate configuration, the cold atoms moving in a spatially varying laser
field experience an effective spin-dependent gauge potential. Through numerical simulation, we demon-
strate that such a gauge field leads to observable spin Hall currents under realistic conditions. We also
discuss the quantum spin Hall state in an optical lattice.
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The spin Hall effect has recently attracted strong interest
in condensed matter physics because of its connection to
quantum Hall physics [1,2] and its potential applications in
spintronics [3—9]. In analogy to the conventional Hall
effect related to charge currents, the spin Hall effect refers
to the generation of a spin current transverse to an applied
electric field. It has been proposed to occur in certain solid-
state systems with some primitive experimental demon-
stration [3]. An essential requirement for observation of the
spin Hall effect is the generation of an effective spin-
dependent gauge potential either in momentum space [S—
7] or in real space [8].

It has been widely acknowledged that ultracold atomic
gases provide an ideal playground to experimentally in-
vestigate some fundamental phenomena originally con-
nected with condensed matter systems [10]. The
remarkable controllability in these systems allows a clean
study of much complicated physics in a controllable fash-
ion. The generation of an effective gauge potential in
atomic systems has raised significant interest, from the
earlier implementation of rotating traps [11] to the more
recent work on light-induced gauge fields [12-18].
Although most previous work focuses on the study of
scalar gauge fields, it is natural to ask whether it is possible
to study the spin Hall effect in an atomic system.

In this paper, we propose an experimental scheme for
observation of the spin Hall effects in a cold atomic gas.
We show that for atoms with a simple A-type three-level
configuration moving in a spatially varying laser field, a
spin-dependent gauge potential in the real space naturally
arises in connection with the Berry phase associated with
the atomic motion. Under an applied effective “electric’
field, which can be generated from gravity for instance, the
atoms will follow a spin-dependent trajectory, which leads
to a net spin current in the direction perpendicular to the
electric and the gauge field while the mass current is zero.
Furthermore, we show it is easy to generate different forms
of the gauge field in this system, with a strong periodic
gauge field as an example. The diverse configurations of
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the gauge field, in combination with the tunable interaction
and the controllable potentials for the atomic gas, may
allow us to study various kinds of interesting Hall physics
in this system. With this gauge field, we also discuss the
associated quantum spin Hall effect for fermionic atoms in
an optical lattice.

We consider an atomic gas with each atom having an
A-type level configuration as shown in Fig. 1(a). The
ground states |1) and |2) are coupled to an excited state
|3) through spatially varying laser fields, with the corre-
sponding Rabi frequencies (); and (),, respectively.
Different from the previous work [15,18], we assume
here off-resonant couplings for the single-photon transi-
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FIG. 1 (color online). Schematic representation of the light-
atom interaction for generation of effective spin-dependent
gauge fields. (a) Three-level A-type atoms interacting with laser
beams characterized by the Rabi frequencies (), (), through the
Raman-type coupling with a large single-photon detuning A.
(b) The configurations of the Raman laser beams. Configuration
I: two counterpropagating and overlapping laser beams with
shifted spatial profiles (see also Ref. [18]). (c) Configuration
II: A periodic gauge field can be created by four overlapping
laser beams propagating along the shown directions. The upper
two form the Raman beam (); while the lower two form (,.
(d) A Raman configuration to transfer the bright state to a
different hyperfine level |F’) for detection. The |1) and |2) are
assumed to be different Zeeman states on the same hyperfine
level |F).
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tions with the same large detuning A, and we will use the
bright state as well as the dark state to realize a spin-
dependent gauge field for the atoms.

The full quantum state of the atoms |®(r)) (including
both the internal and the motional degrees of freedom) can
be expanded as |®(r)) = Z;’=l ¢ ;(r)|j), where r denotes
the atomic position. The Hamiltonian of the atom has the
form H = 2"—; + V(r) + Hiy, where m is the atomic mass,
V(r) denotes the external trapping potential which we
assume to be diagonal in the internal states |j) with the
form V(r) = 3 ;V;(r)|j)l, and H, is the laser-atom in-
teraction Hamiltonian, given by

0o 0 Q
Hy=(0 0 O (H
Q0 2A
in the basis {|1), |2), |3)}. We parametrize the Rabi frequen-
cies through ), = Q sinfe’? and Q, = () cosf with ) =

[Q,]7 + |Q,]? (6 and ¢ are in general spatially varying).
The eigenvectors (the dressed states) |yx) =
(Lxi) 1xa) Ixs)™ of the Hamiltonian Hj, are specified

by |x) = U(I1),12), 13))™ (Tr denotes the transposition),
where

cosé — sinfe ¢ 0
U= ( sinf cosye'? cosfcosy — siny > 2)
sinf sinye'®  cosf@siny  cosy

and 7y is given by tany = (VA% + Q> — A)/Q, with the
corresponding eigenvalues A = (0, A — VAZ + Q% A +
VA? + Q%)™ In the new basis | y), the full quantum state
of the atom |®(r)) is written as |®(r)) = 3 V;(r)|x;(r)),
where the wave functions ¥ = (¥, ¥, ;)T obey the
Schrodinger equation ihd, W = HW, with the effective
Hamiltonian H taking the form

H= i(—ihv — A2 + V() (3)
2m
where A = ihUVU?' and V(r) = Al + UV(r)Ut (I is the
3 X 3 unit matrix) [19]. From Eq. (3), one can see that in
the new basis the atoms can be considered as moving in a
gauge potential A and a scalar potential V(r).

We are interested in the subspace spanned by the two
lower internal eigenstates {| x,), | x2)} (called, respectively,
the dark and the bright state). This gives an effective
spin-1/2 system, and in the spin language we also denote
|x1) = |x1) and | x;) = | x2). In the case of a large detuning
(A > ), both states | x;) and | x;) have negligible contri-
bution from the initial excited state |3), so they are stable
under atomic spontaneous emission. Furthermore, we as-
sume the adiabatic condition, which requires the off-
diagonal elements of the matrices A and V are much
smaller than the eigenenergy differences |A; — A;| (i, j =
1, 2, 3) of the states |y;). This gives the quantitative
condition F <« Q?/2A, where F = cos?|v - V(tanfe'?)|
(v is the typical velocity of the atom) represents the two-

photon Doppler detuning [18]. Under this adiabatic condi-
tion, the Schrodinger equation for the wave function W
becomes diagonal in the basis {|y;)}, and in the lower

subspace  spanned by {[xp), [x))}, the effective
Hamiltonian takes the form
H, O
Ha = (o 1) )
eff < 0 Hl

where H, = 5-(=ihV — A,)? + V,(r), (¢ =1, |). The
gauge and the scalar potentials A, and V,, for the spin-o
component are given by A, = ii(x,|V|x,) and V,(r) =
Ao + XolVIXe) + LV XAV X0 + KXol VXo)?],  re-
spectively. Through Eq. (2), one can find out that A; =
—A| = —hsin?6V e and the related gauge field

B,=VXA, = —n,hsin20)V0 X Vo, (5

where n; = —n; = 1. We get exactly a spin-dependent
gauge field from the above configuration of the laser-
atom coupling, which is critical for the spin Hall effect.

We consider two specific configurations of the laser
beams, which generate different spatial variations of the
gauge field. First, two counterpropagating Gaussian laser
beams with shifted centers generate a spatially slowly
varying gauge field [18]. The spatial profiles of the corre-
sponding Rabi frequencies (); have the form (; =
Qpexp[—(x — x;)?/oglexp(—ik;y), (j = 1, 2), where the
propagating wave vectors k; = —k, = k/2 and the center
positions x; = —x, = Ax/2 [see Fig. 1(b)]. Under these
two laser beams, the gauge field is given by

—n hk n,hk
Al =—"7 e l=— "7 e,
Tl e¥d 4dcosh?(x/2d) *

where d = 03/(4Ax). Second, through overlapping
of two standing-wave laser beams as shown in
Fig. 1(c) with the corresponding Rabi frequencies
Q, = Qg cos(kx sina)e*cos« and Q, =
Q, sin(kx sina)e k5@ (o is the angle of the propagating
laser beams to the y axis), we generate a spatially periodic
gauge field, given by

Al = 2q,nk'sin?(k'x)e,,

(6)

B = 27,7k” sin(2k'x)e.
(7

with kX' = ksina. Under a slowly varying gauge field B!,
one can have local Landau levels, and with a spatially
periodic gauge field BI, we expect to have Bloch-type
wave functions, similar to the case of particles in a periodic
potential.

The spin Hall effect can be demonstrated by observing a
spin Hall current. In the following, first we propose an
experiment to detect the spin Hall current in an atomic gas
with the above configuration of the light-atom coupling,
and then we discuss the quantum spin Hall effect in an
optical lattice. For observation of the spin Hall effect, we
need an effective electric field E which drives atoms in one
direction, and a spin current should be observed in a
direction perpendicular both to the electric field E and
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the gauge field B,. The electric field can be conveniently
provided through gravity on the neutral atoms. We assume
the internal state of the atoms is in superposition of the spin
1 and | components under the laser beams shown in
Figs. 1(b) and 1(c). The external atomic trap is turned off
at time ¢ = 0, and the atoms fall off due to gravity with an
acceleration g = 9.8 m/s? (along the direction e,). Under
the effective gauge field, the equations of motion are

Xo = p5/m,

p)é' = [(aan')p%' - Ao'axAO']/m - axV(r’

8)

Vo =I[pe —Asl/m, po = mg, ®)

where the gauge potential A,, is either A! or A, and V, is
the corresponding scalar potential induced by the same
laser beams. The coordinates and the momenta x,, y,,
pE, ph are understood as variables (operators) in the
classical (quantum) cases, respectively.

To have some intuitive idea, in Figs. 2(a) and 2(b) we
show the typical classical trajectories of the atoms under
the gauge fields B!, or BY. One can clearly see that the
trajectory of the atom depends on its spin state o, and such
a dependence leads to the spin Hall current in the horizon-
tal direction for the case of many particles. For the gauge
field B, the trajectory is a parabola, while for BY it is an
oscillation around the nearest stable point. The spin-
dependent stable points for BY are determined by the zeros
of the corresponding Lorentz force, which are given by
x, = (n + 1/2)7/ksina (x,, = nw/ksina) with an inte-
ger n for the spin- T (| ) component, respectively.

The trajectory of a single atom is hard to detect, and it is
much easier in experiments to measure the density evolu-
tion of an ensemble of noninteracting atoms. We assume
at t = 0 (the moment when the trap is turned off), the
number density and the velocity distribution of the
atomic gas are both described by Gaussian functions
with p,(x,y) = Qmo2) e @*)/297 and p, (v, v,) =
Q7o) le” Wi tvD290  respectively, where o, and o,
characterize the corresponding spatial and velocity varian-
ces. These variances include contributions from both quan-
tum uncertainties of the atomic motion and classical
broadening due to the finite temperature effect. The evo-
lution of the density profile of the atomic gas is simulated
numerically by solving Egs. (8) and (9), and the results are
shown in Fig. 2(c) and 2(d) for the gauge fields B! and B
respectively. Under B, the ensemble splits into the spin-up
and spin-down clusters, which is a manifestation of the
spin Hall current along the x direction. Under B, the
atoms form periodic patterns with micro-separation of
the different spin components.

To experimentally detect the spin current (or spin sepa-
ration) as shown in Fig. 2, right before the imaging one can
transfer the dressed bright state | x|) to a different hyperfine
level |F') by turning on a laser pulse (with a Rabi frequency
Q r) that couples the excited state |3) to |F’) [see Fig. 1(d)].
This pulse, together with the original laser beams {2, and
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FIG. 2 (color online). Spin-dependent trajectories of a single
atom (a),(b) and spin-dependent evolution of the density profiles
of an ensemble of atomic gas (c),(d) under gravity (which
provides an effective electric filed) and a light-induced gauge
potential. The spin current along the x direction is a manifesta-
tion of the spin Hall effect. The gauge potentials in (a),(c) and
(b),(d) are generated by the laser configurations I and II, re-
spectively. The sinusoids in (b) denote the effective gauge fields
B, . The directions of the Lorentz forces F, change periodically
in this case and are shown by the arrows there. The dotted (solid)
vertical lines in (b) and (d) denote the stable equilibrium posi-
tions for spin-up (spin-down) atoms. In (c) and (d), the density
profiles of the atomic gas are shown at time ¢ = 0, 4, 6 ms. For
calculations in (a)—(d), we take the following typical experimen-
tal parameters with oy = 10 um, Ax = 2.5 um, k = 10’ m™!
for the laser configuration I, and ksina = 5 X 10’ m™! for the
laser configuration II. In both configurations, Q3/A = 10° Hz.
In (a),(b), the initial atomic velocity is assumed to be zero, and
the initial positions x =0, y = 0 for (a) and (x = 2.5, 5 um,
y = 0) for (b). The parameters for the atomic ensemble in (c),(d)
are given by o, =2.0 um and o, = 0.5 cm/s. The atomic
mass is taken to be the one for 8’Rb. With the above parameters,
we have checked the adiabatic condition is well satisfied during
the evolution.

),, make a Raman transition with an effective
Hamiltonian Hy = (Q;Q/A)|xXF'| + Hc. (note that
the dark state | y;) is still decoupled because of the phase
relation between (), and (),). Although the form of the
bright state | x,) is spatially varying, the Rabi frequency ()
(and thus also Q7.2 /A) is spatially constant (for the laser
configuration II) or almost constant (in the overlap region
for the laser configuration I). We can thus choose the pulse
duration so that it makes a complete Raman transition (7
pulse), and the atomic motion can be neglected during such
a short duration. After this Raman 7 pulse, the initial
different dressed spin states are mapped to different hyper-
fine levels, and the populations in different atomic hyper-
fine levels can be separately imaged with the known
experimental techniques.

We now consider quantum spin Hall effect with fermi-
onic atoms in an optical lattice. In this case, the scalar
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potential V(r) is spatially periodic. We assume the optical
lattice has a higher intensity along the vertical direction so
that the tunneling rate along the z axis is negligible. One
then has an effective 2D system in the x-y plane. The gauge
field B, (r) (along the z axis) is assumed to be nearly
constant or spatially periodic in the lattice (which corre-
sponds to the above laser configurations I and II, respec-
tively). The wave function in this case can still be written as
W, (r) =3 xul(k r)e®T, where k is the Bloch wave
vector and the nth band wave function u,,,(k, r) satisfies
the Schrodinger equation with the effective Hamiltonian
[20]

hZ

o= %{(—iax + k) +[—idy + k, — A, (0]}
+ Vy(x, y) (10

Under an effective electric field E along the y direction
(Ey, = mg through acceleration g), the Hall current along
the x direction is given by J7 = {(pjvy) = o}E,
for the spin-o component with the linear response
theory. The Hall conductivity then has the expression
a-,(vry = (1/27Th)Znkpa'(eg(k))(ak,az-y - ak}.agxl where
ag, (k) = inug (k)[9;, u (k) (u = x, y) and p”(e;(k))
denote the density of states of the nth band with the band
energy €9 (k). The mass and the spin currents are defined
by JI' = JL+JL and Ji = JL—J, respectively. With
Ay = —A; and V, nearly independent of the spin o, we
have JI' = 0 and J{ = 2J%. So, there is a net spin current,
as a characteristic feature of the spin Hall effect. The spin
Hall current is quantized if the chemical potential of the
system (controlled by the atom number density) is inside a
band gap. In this case, o¢, = (1/27h)CY,, where C, =
i/2m [ dkodk, (3 ug|o ug) — (9 uglo, ug)) s the
Chern number which takes only integer values [20]. The
spin current is then an integer multiple of 1/(##).
Finally, we briefly discuss detection of the quantum spin
Hall effect. With a nearly constant gauge field (such as the
one provided by the laser configuration I in Fig. 1), the
cyclotron length scale is estimated by [~ \/i/B; ~
oo/~kAx. The region of the gauge field is characterized
by the laser profile with an area about S = 4d X ko3. The
degeneracy of each Landau level is then estimated by
S/(mwl?) ~ 3.2 X 10°. With about 10° atoms in a three-
dimensional optical lattice which separates the atomic
gas into about 107 independent layers, the atom number
of each layer is of the order of 10%, so only a few lowest
Landau levels will be occupied. As the filling number is of
the order of unity, the quantum effect should become
important at low temperature. To detect the quantum spin
Hall effect, one can apply an effective electric field by
tilting the lattice along one direction (through gravity or
through lattice acceleration induced with a nonlinear fre-
quency chirp on the laser fields that form the optical
lattice), and then detect the spin current accumulation

along the vertical direction through separate imaging of
the two different spin components as described before.

In summary, we have proposed an experimental scheme
to realize effective spin-dependent gauge potentials on
cold atoms with laser beams and to observe the spin Hall
effect with an ensemble of atomic gas.
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Note added in proof.—During publication of this work,
we became aware that the atomic spin Hall effect was also
discussed by Liu et al. in Ref. [21] under a different atomic
configuration.
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