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We show that the symmetry of the spin zigzag chain E phase of the orthorhombic perovskite
manganites and nickelates allows for the existence of a finite ferroelectric polarization. The proposed
microscopic mechanism is independent of spin-orbit coupling. We predict that the polarization induced by
the E-type magnetic order can potentially be enhanced by up to 2 orders of magnitude with respect to that
in the spiral magnetic phases of TbMnO3 and similar multiferroic compounds.
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Introduction.—The switching of the electric polariza-
tion P by a magnetic field of a few Tesla discovered in
TbMnO3 [1] and TbMn2O5 [2] has ignited enormous in-
terest in a class of materials that can be termed improper
magnetic ferroelectrics (IMF’s). While there is no intrinsic
ferroelectric (FE) instability in the IMF’s, P emerges due to
its coupling to the primary magnetic order parameter.
Hence, the FE phase transition coincides with the corre-
sponding magnetic transition, and P is very sensitive to
magnetic field-induced changes of the magnetic state [1–
9]. Symmetry imposes rather strict conditions on the pos-
sible magnetic order parameters—the magnetic structure
must have low enough symmetry in order for the system to
form a polar axis. As a consequence, the IMF’s often have
complicated noncollinear structures, including spiral and
incommensurate [6–13], while the IMF phases with col-
linear magnetism are rare [14,15]. Noncollinear magnetic
structures are stabilized due to either competing inter-
actions (frustration) or anisotropies generated by spin-
orbit coupling, which leads to reduced transition tem-
peratures and weaker order parameters. The magnitude
of P (�0:1 �C=cm2) is also affected by its weak coupling
to magnetism. In turn, collinear IMF’s may prove more
promising for future applications as they are less prone to
the obstacles mentioned above.

In our present Letter, we turn our attention to the col-
linear E-type magnetic phase that has been observed in
perovskite manganites [16,17] and nickelates [18–21].
First, we show that this is a previously overlooked example
of an IMF. Second, in contrast to the most extensively
theoretically studied case of spiral magnetism [22–24],
the mechanism responsible for ferroelectricity in the mag-
netically ordered phase does not rely on the presence of
anisotropic Dzyaloshinskii-Moriya interaction. In our case,
P appears due to a gain in the band energy of the eg
electrons in the double-exchange model. We estimate
that P can be potentially larger than that in the spiral
magnets by up to 2 orders of magnitude, thus paving a
way for IMF’s to reach the values of P common for other
multiferroic systems with better ferroelectric properties
[25,26].

In the perovskite manganite family RMnO3 (space
group Pbnm), the E-phase was first reported for R � Ho
as a result of magnetic structure refinement by neutron
diffraction [16]. The magnetic unit cell of the E-phase,
forming at low temperature below TL � 26–29:6 K
[16,27], is shown in Fig. 1(a). The Mn atoms with parallel
spins form zigzag chains in the ab-plane, with the chain
link equal to the nearest-neighbor Mn-Mn distance. The
neighboring zigzag chains in the b-direction have antipar-
allel spins. Figs. 1(b) and 1(c) show that the equal-spin
E-phase structure can be obtained from the simple sine-
wave structure by locking-in its modulation vector kb �

1
2

and fine-tuning its phase. The ab-planes are stacked anti-
ferromagnetically (����) along the c-direction.
Interestingly, Lorenz et al. [27] reported on a large mag-
netic field dependence of the dielectric constant below TL,
which may be an indication of the multiferroic state.

 

FIG. 1 (color online). (a) Magnetic unit cells of the two
E-phase domains in HoMnO3 corresponding to the (E1, 0,
�Pa) and (0, E2, Pa) solutions of (2). The arrows on the Mn
atoms denote the directions of their spins. The FE displacements
are not shown, but the direction of P is indicated. (b) The simple
sine-wave magnetic structure of HoMnO3 for TL < T < TN �
42:2–47:5 K [16]. (c) The E-phase magnetic structure below TL.
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Landau theory.—Independently of the microscopic
mechanism, the possibility of a FE state in magnets can
be examined by considering the symmetry allowed terms
in the Landau potential [6,11,24,28,29]. We define the
symmetric coordinates corresponding to the E-phase as

 

E1 � S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8;

E2 � S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8;
(1)

where Si is the spin of the ith Mn atom in the magnetic unit
cell, as shown in Fig. 1(a). Since the Mn spins in HoMnO3

point along the b-axis [16], below we consider only the
b-components of E1;2 denoted by E1;2. However, the ex-
pression for the Landau potential derived below is valid for
any component of E1;2. E1 and E2 span an irreducible
representation of the space group Pbnm corresponding to
k � �0 1

2 0�. The properties of this representation are sum-
marized in Table I. Taking into account that P transforms
as a polar vector, we obtain the following form of the
Landau potential corresponding to the E-phase,
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where � is the dielectric susceptibility of the paraelectric
phase, and the other coefficients are phenomenological
parameters. Minimizing F with respect to P, we obtain
Pa � �c��E

2
1 � E

2
2�, Pb � �d��E

2
1 � E

2
2�E1E2, and

Pc � 0. Therefore, each of the four domains of the
E-phase [(� E1, 0) and (0, �E2)] is IMF with the polar-
ization along the a-axis and different signs of Pa for E1 and
E2. We also notice that the b-axis component of P can be
locally present within the domain walls where E1 and E2

coexist [30].
The E-type phase in the nickelates also consists of spin

zigzag chains that have a different direction in the ab-plane
and a different stacking along the c-axis (����) [18–
21]. The corresponding modulation vector is k � �12 0 1

2�.
The Landau theory analysis leads to results similar to the
manganite case. For nickelates, the symmetric coordinates
E1 and E2 (not given here) are written in terms of 16 Ni
spins of the magnetic unit cell which is 4 times the crys-
tallographic unit cell. It leads to a Landau potential similar
to (2) with Pa replaced by Pb in the fourth term and d � 0.

Thus, P in the E-phase of nickelates is parallel to the
b-axis.

Microscopic model.—To understand microscopically
the possible mechanism of ferroelectricity in the E-phase,
we use Monte Carlo (MC) simulations to study the ground
state properties of the following Hamiltonian for mangan-
ites based on the orbitally degenerate double-exchange
model [31–33] with one eg-electron per Mn3� ion,
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where dyi� is the creation operator for the eg electron on
orbital � � x2 � y2�a�, 3z2 � r2�b�; a � x; y is the direc-
tion of the link connecting the two nearest-neighbor Mn
sites; and Si is the classical unit spin, given by the polar
angle 	i and azimuthal angle
i, representing the electrons
occupying the t2g orbitals on the i-th Mn site. The t2g spins
interact directly through the antiferromagnetic superex-
change JAF > 0. Ci;j � cos	i

2 cos
	j

2 � sin	i
2 sin

	j

2 e
�i�
i�
j�

is the double-exchange factor arising due to the large
Hund’s coupling that projects out the eg electrons with
spin antiparallel to Si.Qmi represent the classical adiabatic
phonon modes, with stiffnesses �m, due to the displace-
ments of the ligand oxygen ions surrounding the i-th Mn
site. The phonon stiffnesses were chosen as follows—for
the Jahn-Teller modes: �1 � 2:0, �2 � �3 � 1:0; for the
FE mode: �FE � 8:0; and for the rest of the modes: � �
10:0. Except for the Jahn-Teller modes [31,32], this choice
is driven only by the efficiency of the MC simulations, and
it does not reflect the actual frequencies of the phonon
modes, which are presently unknown. We illustrate below
how P can be obtained in physical units. The third term in
Eq. (3) is the Jahn-Teller coupling with constant � and the
eg-orbital operators �i � dyiadia � d

y
ibdib, �xi � dyiadib �

dyibdia, and �zi � dyiadia � d
y
ibdib.

Our improvements over previous approaches to this
model are the following. First, we explicitly consider the
dependence of the hoping parameters tia�� on the angle of
the Mn-O-Mn bond ’ia. Taking into account only the
largest Mn-O �-bond contribution, we find [34] txaa �
tyaa � �t cos3’, txbb � tybb � �t cos’=3, txab � txba �
�tyab � �t

y
ba � �t cos2’=

���
3
p

, where t � 3
4 �pd��

2 is
taken as the energy unit hereafter. We neglect the ’ de-
pendence of JAF since it has a smaller energy scale than t.
Second, Qmi’s are defined such that the elastic energy term
in (3) is minimal for ’ia 	 ’0 < 180
. This allows us to
model the initial structural buckling (GdFeO3-type) dis-
tortion present in the orthorhombic perovskites [35]. In
particular, the buckling mode is defined in two dimen-
sions as Qbuckle;i � yi1 � yi2 � xi3 � xi4 � ��1�ix�iy4u0,
where xik, yik are the displacements of the oxygen
atoms from their ideal position in the 180
 Mn-O-Mn

TABLE I. Matrices of the generators of space group Pbnm in
the irreducible representation spanned by E1, E2. The space
group elements are denoted (rjhkl), where r is the identity
operation 1, twofold rotation 2a;c, inversion I, or time reversal
10 followed by the translation � � ha� kb� lc.

(2aj
1
2

1
2 0) (2cj00 1

2 ), (Ij000) (1j010), (10j000)

E1 �1 0 0 1 �1 0
E2 0 1 1 0 0 �1
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bond, u0 � a0 cot’0

2 , and a0 is the Mn-O distance in the
180
 Mn-O-Mn bond [see Fig. 2(a)]. Since the buckling
distortion in the considered perovskites is present at tem-
peratures well above the magnetic transitions, we consider
’0 as a fixed parameter of the model. For HoMnO3, ’0 is
close to 144
 [35]. As shown below, this distortion plays a
crucial role in generating ferroelectricity in the E-phase.
Introducing ’0 < 180
 effectively reduces the symmetry
of the Hamiltonian (3) although it is still invariant with
respect to the inversion symmetry centers located at the
every Mn site. The FE polarization emerges only due to the
spontaneous symmetry breaking caused by the E-phase
magnetic order.

Monte Carlo results.—Many results of the model (3)
regarding magnetic and orbital order, without the modifi-
cations mentioned above, are reported in Ref. [32]. Our
present treatment essentially confirms those results. The
ground state phase diagram in two dimensions contains the
ferromagnetic phase, E-phase, and the Neél-like G-phase.
Here we focus our attention on the new results directly
related to the ferroelectricity of the E-phase. A typical low-
temperature E-phase MC snapshot is shown in Fig. 2(b). In
accordance with the absence of spin-orbit interaction in
Hamiltonian (3), it is invariant with respect to collective
spin rotations; therefore, the preferred spin direction is
chosen randomly in our MC simulations. However, the
ferromagnetic zigzag chains are clearly established in the
ground state. As is seen from the snapshot, the double-
exchange physics plays a crucial role in the formation of
the FE state. Because of the factor Ci;i�a, the electron
hopping is prohibited between Mn atoms with opposite
t2g spins. Hence, the displacement of the corresponding
oxygen atom perpendicular to the Mn-Mn bond (these
displacements are not Jahn-Teller active) is only due to
the elastic energy, which favors the bond angle ’0. On the
contrary, hopping is allowed along the ferromagnetic zig-
zag chains [36]. Since hopping energy is minimal for the
180
 bond, the competition between the hopping and
elastic energies generally results in a bond angle ’, such
that ’0 <’< 180
 [see Fig. 2(c)]. Since ’ only depends

on the nature of the bond (ferromagnetic vs antiferromag-
netic), the direction of the oxygen displacements is the
same in all zigzag chains, even though neighboring chains
have opposite spin. This leads to the overall coherent
displacement of the center of mass of the O atoms with
respect to the Mn sublattice, similarly as proposed in
Ref. [15] for the field-induced phase of TbMnO3. It is
easy to see from Fig. 2(b) and 2(c) that the resulting FE
polarization points along the diagonal connecting the next-
nearest-neighboring Mn atoms, i. e., the a-axis in the
orthorhombic setting, are in perfect agreement with
Landau theory.

The value of P.—Figure 2(d) shows the calculated ab-
solute value of the polarization Pcalc, defined as the oxygen
displacement per one ‘‘unit cell’’ containing one Mn and
two O atoms averaged over MC steps, plotted versus’0 for
different values of JAF. P vanishes for ’0 � 180
 for all
values of JAF. In this case, both the hopping and elastic
energies are optimal when ’ � ’0 � 180
, the same for
ferromagnetic and antiferromagnetic bonds. To demon-
strate that this is also consistent with the symmetry argu-
ments of Landau theory, we note that the symmetry of the
lattice with 180
 bonds is higher than that with ’0 < 180
.
Particularly, additional inversion centers are located at the
O sites if ’0 � 180
. While the E-type magnetic structure
breaks inversion symmetry for centers located at the Mn
sites, it is invariant with respect to the O-site centers, and
thus the magnetic phase transition cannot induce FE order.
In terms of the Landau potential (2), the coefficients c and
d must be zero in this case.

The MC calculated value of the polarization Pcalc for
’0 � 145
 corresponding to HoMnO3 reaches 0.08. It can
be shown from the model (3) that the FE displacements
scale as t=�FEa0. In the simulations, we set t � 1 and a0 �
1, and the polarization in the physical units, in the point
charge approximation, is given by P � 12et�FE

�0FEa0V0
Pcalc, where

e is the elementary charge, �0FE is the FE phonon stiffnesses
in the physical units, and V0 is the unit cell volume. Using
a0 � 2:35 �A, V0 � 226 �A3 [16], t � 0:1–0:5 eV [31],
�0FE � 1–5 eV= �A2 [23], we obtain a range of values for
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FIG. 2 (color online). (a) The starting
configuration of a Mn-O-Mn bond. Num-
bers 1–4 enumerate the O atoms sur-
rounding one Mn. (b) An MC snapshot
of the IMF E-phase at T � 0:01. The fer-
romagnetic zigzag chain links are shown
as solid lines. The displacements of the
oxygen atoms are exaggerated. (c) Left.
The local arrangement of the Mn-O
bonds with disordered Mn spins (full
circles). Right. Oxygen displacements
(arrows) within the chains of opposite
Mn spins (open and crossed circles) in
the E-phase (see also Refs. [3,15]).
(d) MC results for the polarization at
T � 0:01 for different values of JAF.
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P between 0.5 and 12 �C=cm2, substantially larger than
the P observed in helical IMF’s. We can also estimate P
from the known experimental results for TbMnO3. Its
crystal structure is modulated in the collinear sine-wave
phase with wave vector kL � 2kM, where kM � 0:29 is the
magnetic wave vector. The displacement of the O atom n in
a Mn-O chain running along the x- or y-direction [see
Fig. 2(b)] is given by �rn � �r0��1�nfcos
kM �
cos��2n� 1�
kM � 2��g, for the magnetic structure de-
fined by Sa � Sc � 0, Sb � S0

b cos�nkM � �� [23]. If
kM � 1=2, then

P
n�r

a
n � 0 and the state is paraelectric.

The E-phase corresponds to kM � 1=2, � � 3
=4, and
hence �rn 	 �r0 represents a coherent displacement
within one chain. While the b and c components of �r0

have different signs in different chains, �ra0’s are the same.
Considering the TbMnO3 value �r0 � 10�2 �A [37] as an
estimate for �ra0 in HoMnO3, we obtain P � 2 �C=cm2

consistent with the calculated values.
Summary.—We argue that the symmetry of the spin

zigzag chain magnetic E-phase in orthorhombic perov-
skites with buckling distortion of the oxygen octahedra
allows the formation of a polar axis along the a-axis. The
microscopic mechanism of ferroelectricity is independent
of spin-orbit coupling, and P can potentially be up to 2
orders of magnitude higher than that in the helical IMF’s.
Note that the ideas described here are general, and the
E-phase provides just one example. In fact, the mechanism
is similar to the recently proposed explanation for the
ferroelectricity found in TbMnO3 at high fields [15], and
our effort provides a firm theoretical basis for that interest-
ing scenario. As to the E-phase nickelates, the microscopic
model considered here is not applied to them directly [38].
However, we expect that the same interplay between the
optimization of the electron hopping and the elastic energy
in the presence of the buckling distortion will lead to
ferroelectricity.
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Note added.—Following our prediction, B. Lorenz et al.
[39] reported on experimental evidence of ferroelectricity
in perovskite HoMnO3 and YMnO3. For the latter, the
E-phase was proposed in Ref. [17].
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