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The melting behavior of Ge nanocrystals embedded within SiO2 is evaluated using in situ transmission
electron microscopy. The observed melting-point hysteresis is large (�17%) and nearly symmetric about
the bulk melting point. This hysteresis is modeled successfully using classical nucleation theory without
the need to invoke epitaxy.
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The melting-freezing transition is the most familiar of
phase transitions and has a long history of quantitative
study [1,2]. The effect of particle size on the melting point
(Tm) of crystals has been studied for nearly a century,
beginning with the theoretical work of Pawlow [3] and
the first experimental observations of Takagi [4].
Thermodynamic analysis [5] predicts that the difference
between the bulk and nanocrystal equilibrium melting
points �T should vary inversely with particle radius [6–8]:
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with r the radius of the nanocrystal, Tm the bulk melting
point, L the heat of fusion per volume of the solid phase,
�L (�S) the density of the liquid (solid) phase, and �LV
(�SV) the energies of the liquid-vapor (solid-vapor) inter-
faces. For most materials, �T < 0, and experimentally it is
common to see nanocrystals with �T � �300 K [6,9].

Experimental observations of melting and freezing,
however, are often influenced by the kinetics of the nu-
cleation of the liquid and solid phases, respectively.
Lindemann [10] predicted that melting begins when the
amplitude of the vibrational motions in the lattice exceeds
a certain threshold value. Surface atoms are less strongly
bound, suggesting that melting should begin at the surface,
and this picture is supported by recent molecular dynamics
simulations of metal nanocrystals [11]. The phenomena of
superheating (an observed Tm above the bulk equilibrium
value) and supercooling (an observed Tm below the bulk
equilibrium value) are thus intimately tied to the solid-
vapor, liquid-vapor, and liquid-solid interface energies
(�SV , �LV , and �LS, respectively) [12]. If �LV < �LS �
�SV , a solid phase will not nucleate at the surface, and it
may be possible to supercool the liquid phase. In principle,
if �SV < �LS � �LV , the surface will not premelt and it
will be possible to superheat a solid. For bulk materials, the
first inequality holds but not the second [12]. Hence, one

can often supercool a bulk liquid with free surfaces but not
superheat a bulk solid under the same conditions.

Size-dependent kinetic barriers to melting of freestand-
ing nanocrystals were first considered quantitatively by
Couchman and Jesser [7]. They calculated the free energy
of a melting particle as a function of the thickness of the
molten outer layer. As this layer increases in thickness, the
free energy passes through a maximum, creating a kinetic
barrier to melting. The experimentally observed melting
point is deduced from the nucleation rate for the transition.

Consideration of embedded nanocrystals greatly ex-
pands the range of possible behaviors and allows for com-
plete study of the melting-point hysteresis. From a classical
thermodynamics perspective, there are two major differ-
ences between the freestanding and embedded nanocrystal
cases. First, the interface energies involved in the melting
process differ between the two configurations. In fact, the
liquid-vapor and solid-vapor interfaces may no longer be
relevant to the melting process and may be replaced by the
liquid-matrix and solid-matrix interface energies. Second,
the geometric constraints implied by embedding might
lead to different equilibrium and kinetic behaviors.

There are a handful of prior experimental observations
of superheating (relative to bulk melting points) of em-
bedded nanocrystals [13–18]. A common feature of most
of these studies is the suggestion that interface epitaxy
suppresses the vibrational motion of the surface atoms,
thus limiting surface premelting and increasing the melting
point in accord with the Lindemann criterion. This notion
has been incorporated into a phenomenological model for
melting [19]. From this perspective, then, it is interesting to
consider the melting of nanocrystals confined to an amor-
phous matrix where epitaxy is not possible.

We performed electron diffraction on Ge nanocrystals
embedded in silica formed using the process reported ear-
lier [20]. This process results in a nearly Gaussian distri-
bution of nearly spherical nanocrystals with an average
radius of 2.5 nm and an rms deviation of 1.3 nm. We note
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that freestanding nanocrystalline Ge shows the typical
melting-point depression found for most materials [21].

Electron diffraction was used to study the melting be-
havior of the embedded nanocrystals. Here the melting
temperature is defined as the temperature at which the
disappearance of the diffraction pattern occurs, indicating
the loss of lattice order. The in situ heating and cooling
experiments were performed inside a JEOL 3010 trans-
mission electron microscope operating at 300 kV. A plan-
view specimen was prepared by backthinning the Si sub-
strate and leaving the implanted silica film side untouched.
The 200–300 nm thick specimen was then placed in the
Gatan Ta628 holder, which contains a tantalum furnace and
a pair of calibrated thermocouples. The lowest possible
electron beam intensity was used to prevent beam heating.
We see no degradation of the sample due to e-beam effects.
Diffraction experiments on Au nanocrystals embedded in
SiO2 fabricated through ion beam synthesis were em-
ployed to confirm the accuracy of the experimentally mea-
sured temperatures. Measurements of their melting point
with our experimental approach yielded a melting point in
good agreement with expectations.

Several heating-cooling cycles were performed in steps
of 15 K per 5 min from room temperature to 1470 K on
three Ge nanocrystal specimens. (The nanocrystal coarsen-
ing rate was negligible.) All cycles gave identical results.
The melting and crystallization were characterized by the
intensity change of the diffraction peaks in the selective
area diffraction patterns obtained on a 0:2 �m2 field of
embedded nanocrystals. The ring patterns were recorded
by a Gatan optically coupled TV-rate CCD camera and
integrated circumferentially about the pattern center to
produce the reported diffracted intensity.

Electron diffraction patterns obtained while heating Ge
nanocrystals in SiO2 from ambient temperature to 1450 K
are shown in Fig. 1. The 111, 202, and 113 diffraction
peaks persist to 1400 K, nearly 200 K above the bulk
melting point (1211 K). Figure 2 displays diffracted in-
tensities as a function of temperature for heating and
cooling cycles, for Ge nanocrystals embedded in silica.
Melting starts at 1350 K and is complete by 1450 K;
resolidification begins at 980 K and is complete by
880 K. This corresponds to a hysteresis loop approximately
470 K wide and centered approximately on Tm.

The observation of a large hysteresis (�17% of Tm)
nearly symmetric about the bulk melting point is unusual
and surprising. The only similar observation of which we
are aware is the case of Sn nanocrystals embedded in
carbon nanostructures [18]. However, it is demonstrated
here that a simple, classical thermodynamics-based model
is consistent with all of our experimental observations.

There are two theoretical aspects that need to be ad-
dressed in the development of a model for the melting of
confined nanoparticles. One must develop a theory for the
equilibrium melting point, and one must develop a theory
for the kinetics of melting. In developing a kinetic theory,
one must construct the proper kinetic pathway. This path-

way will be dictated by the geometry of the embedded
nanocrystal and the relevant interface energies.

Determination of the equilibrium melting point requires
a model for the change in free energy upon melting. There
are three contributions to consider: the change in bulk free
energy, the change in interface free energy, and the change
in strain energy upon melting. The change in bulk free
energies can be related to the latent heat in the standard
manner (for T near Tm). The changes in strain and interface
energies pose a more formidable theoretical problem.

The density of Ge increases 4.6% upon melting, suggest-
ing that melting may lead to the formation of a gap
between the molten droplet and the matrix. Based on the

FIG. 1. Diffraction patterns and integrated intensity plots ob-
tained during measurements of the Ge melting point. 1308 K is
97 K above the bulk melting point of Ge, and diffraction rings
are clearly observed.

FIG. 2 (color online). Intensity of the 111, 202, and 113 Ge
diffraction rings as a function of temperature during heating
(solid symbols) and cooling (open symbols). Both superheating
and supercooling are clearly observed. The solid curve is the
prediction of the kinetic theory presented in the text. All tem-
perature measurements are uncertain to �15 K.
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density change, a 2.5 nm radius molten sphere will have an
average gap of 0.4 Å between its surface and the matrix
(barring the effects of thermal expansion). Within a con-
tinuum theory, the fate of this gap depends upon the values
of �LM, �LV , and �SV , and the change in strain energy
associated with the suppression or formation of a gap.
(Here L indicates liquid Ge, S solid Ge,M the SiO2 matrix,
and V vapor.) Formation of a gap creates LV and MV
interfaces at the expense of the LS interface. Suppression
of gap formation puts the liquid Ge in tension, shears the
SiO2 matrix, and might lead to an overall increase in elastic
energy. To make further progress, one needs estimates of
the interface and strain energies.

The interface energies used on the analysis are given in
Table I. These values, with the exceptions of �LS and �SM,
are extrapolated from values in the literature or deduced
from other experiments independent of the present
melting-point measurements. Applying the kinetic model
described below to the description of the experimental data
establishes that j�SM � �LMj & 0:05 J m�2 and �LS �
0:26� 0:03 J m�2. This latter value differs from that
quoted by Turnbull [26]. However, Turnbull’s analysis
employed a calculated heat of fusion L that differs from
more recent estimates. After the appropriate scaling,
Turnbull’s value becomes �LS � 0:23 J m�2, in reasonable
agreement with our value.

The surface energies listed in Table I imply that the solid
Ge=SiO2 interface will not premelt because �LM � �LS >
�SM. Further, the molten phase will not ‘‘presolidify’’ at
the interface because �SM � �LS > �LM. Thus, the solid-
liquid transformation will require nucleation in both direc-
tions. Finally, supercooling but not superheating of bulk Ge
is predicted.

Based on these interface energies, the opening of a gap
would increase the surface energy of a nanocrystal 5 nm in
diameter by between 50 and 150 eV. This increase in sur-
face energy would have to be countered through a reduc-
tion in strain energy. In the absence of a gap, the liquid
would be placed under tension and be strained approxi-
mately 1%. Assuming that the bulk modulus of the liquid is
77 GPa, the interface stress is 1 J m�2, using accepted
values for all other parameters, and, applying the formal-

ism in Ref. [27], the associated elastic strain energy is
estimated to be 6 eV. Thus, the increase in surface energy
associated with opening a gap is expected to be an order of
magnitude larger than the total strain energy of the liquid
phase. In this continuum picture, a gap will not open.

With these values for the surface energies and neglect of
the elastic energy, one can compute two useful quantities
for the confined Ge nanocrystals. First, by comparing the
free energies of isolated embedded molten and solid nano-
crystals, an estimate for the equilibrium melting point can
be ascertained. Specifically, we find an expression similar
to that of Couchman and Jesser [7] for the change in the
equilibrium melting point:

 �T �
3Tm
Lr
��LM � �SM�: (2)

For our choice of parameters, �T � 0 K.
Second, we can compute an approximate rate for melt-

ing and solidification of the confined Ge nanocrystals. This
rate is computed using a traditional nucleation theory. A
kinetic pathway is identified, the free energy barrier asso-
ciated with following that pathway is computed, and the
transition rate is then governed by Boltzmann statistics.
The energy barriers are computed by first solving for the
equilibrium geometry of the nucleus as a function of liquid
volume and then computing the change in free energy as a
function of nucleus size. The maximum in the free energy
vs nucleating phase volume fraction plot yields the energy
barrier that must be overcome in order to melt or solidify
the nanocrystal. Figures 3(a)–3(d) display select configu-
rations along the kinetic pathway for a nanocrystal with
r � 2:5 nm. The kinetic theory assumes an attempt fre-
quency per atom of 1011sec�1, that nucleation is heteroge-
neous at the Ge=SiO2 interface, and that a nucleation rate
of 1sec�1 is experimentally observable. Figure 3(a) is the
predicted critical nucleus for the melting of 2.5 nm radius
nanocrystal, and Fig. 3(d) is the critical nucleus associated
with solidifying that same nanocrystal. The corresponding
predicted superheating and supercooling temperatures are
199 K above and 256 K below the bulk melting point of Ge,
respectively. The energy barrier to melting is 3.91 eV, and
that associated with solidification is 2.65 eV.

The predicted kinetically determined melting tempera-
tures for nanocrystals are plotted in Fig. 3(f). These
melting-point predictions are then combined with a simple
kinetic model for diffraction to model the experimental
results. Specifically, the diffracted intensity from each
nanocyrstal is assumed to scale with the sixth power of
the radius and is corrected for Debye-Waller effects by
extrapolating known sub-melting-point behavior [28]. The
individual nanocrystal melting-point predictions are con-
voluted with the measured nanocrystal size distribution
[20], and the diffracted intensity from the nanocrystals
that are solid at each temperature is reported in Fig. 2.
The agreement between experiment and theory is excel-
lent, though it is noted that the behavior of the predicted
intensity is dominated by nanocrystals with r * 2 nm.

TABLE I. Interface energies employed in the kinetic model of
melting.

Interface
Interface energy

(J m�2)
Notes

LS 0.26 Determined from present
experiments

LV 0.59 Extrapolated from experiment [22]
SV 1.0 References [23,24]
LM 0.7–0.9 Reference [22]
SM 0.7–0.9 Determined from present

experiments
MV 0.41 Extrapolated from Ref. [25] data
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The model makes clear which surface tensions drive the
observed behavior. The change in equilibrium melting
point is determined by the difference �LM � �SM. This
quantity also impacts the centering of the hysteresis, as it
determines the geometry of the SLM triple junction. For
�LM � �SM � 0, the contact angle is �=2, and the hys-
teresis loop will be nearly symmetric about the bulk melt-
ing point. The width of the hysteresis loop is governed by
�LS. Note that the model also assumes the Ge=SiO2 inter-
faces to be smooth. It is possible that the formation of a
very thin Ge-oxide layer between the Ge and SiO2 might
lead to a sufficiently smooth interface.

These experiments demonstrate clearly the advan-
tages of studying embedded nanocrystals. First and fore-
most, the embedded structure allows for complete study of
the melting-point hysteresis. Therefore, one can assess the
relative importance of kinetically limited and equilib-
rium behaviors directly. Further, the embedded geome-
try enables the engineering of interface energies and ex-
pands substantially the scope of observable melting-point
behavior.

In conclusion, Ge nanocrystals embedded in SiO2 are
shown to have a melting-point hysteresis nearly 470 K
wide and centered nearly on the bulk melting point. This
initially surprising result is explained naturally using clas-
sical nucleation theory and bulk materials parameters.
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FIG. 3. (a)–(d) The kinetic pathway used to compute the
transformation rate. A spherical particle of Ge is embedded in
an SiO2 matrix. The nanocrystal is shown in cross section and is
assumed axially symmetric about an axis pointing from left to
right. (e) Free energy curves associated with melting (solid line)
and solidification (dashed line) at the kinetically determined
melting points for a nanocrystal with r � 2:5 nm. The x axis
represents the volume fraction of the nucleating phase. (f) The
predicted melting (solid line) and solidification (dashed line)
points plotted vs nanocrystal radius.
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