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A simple model is proposed for the skin formation in the evaporation process of a polymer solution at a
free surface. In this model the skin is regarded as a gel phase formed near the free surface, and the
dynamics is described by a diffusion equation for the polymer concentration with moving boundaries. The
equation is solved both analytically and numerically. It is shown that the skin phase appears when the
evaporation rate is high or when the initial polymer concentration is high. An analytical expression is
given for the criterion for the skin phase to be formed.
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Skin formation at free surfaces of polymer solutions,
emulsions, or colloidal suspensions when the solvent evap-
orates is an interesting nonequilibrium phenomenon ob-
served in our daily life. For example, a thin gel-like layer is
often seen on a free surface of hot milk. The skin layer is
also observed on a surface of drying paint, which often has
wrinkles caused by the surface instability [1,2]. Front
aggregation seen in the drying process of wet granular
systems [3] is also a very similar phenomenon.

Controlling the skin formation is important in various
technologies, such as painting, printing, and film making.
In painting technology, the residual stress which appears
when a thin film of the polymer solution is dried on a
substrate is strongly affected by the process of skin for-
mation. In ink jet printing, the shape of the final deposit left
when solvent-rich ink is dried is strongly correlated with
the phenomena of skin formation [4]. Although extensive
hydrodynamic analyses have been done for the drying
process of a droplet [5–10] or a film [11–14] on a substrate
[15–17], not much work has been done which takes into
account of the skin formation.

Skin is generally considered to be a gel phase formed by
the solute (polymer, or colloidal particles) when the solute
concentration near the surface becomes high. However, the
exact nature of the skin phase is a matter of controversy:
the question of whether it is a region of viscoelastic fluid, a
layer of soft gels, or a film of glassy polymers has not been
answered clearly. Whatever the nature of the skin phase is,
the viscous fluid becomes elastic in the skin phase.
Therefore when and how such skin phase is formed is an
important question in controlling the drying process of
droplet or thin liquid film.

In this Letter, we discuss the condition for the skin phase
to be formed by using a simple model: we regard the skin
as a gel through which a solvent can permeate, and discuss
the time evolution of the thickness of the skin phase. Since
our model is simple, an analytical expression is obtained
for the criterion of the skin layer to appear.

We consider a layer of polymer solution with initial
thickness h0 placed on a flat substrate whose normal lies

in z. When the solvent evaporates at the free surface, the
volume fraction of polymers � increases and the thickness
h decreases in time t, while the total amount of polymers in
the system is unchanged (we assume that the polymers do
not evaporate). If the evaporation is rapid, � near the free
surface increases and forms a polymer rich region
[Fig. 1(a)]. When � reaches a certain value �g, the poly-
mer solution becomes a gel and a skin phase is formed
[Fig. 1(b)]. As the evaporation proceeds, the whole system
finally becomes a gel [Fig. 1(c)]. The above process can be
described by the following one-dimensional diffusion
equation of � � ��z; t� on 0< z< h:
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FIG. 1. Schematic pictures of profiles of � in the three re-
gimes: (a) In regime I, �0 <�h <�g, a polymer rich region
with a characteristic length b is formed near the free surface.
(b) In regime II, �g � �h, a skin layer (hg < z < h) is formed.
(c) In regime III, the whole system forms a skin.
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where A��� is a cooperative diffusion coefficient which in
general depends on � [18].

The solvent evaporation rate decreases with the decrease
of the solvent volume fraction at the surface. Here we
assume that the amount of solvent evaporation at the
surface is written as J�1��h� [13], where J is a constant
and �h is the polymer concentration at z � h: �h �
��h; t�. Since polymers do not evaporate, the mass balance
equation for the solvent and polymers in the layer can be
expressed as

 

d
dt

Z h�t�

0
dz�1��� � �J�1��h�; (2)

 

d
dt

Z h�t�

0
dz� � 0: (3)

From Eqs. (2) and (3) we can derive the equation for the
thickness h,

 

dh
dt
� �J�1��h�; (4)

and the boundary condition at the free surface,

 A���
@�
@z
� J��1��� at z � h: (5)

Here we have imposed the boundary condition at the sub-
strate,

 

@�
@z
� 0 at z � 0: (6)

For the cooperative diffusion coefficient A���, we as-
sume the following form:

 A��� �
�
D ��<�g�;
Dg �� � �g�;

(7)

where D and Dg are constants independent of � and stand
for the cooperative diffusion constants in solutions and in a
gel phase.

For the concentration profile shown in Fig. 1(b) to be
observed,Dg must be much larger thanD. In the following,
we shall conduct the analysis assuming that Dg � D. The
physical reason for this assumption is that the osmotic
modulus @����=@� in a gel phase is much larger than
that in the solution: @����=@� in a gel phase has an extra
contribution from the elastic modulus of polymer network
[18–20].

Now we analyze the model equations (1) and (4) with
Eq. (7) under the boundary conditions (5) and (6) and the
initial condition��z; 0� � �0. The time evolution of� can
be conveniently divided into two regimes: �h <�g

[Fig. 1(a)] and �h � �g [Fig. 1(b)], called regime I and
regime II, respectively.

In regime I, there is no gel phase. Evaporation of the
solvent causes formation of a polymer rich region near the
free surface with a characteristic size b [see Fig. 1(a)].
Introducing a new coordinate � � z� h�t�, we rewrite
Eq. (1) for � � ���; t� as

 D
@2�

@�2 	
_h
@�
@�
�
@�
@t
� 0; (8)

where _h � dh=dt. If h�t� � b�t�, Eq. (8) may be solved on
the semi-infinite region �1< �< 0 instead of the finite
region �h < � < 0. The boundary conditions (5) and (6)
now become

 

@�
@�
� �

_h
D
� at � � 0 (9)

and

 

@�
@�
� 0 at � � �1: (10)

Since _h depends on the boundary value of�, which is time
dependent, as in Eq. (4), we cannot obtain any analytical
solution of Eq. (8). However, if we regard _h as a constant,
which is a good approximation for �h 
 1, we can obtain
an analytical expression of the solution. In particular, we
have an expression for �h�t� � ��0; t� as

 �h�t� � �0 � 2��0

Z t

0
dt0
�

exp���2t0��������
�t0
p � �erfc��

���
t0
p
�

�
;

(11)

with

 � �
_h

2
����
D
p ; (12)

where the error function erfc�x� is defined as

 erfc �x� �
2����
�
p

Z 1
x
e�y

2
dy: (13)

For �2t
 1, �h�t� behaves as

 �h ’ �0 	

��������
4J2

�D

s
�0�1��0�t

1=2: (14)

Here we have used an approximated value

 

_h � �J�1��0� (15)

for the velocity of the boundary.
In regime II the problem is more complicated. However,

in the limit ofDg ! 1, we can solve the problem easily. In
this limit, there may exist a point z � hg�t� such that
��z; t� � �g for hg < z � h; that is, the skin is formed
in this region [Fig. 1(b)]. Since, in this case,

 

d
dt

Z h

0
dz� �

d
dt

Z hg

0
dz�	 � _h� _hg��g (16)
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and _h � �J�1��g�, Eq. (3) requires

 D
@�
@z
� J�g�1��g� at z " hg; (17)

provided that � is continuous at z � hg. A solution of
Eq. (1) can be obtained as

 � � �0 	 ��g ��0� exp
�
�

_hg
D
�z� hg�

�
; (18)

in �1< z < hg. From Eqs. (17) and (18) we obtain the
velocity of the interface between the liquid and the gel
(skin) phases,

 

_h g � �
J�g�1��g�

�g ��0
: (19)

In particular, we have

 

_h� _hg � J
�0�1��g�

�g ��0
> 0: (20)

This means that once �h reaches �g, the thickness of the
skin always grows with a constant rate.

Figures 2–4 show the results of numerical simulations
of Eqs. (1) and (4)–(6). In the numerical simulations we
choose h0 and h2

0=D as units of length and time, respec-
tively, and we have dimensionless parameters Pe �
h0J=D, G � Dg=D, �g, and �0 which control the system.
The most important control parameter is Pe, which is given
as the ratio of the time scale of diffusion to that of evapo-
ration. This parameter is similar to that called the Péclet
number in a sedimentation problem of colloids [21].

In Fig. 2 we show a space-time plot of ��z; t� for Pe �
10, G � 10, �g � 0:2, and �0 � 0:1. As expected, a skin
layer which is defined as the region where � � �g has an
almost flat profile and grows in time after the time when�h
reaches �g. The positions of the free surface h and the
interface between liquid and gel (skin) phases hg are
plotted as functions of t in Fig. 3. In the inset of Fig. 3

we compare the numerical data with the analytical results
given by Eqs. (15) and (19). The solid line and the dashed
line in this figure show the analytical results for h�t� and
hg�t�, respectively. We see that the numerical data are well
fitted by the analytical expressions, although there is small
discrepancy between the theory and the numerical data for
hg�t�. This discrepancy comes from the finiteness of G in
the numerical simulations, whereas G is infinite in the
theory.

Figure 4 shows a space-time plot of ��z; t� for Pe � 1
(other parameters are same as before). In this figure the
skin layer in regime II is obscure, since the characteristic
length b in regime I is large and comparable with h. In this
case we cannot observe a clear skin layer.

The above examples indicate that a clear skin phase is
seen if the characteristic length b is much smaller than the
film thickness h�t� when the skin phase appears at the
surface. In other words, if �h�tD�<�g, we observe no
skin phase, where tD � h2

0=D is the time for which the
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FIG. 3. Plots of h�t� (open circles) and hg�t� (solid circles) as
functions of t using the data obtained by the numerical simula-
tion for Pe � 10. The inset shows the comparison with the
analytical expressions Eq. (15) for h�t� (solid line) and
Eq. (19) for hg�t� (dashed line).
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FIG. 2. Space-time plot of ��z; t� obtained by the numerical
simulation of Eqs. (1) and (4)–(6) for Pe � 10.
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FIG. 4. Space-time plot of ��z; t� obtained by the numerical
simulation of Eqs. (1) and (4)–(6) or Pe � 1.
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diffusion takes place over the initial system size h0. Using
Eq. (14) we obtain a criterion for the well-structured skin
phase to be observed:

 Pe >
�g ��0

�1��0��0
: (21)

In Eq. (21) we have discarded the unimportant numerical
factor

���������
�=4

p
on the right-hand side. The region described

by Eq. (21) in the parameter space ��0; Pe� for fixed �g �

0:2 is shown in Fig. 5. This result suggests that the skin
formation can be controlled by Pe and �0 for fixed �g and
that the smaller value of �0 and the larger value of Pe lead
to formation of the well-structured skins. This is consistent
with the prediction of de Gennes [13] that the thin ‘‘crusts’’
phase, which corresponds to the skin phase in our analysis,
appears for large evaporation rates.

In practical applications it is important to give a criterion
of formation of the well-structured skin layer. The above
results provide useful information in explaining the em-
pirical fact that higher evaporation rates lead to more
inhomogeneous deposits. In our analysis we have assumed
Dg=D! 1. This assumption does not affect the criterion
Eq. (21), since _h� _hg > 0 even if Dg=D (>1) is finite. As
mentioned before we emphasize that Dg is the cooperative
diffusion coefficient including the elastic effect of polymer
networks and is much larger than D. The assumption

Dg=D� 1 is not only for theoretical convenience but
also a practical requirement. Although our model is rather
simple, we believe that it is valuable as a first step in
constructing a more realistic model including hydrody-
namic interactions and effects of the stress field in the
skin in three-dimensional systems.
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FIG. 5. Diagram of skin formation based on Eq. (21). For the
parameters above the solid line, well-structured skin layers are
formed.
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