
Asymmetric Heat Conduction in Nonlinear Lattices

Bambi Hu,1,2 Lei Yang,1,3 and Yong Zhang1,*
1Department of Physics, Centre for Nonlinear Studies, and The Beijing-Hong Kong-Singapore Joint Centre for Nonlinear

and Complex Systems (Hong Kong), Hong Kong Baptist University, Kowloon Tong, Hong Kong, China
2Department of Physics, University of Houston, Houston, Texas 77204-5005, USA

3Institute of Modern Physics, Chinese Academy of Science, and Department of Physics, Lanzhou University, Lanzhou 730000, China
(Received 14 September 2005; published 18 September 2006)

In this Letter, we conduct an extensive study of the two-segment Frenkel-Kontorova model. We show
that the rectification effect of the heat flux reported in recent literature is possible only in the weak
interfacial coupling limit. The rectification effect will be reversed when the properties of the interface and
the system size change. These two types of asymmetric heat conduction are governed by different
mechanisms though both are induced by nonlinearity. An intuitive physical picture is proposed to interpret
the reversal of the rectification effect. Since asymmetric heat conduction depends critically on the
properties of the interface and the system size, it is probably not an easy task to fabricate a thermal
rectifier or thermal diode in practice.
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The problem of phonon transport is much less well
understood than that of electron transport. The key dis-
tinction lies in the fact that the former is a thermal non-
equilibrium problem, while the latter is a thermal equil-
ibrium problem. Even in a simple model such as the Fermi-
Pasta-Ulam model, it is difficult to get a complete micro-
scopic explanation of its macroscopic thermal transport
behavior as described by the Fourier law [1– 4]. On the
other hand, the band theory predicts a unidirectional trans-
port of electrons in a heterogeneous semiconductor junc-
tion. This property is basically due to the fact that electrons
obey Fermi-Dirac statistics and only the valence electrons
will take part in the transport process. In contrast, phonons
obey Bose-Einstein statistics and all of them will take part
in the transport process. In this respect, phonons, viewed as
a collective excitation of a crystal lattice, are not expected
to exhibit intrinsic asymmetric transport unless the thermal
conductivity of the material changes dramatically when the
positions of the heat baths are reversed.

Recently, asymmetric heat conduction in one-
dimensional inhomogeneous chains with nonlinear on-
site potentials has been reported [5–9]. The system acts
like a good thermal conductor in one direction but a good
thermal insulator in the opposite direction when the posi-
tions of the heat baths are reversed. An explanation of this
phenomenon is that the phonon bands of different seg-
ments of the chain will change from overlap to separation
when the heat baths are reversed. The reason why tem-
perature can control the phonon band shift is due to the
presence of nonlinearity in the effective phonon spectrum
at different temperatures. The effective phonon spectrum
can be obtained qualitatively by a linearization of the
Hamiltonian [6] and quantitatively by the self-consistent
phonon theory [10]. On the other hand, the numerical
results reported in previous works [6,8] show that the
rectification effect will decrease as the system size and

the interfacial coupling increase. Nevertheless, the overlap
or separation of the phonon bands, obtained by treating
each segment of the chain independently, is independent of
the system size and the interfacial coupling constant.
Moreover, we have checked explicitly that the single-
particle frequency spectrum used in Ref. [6] under non-
equilibrium states is very much independent of the system
size (Fig. 1). Thus this picture fails to explain the decrease
of the rectification effect. Surprisingly, our results show
that the rectification effect will be reversed when these
parameters increase further. Therefore, a more in-depth
understanding of asymmetric heat conduction is needed
before one can ascertain the rectification effect and apply it
to the design of thermal devices.

In this Letter, we have conducted an extensive study of
the two-segment Frenkel-Kontorova (FK) model [6]. We

FIG. 1 (color online). Single-particle frequency spectrum of
the two coupled particles (kint � 0:2) on the left (solid line) and
the right (dotted line) of the interface for N � 200 and N �
3000.
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find that the rectification effect will be reversed when the
properties of the interface and the system size change. A
simple physical picture is proposed to understand the
reversal of the rectification effect, and a new mechanism
for this new type of asymmetric heat transport is proposed.
Moreover, we argue that, since asymmetric heat conduc-
tion depends critically on the properties of the interface
and the system size, the actual fabrication of a thermal
rectifier or thermal diode is probably not an easy task.

We consider a FK chain consisted of two segments of
N=2 particles. The two segments are connected by a har-
monic spring with spring constant kint. The Hamiltonian of
the whole system is

 H � HA �HB �
1
2kint�xN=2�1 � xN=2 � a�

2; (1)

where HA and HB are the Hamiltonian of the left (A)
segment and the right (B) segment, respectively:

 HA;B �
X

i

p2
i

2m
�

1

2
kA;B�xi�1 � xi � a�2 �

VA;B
�2��2

� cos2�xi: (2)

m is the mass of the particles, a the lattice constant, and V
the strength of the external potential. We set m � a � 1,
VA � 5, VB � 1, kA � 1, and kB � 0:2. The main adjust-
able parameters are kint and N.

In our simulations we use fixed boundary conditions and
the chain is connected to two heat baths at temperatures T�
and T�, respectively. We take T� � 0:105 and T� �
0:035. We use Nosé-Hoover heat baths and integrate the
equations of motion by using the fourth-order Runge-Kutta
algorithm [11]. The local temperature is defined as Ti �
mh _x2

i i. The local heat flux is defined as ji � kh _xi�xi �
xi�1�i, and the total heat flux is J � Nj. The simulations
are performed long enough to allow the system to reach a
steady state in which the local heat flux is constant along
the chain. We denote the absolute value of total heat flux
from left to right as J� and the heat flux from right to left as
J� when the positions of the two heat baths are reversed.

Figure 2 shows the dependence of J� on kint for different
system sizes N � 100, 1000, and 2000. As kint increases
there exists a crossover from J� > J� to J� < J�; i.e., the
rectification effect is reversed. When J� > J�, our results
are in agreement with those reported in Ref. [6] and the
explanation based on the effective phonon theory. When
the heat flux flows from A to B, there is a big overlap
between the phonon bands of A and B; however, there is
almost a complete separation when the positions of the two
heat baths are reversed. Only phonons with frequencies
within the overlapping range contribute to the heat flux. So
J� > J�, and J� is nearly zero. Moreover, the overlapping
bandwidth of A and B is almost unchanged when the two
segments are very weakly coupled. J� are only determined
by the transmission of phonons crossing the interface, i.e.,
kint. One expects that J� will increase in the same way as

kint increases. This is confirmed by the numerical result
that J� � k2

int for small kint and N. In fact, this relationship
is universal when one considers the transmission of pho-
nons crossing the interface between two kinds of material
that are weakly joined by a harmonic spring [12,13].
However, when J� < J�, the results are strikingly differ-
ent. J� increase sharply and they are almost independent of
kint, as shown in Figs. 2(b) and 2(c). These results are in
disagreement with the prediction based on the effective
phonon theory. They strongly suggest that the phonon
bands of A and B are no longer separable; instead they
become mixed and form a whole. The mixing of phonon
bands is due to interactions between phonons of A and B
induced by the nonlinearity in the chain. In fact, the
validity of the effective phonon theory that treats each of
the two segments of the chain independently is predicated
on the assumption kint ! 0. As a consequence, the numeri-
cal results show J� > J� only for very small kint (typically
kint � 0:05). As kint increases the two segments of the
chain behave as a whole. The phonon spectrum of the
whole chain is different from those of A and B separately.
Therefore, the effective phonon theory applied to A and B

FIG. 2 (color online). Dependence of the total heat flux J� on
the interfacial harmonic coupling strength kint for (a) N � 100,
(b) N � 1000, and (c) N � 2000.
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separately fails to explain this new type of asymmetric heat
conduction.

Figure 2(a) shows that J� and J� behave quite differ-
ently. J� reaches saturation as kint increases, whereas J�
reaches its maximum at kint 	 �kA � kB�=2 � 0:6 and de-
creases as kint further increases. Specifically, J� > J�
again when kint > �kA � kB� � 1:2. These results can be
understood intuitively as follow. The role of kint is like an
impurity in the two-segment chain when kint 

�kA � kB�=2. The impurity scatters only high-frequency
phonons and does not affect low-frequency ones. We
speculate that, in the mixed phonon spectrum, both low-
frequency and high-frequency phonons contribute to J�,
whereas mainly low-frequency phonons contribute to J�.
As a result, J� decreases due to impurity scattering,
whereas J� is almost unchanged as kint increases. The
effect of the impurity on heat conduction is reduced
when N increases. From Fig. 2(c), it is clearly seen that
both J� and J� almost saturate as kint increases. This
means that the heat conduction behavior of the chain is
almost independent of kint when the chain is long enough.
Note also that the crossover occurs at kint 	 0:5, 0.24, and
0.15 for N � 100, 1000, and 2000. This result strongly
suggests that the crossover will occur as N increases.

Figure 3 shows the dependence of J� on N for different
kint. For a typical weak coupling, kint � 0:05, the crossover
does not occur until N � 3000. It is clear, however, that J�
increases much faster than J�, as shown in Fig. 3(a). This
implies that the crossover will occur at a much larger N. In
Fig. 3(b), the crossover appears atN 	 1500 for kint � 0:2.
In Fig. 3(c), J� < J� for all N. This result can also be
understood from the role of kint in the limit N ! 1.
Strictly speaking, there is no geometric boundary in a
one-dimensional system unless the coupling of the two
segments is exactly zero in the thermodynamic limit. For
any finite kint, the interface of the two segments behaves
like an impurity as N ! 1, and the effect of the impurity
on the heat conduction of the whole system is reduced
when N increases. This suggests that, in the two-segment
chain, J� < J� in the thermodynamical limit.

It is thus clear that there are two types of asymmetric
heat conduction in the two-segment FK model, and a
crossover will occur as kint and N change. When the two
segments are very weakly coupled, J� > J�. When the
two segments are well coupled or the chain is long enough,
J� < J�. The phonon band shift plays an important role in
the former case, whereas phonon band mixing plays an
important role in the latter case. It is remarkable that these
two opposite behaviors can both be attributable to the
presence of nonlinearity.

In order to further verify the role of nonlinearity in
asymmetric heat conduction, we add a quartic coupling
to the interfacial Hamiltonian in Eq. (1):

 H � HA �HB �
1
2kint�xN=2�1 � xN=2 � a�

2

� 1
4�int�xN=2�1 � xN=2 � a�4: (3)

Figure 4 shows the dependence of J� on �int for N � 100
and 1000 at a typical weak coupling kint � 0:05. By in-
creasing �int, one can also see a similar crossover, as
shown in Figs. 2 and 3. The crossover occurs at �int ’
0:06 and �int ’ 0:02 for N � 100 and 1000, respectively.
These results confirm that phonon band mixing will lead to
a crossover from J� > J� to J� < J� even if the nonline-
arity is very small.

A problem immediately arises from the above analysis:
Why is J� < J� when the phonon bands of A and B mix?

FIG. 3 (color online). Dependence of the total heat flux J� on
the system size N in the log-log plot for (a) kint � 0:05,
(b) kint � 0:2, and (c) kint � 0:6.

FIG. 4 (color online). Dependence of the total heat flux J� on
the interfacial anharmonic coupling strength �int for
(a) N � 100 and (b) N � 1000.
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In the thermodynamical limit, it can be expected that heat
conduction in the two-segment chain is determined only by
the heat transport properties of A and B and is independent
of the properties of the interface and the system size. In
Fig. 5, we plot the dependence of the thermal conductivity
on the temperature for A and B, respectively. As the
temperature changes from 0.02 to 0.12, �A decreases and
�B increases. Thus both A and B have a higher thermal
conductivity when A is in contact with a heat bath at T� �
0:035 and Bwith a heat bath at T� � 0:105. When the heat
baths are reversed, both A and B have a lower thermal
conductivity; therefore, J� < J�.

In summary, we have found a reversal of the rectification
effect in the two-segment FK model. We differentiate two
different (even opposite) effects of nonlinearity on the heat
conduction behaviors. When the coupling of the two seg-
ments is weak, the phonon band shift leads to J� > J�.
When the coupling is strong or the chain is long enough,
phonon band mixing leads to J� < J�. A crossover be-
tween these two types of asymmetric heat conduction will
occur by varying the properties of the interface and the
system size.

Asymmetric heat conduction opens up the possibility for
the design of thermal rectifiers and thermal diodes [5,6].
However, as shown by our numerical results, the function-
ability of such a thermal device depends critically on the

properties of the interface. It is very difficult to control the
interfacial properties precisely in practice [14]. This diffi-
culty results in a poor reproducibility of the measurement
of the thermal boundary resistance. As a result, the func-
tionability of such thermal devices will be quite unpredict-
able due to insufficient information about atomic
interfacial conditions. Therefore, it is probably not an
easy task to fabricate a thermal rectifier or a thermal diode
in practice.
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