
High Harmonic Generation and Molecular Orbital Tomography in Multielectron Systems:
Beyond the Single Active Electron Approximation

Serguei Patchkovskii,1,* Zengxiu Zhao,2,† Thomas Brabec,2 and D. M. Villeneuve1

1National Research Council of Canada, 100 Sussex Drive, Ottawa, Ontario K1A 0R6, Canada
2Physics Department and Center for Research in Photonics, University of Ottawa,

150 Louis Pasteur, Ottawa, Ontario K1N 6N5, Canada
(Received 21 March 2006; published 22 September 2006)

It was recently shown that the highest molecular orbital of N2 could be reconstructed from a series of
high harmonic measurements. Existing theories of high harmonic generation and orbital tomographic
imaging are based on the single active electron approximation that ignores essential quantum mechanical
properties such as the indistinguishability of identical particles and the Pauli exclusion principle. We show
that, when fully antisymmetrized multielectron wave functions and electronic relaxation in the cation are
considered, molecular orbital tomography records the image of the Dyson orbital plus exchange
contributions from inner shells. The mixing of contributions from more than one molecular orbital gives
access to additional wave function information. By utilizing the exchange term, harmonic emission from a
closed-shell 4-electron system can be interpreted as a complete Hartree-Fock wave function.
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High harmonic generation (HHG) takes place during the
interaction of intense femtosecond laser light with gas-
phase atoms or molecules [1–3]. HHG from aligned mole-
cules is sensitive to the angle of the molecular frame
relative to the laser electric field polarization [4–8].
Recently, it was demonstrated [9] that this orientation
dependence can be used to reconstruct the shape of the
highest occupied molecular orbital (HOMO) from high
harmonic spectra by means of a tomographic algorithm.
The orbital interpretation of HHG experiments is a subject
of some controversy [10].

The original orbital tomography work [9] used the single
active electron (SAE) approximation, which ignores essen-
tial quantum mechanical properties such as the indistin-
guishability of electrons, the Pauli exclusion principle, and
the antisymmetry of the total electronic wave function. We
will show that molecular orbital tomography measures the
Dyson orbital associated with the ionization channel. For
small electronically rigid molecules, the Dyson orbital
coincides with the HOMO. The indistinguishability of
the electrons involved in the recombination process gives
rise to additional terms in the transition dipole correspond-
ing to electron exchange between the HOMO and inner
bound orbitals. These transitions modify the observed
image of the orbital. We reinterpret the N2 tomography
experiment and show that the 2�u orbital is imaged in
addition to the 3�g.

Furthermore, we show how the exchange terms can be
used to retrieve additional wave function information in
molecular orbital tomography experiments. A determina-
tion of the electronic structure of a 4-electron system such
as LiH is possible through a single ionization channel.

High harmonic generation can be described using a
simple semiclassical model involving three steps that occur
within a half-optical cycle [11,12]: (i) tunnel ionization of
the highest energy electron, (ii) acceleration of the free

electron in the laser field, and (iii) recombination of the
electron to the state from which it originated. The recom-
bination step leads to emission of a photon. This is the so-
called strong-field approximation (SFA) [12].

A number of approximations are inherent in the SFA,
such as describing the continuum electron as a plane wave,
neglect of correlations between the continuum and the ion
core, and omission of memory effects and of molecular
rotations. In this Letter, we revisit one of the approxima-
tions (SAE) and retain the phenomenological treatment for
the remaining steps.

The SAE approximation assumes that only one electron
is influenced by the laser field. All other electrons are
assumed not to contribute to the interaction. This approxi-
mation is commonly applied to most strong-field phe-
nomena. Harmonic generation in the SAE approximation
is determined by the square of the recombination dipole
matrix element between the bound state  0�~r� and the
continuum electron ��~r� [13]. The continuum wave func-
tion is taken as a plane wave expansion �� ~r� �R
a�!�ei ~k� ~rd ~k, where a�!� is the complex amplitude of

the recombining electron wave packet. Although plane
waves form a complete basis set, a better approximation
might be analytic solutions to the Coulomb-Volkov equa-
tion, which is an active area of research. Until such solu-
tions become available, and because we have no a priori
knowledge of the effective local potential, a plane wave
expansion is used.

The emitted extreme ultraviolet (xuv) frequency is de-
termined by the electron’s wave number at the time of
recombination, !�k� � k2=2. In atomic units, the high
harmonic emission rate is given by W�!� / !4ja�!� ~dkj2,
with ~dk � h 0j ~rje

i ~k�~ri being the transition dipole matrix
element between the bound state and a plane wave.

The molecular orbital tomography experiment [9] is
performed by first aligning the gas-phase molecule using
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a laser pulse. The second, more intense, pulse ionizes the
molecule and creates the high harmonic emission. By
rotating the polarization of the aligning pulse, harmonic
spectra are obtained for a set of angles of the molecular
frame relative to the ionizing laser polarization axis. The
amplitudes a�!� are determined by recording the spectrum
from a reference atom with the same ionization potential as
the molecule under study and then dividing by the calcu-
lated transition dipole matrix elements for its highest oc-
cupied atomic orbital. After factoring a�!� out of the
measured harmonic spectra, a set of transition matrix ele-
ments ~dk is obtained for a set of plane waves with wave
vectors ~k. The vector field ~d can be inverted in the mo-
lecular frame by an inverse Fourier transform to yield the
vector

 

~f �
Z
~d� ~k�e�i ~k� ~rd ~k �  0� ~r� ~r; (1)

from which the 1-electron bound state wave function can
be retrieved.

In the SAE model, the transition is between a single-
electron ground state  0 and a single-electron continuum
state �. In the multielectron model, we consider transi-
tions between the n-electron ground state and the state
consisting of the �n� 1�-electron ion and the 1-electron
continuum.

In most cases of experimental interest, the molecule
being imaged is in a spatially nondegenerate singlet state,
represented by the n-electron wave function �0. This wave
function depends on the set of n space-spin coordinates
x1 . . . xn, where xi � � ~ri; �i�. If the resulting cation is also
spatially nondegenerate, and no competing ionization
channels are present, the total time-dependent wave func-
tion of the system can be written as

 ��t� � C0�t��0 � C��t���; (2)

 �� � Â
1���
2
p ����� ������; (3)

where ���xn� is the 1-electron wave function of the recol-
liding electron, corresponding to the continuum wave
function in the SAE model. The spatial part of �� is the
same for both values of the spin. It is combined with the
spin functions � �" and � �# . The �n� 1�-electron wave
functions ��;��x1 . . . xn�1� are the degenerate components
of the Kramers doublet of the target ion. They are chosen as
eigenfunctions of the �n� 1�-electron Ŝ2 and Ŝz operators.
The antisymmetrizer Â is given by �1�

Pn�1
j�1 P̂jn�=

���
n
p

,

where the operator P̂jn interchanges electrons j and n. The
origin of the coordinate system in Eqs. (2) and (3) should
be taken at the barycenter of �0 [14].

The product ansatz for �� [Eq. (3)] neglects dynamical
correlation between the continuum electron and the ion
core. This effect is negligible in electronically rigid mole-
cules such as N2 but may become significant in more

polarizable systems. If necessary, the correlation can be
incorporated in Eq. (2) by using a multichannel approach.

Using wave functions (2) and (3), the recombination
matrix element ~d becomes

 

~d � h�0j
Xn
i�1

~rij��i � c:c:; (4)

where the integration is over all electron coordinates.
By using the indistinguishability of the electrons and

symmetry between the components of the Kramers dou-
blet, Eq. (4) can be transformed to a sum of an effective 1-
electron term ~d1 and an exchange correction term ~d2, given
by

 

~d �
���
2
p
� ~d1 � ~d2�; (5)

 

~d 1 � h 
Dj ~rnj��i; (6)

  D �
���
n
p
h��j�0i; (7)

 

~d 2 � �
���
n
p Xn�1

j�1

h�0j ~rnjP̂jn����i: (8)

The effective 1-electron term ~d1 involves the ionization
channel-specific Dyson orbital  D. It is the only contribu-
tion retained for rapid photoionization processes [15–17].
This ‘‘strong orthogonality’’ assumption is justified by the
asymptotically vanishing overlap of the wave functions of
the ionized electron and the ion. The assumption does not
apply to high harmonic generation, where the exchange
term ~d2 gives significant contributions.

The general-case expressions for many-electron inte-
grals (7) and (8) will be reported elsewhere [14]. Their
qualitative interpretation becomes transparent if the relaxa-
tion of one-particle orbitals upon ionization can be ne-
glected (Koopmans’ approximation). Further, we assume
that the wave functions �0 and �� can each be represented
by a single Slater determinant spanned by the spin orbitals
 1 . . . n�1;  n and  1 . . . n�1, respectively. In this nota-
tion, orbital  n corresponds to the HOMO. Then

  D �  n; (9)

 

~d 2 � h ~’j��i; (10)

 ~’ � �
Xn�1

l�1

h lj ~rj ni l �
Xn
l�1

h lj ~rj li n; (11)

where ~’ � �’x;’y; ’z� and the projection h ~’j��i �
�h’xj��i; h’yj��i; h’zj��i�. In Eq. (11), the first term
arises from the transition dipole moment between occupied
one-particle orbitals and the HOMO. The second contri-
bution represents the permanent dipole moment of the
molecule. In a centrosymmetric system, the second term
vanishes for the natural choice of the origin.

Following the SAE derivation above, we take the inverse
Fourier transform of ~d in Eq. (5). This yields the many-
electron generalization of ~f in Eq. (1),
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~f � �fx; fy; fz� �  D ~r� ~’: (12)

For an electronically rigid diatomic molecule, high har-
monic generation imaging is governed largely by the shape
of the HOMO [see Eq. (9)] with corrections arising from
the electron exchange between the continuum electron and
the deeper lying electrons ~’. In more complex systems,
electronic relaxation causes the orbitals describing the
neutral and ionic ground states to become different, and
the effective single-particle orbital being imaged is the
Dyson orbital [Eq. (7)]. In this case, the exchange contri-
butions are given by the inverse Fourier transform of
Eq. (8), which presents a generalization of ~f in Eq. (12).

Because of the exchange term ~’, Eq. (12) must be
solved for four quantities  D, ’x, ’y, and ’z and is under-
determined. Direct extraction of the HOMO is thus pos-
sible only if some or all of the exchange correction orbitals
are negligible. At the same time, Eq. (12) shows that a
HHG experiment contains information not only about the
HOMO but also about the inner orbitals. This creates an
opportunity to reconstruct additional orbitals from one set
of measurements [Eq. (12)].

We will discuss possible approaches to measuring addi-
tional orbitals later. A significant part of the multielectron
wave function can be recovered from HHG using just the
HOMO ionization channel. We will illustrate this point in
the following two examples. For the numerical calculation
of the Dyson and exchange correction orbitals in Eq. (12),
we use GAMESS [18]. All calculations use single-
determinant, spin-restricted wave functions, cc-pVTZ
[19] basis sets, and fully relaxed orbitals.

The first example is the lithium hydride molecule in the
1�� ground state. We will show that we can reconstruct the
complete electronic structure of this molecule through
HHG from the HOMO alone. The ground state determinant
is spanned by the doubly occupied orbitals  1� and  2�.
The Dyson orbital for the first ionization channel is  D �
0:96 2�. The factor 0.96 is due to orbital relaxation in the
cation; see Eq. (7). The exchange correction along the
molecular axis is ’z � �1:56 2� � 0:078 1�. In LiH,
the exchange correction vanishes for the perpendicular
components fx and fy. Therefore, the pure Dyson orbital
can be reconstructed from the equations for fx or fy. Once
the  2� orbital is determined by renormalizing the Dyson
orbital, the  1� orbital can be retrieved from the equation
for fz.

Note that this reconstruction procedure requires some
a priori knowledge. Here we have used ’x � ’y � 0 and
the fact that there is no  1� contribution to the Dyson
orbital. Nevertheless, it is remarkable that information on
the lower lying  1� orbital can be extracted without direct
ionization from this orbital. As a result, the HHG data for
the 2� ionization channel in LiH can be used to recover an
approximate wave function for this molecule, as long as it
can be represented by a single determinant.

In closed-shell molecules with more than four electrons,
observation of a single ionization channel is no longer
sufficient to extract all one-particle orbitals of a single-
determinantal wave function. Nevertheless, there exist
molecules where more than one orbital can be recon-
structed from the high harmonic measurement of the
HOMO. Only orbitals with a nonzero dipole transition
element with the HOMO can be reconstructed. For ex-
ample, tomographic reconstruction of the experimental
data ~f from the HOMO ionization channel in N2 yields
two scalar fields:

 �1 �
1

2

�
fx
x
�
fz
z

�
�  D �

1

2

�
’x
x
�
’z
z

�
; (13)

 �2 � fz �
z
x
fx � ’z �

z
x
’x: (14)

The calculated Dyson orbital in N2 is dominated by the
HOMO,  D � 0:98 3�g � 0:03 2�g . The calculated Dy-
son orbital and the 3�g HOMO in Fig. 1(b) are indistin-
guishable to the eye. The longitudinal exchange correction
is ’z � �1:50 2�u � 0:08 1�u . The transverse correc-
tions are much smaller, ’x�’y� � �0:32 1�u;x� 1�u;y�.
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FIG. 1 (color online). One-particle orbitals integrated along
the third (y) dimension are shown, using the same color scale
on all panels. (a) The experimentally recovered wave function
from Ref. [9]. (b) The 3�g orbital of N2. (c) The predicted
measurement [�1, Eq. (13)] using the multielectron theory of
high harmonic generation. Images (b) and (c) were processed
with a band-pass Fourier filter, matching the experimentally
observed range of harmonics.
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In the original work [9], the quantity �1 was recon-
structed. Our results show that �1 is not the pure HOMO.
The calculated �1 is shown in the lower panel in Fig. 1 and
is in better agreement with the experiment.

In N2, exchange contributions are relatively small, and
the retrieved quantity �1 is qualitatively similar to the
HOMO. The second experimentally observable quantity
�2 [Eq. (14)] vanishes identically in the SAE approxima-
tion. Because it is obtained as a difference of two quantities
of similar magnitude, �2 is more sensitive to noise than �1.
Unfortunately, experimental data collected in Ref. [9] are
not sufficient for a reliable reconstruction. Instead, in
Fig. 2, we give the result of tomographic reconstruction
from the calculated ~f dipole field (top panel). The compo-
sition of the ’x and ’z exchange corrections indicates that
�2 is closely related to the nonbonding 2�u 1-particle
orbital (bottom panel).

High harmonic generation from the N2 HOMO allows us
to probe only two orbital terms in the electronic structure.
If additional ionization channels are induced in the system
(such as channels leading to the low-lying A2�u and B2��u
excited states of the N�2 cation), it may be possible to
reconstruct a single-determinantal approximate wave func-
tion of N2 and other small molecules as well.

The multielectron theory that has been developed here
shows that the recombination process central to high har-
monic generation includes essential electron exchange

effects that are not present in single active electron models.
These contributions are due to electron indistinguishability
and remain significant even when the inner electrons are
strongly bound and are not excited by the driving laser
field. Multielectron effects of the same origin should be
expected in other recollision processes driven by strong
laser fields, such as nonsequential ionization.
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FIG. 2 (color online). (a) Simulated reconstruction of the
quantity �2 [Eq. (14)], based on the calculated ~f dipole field.
The reconstructed orbital is scaled by a factor of 0.9.
(b) Calculated 2�u molecular orbital in N2. Both images are
processed with a band-pass Fourier filter (see Fig. 1).
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