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A thermodynamic diffuse interface analysis predicts that grain boundary transitions in solute absorption
are coupled to localized structural order-disorder transitions. An example calculation of a planar grain
boundary using a symmetric binary alloy shows that first-order boundary transitions can be predicted as a
function of the crystallographic grain boundary misorientation and empirical gradient coefficients. The
predictions are compared to published experimental observations.
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A grain boundary (GB) is an interface that separates the
two orientations of abutting crystals of the same bulk
phase. Many material properties depend on the transmis-
sion of forces and fields across a grain boundary and can be
sensitive to grain boundary structure, chemistry, and mor-
phology. At equilibrium, a GB’s structure (the atomic con-
figuration that produces the misorientation R), morphol-
ogy (the interface shape characterized by local interface
inclination n̂), and chemistry (the interfacial excess �i of
each independent chemical component species) are deter-
mined by the minimum of excess energy �GB�T; P; ~�;
R; hn̂i� when the abutting crystals are in equilibrium
with the same pressure, temperature and chemical poten-
tials ~� � ��1; �2; . . . ; �C� [1]. Grain boundary transitions
occur if a different boundary structure, chemistry, or mor-
phology has a reduced �GB. These transitions can be
cooperative, such as segregation induced GB structural
transitions [2].

Grain boundary transitions will produce abrupt changes
inboundary-sensitive properties. If a sufficiently large frac-
tion of grain boundaries in a polycrystal transform over a
small range of temperatures or ~�, macroscopic properties
can undergo significant alteration. Examples include dif-
fusivity, plasticity, conductivity, corrosion resistance,
brittle-ductile transitions, and activated sintering [3,4].

The existence of GB premelting (onset of localized
subsolidus or subeutectic structural disorder) was sug-
gested as early as 1952 [5] and has been investigated
numerically (lattice models [6], molecular dynamics [7],
and Monte Carlo simulations [8]). While indirect observa-
tions support the existence of GB premelting [9], direct
experimental observation in pure systems is rare [10]. In
alloys, observations of GB structural disordering are less
rare (reported for metals [11,12] and ceramics [4,13]) and
are usually accompanied by changes in equilibrium GB

segregation. Models that treat simultaneous GB premelting
and segregation are rare and system specific [6,12]. In this
Letter, we present a generalized diffuse interface thermo-
dynamic model for cooperative structural and chemical
grain boundary transitions in binary alloys.

Using a diffuse interface GB model [14], we produced
an analysis of GB structural transitions in fixed stoichi-
ometry polycrystals [15], and it is extended to spatially
variable compositions below. The total free energy of a
planar GB is modeled as a functional of three fields: the
composition, crystallinity (characterizing structural disor-
der), and crystallographic orientation, c�x�,��x�, ��x� [16]:
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where �f is the excess free energy density with respect to
the perfectly crystalline state (� � 1) at a fixed bulk com-
position c1: �f � f�c; �;T� � f�c1; � � 1;T� �
@f=@c�c1; � � 1;T��c� c1� [18]; the c-, �-, and
�-gradient coefficients (�2=2, �2=2, and s) are treated as
constants in this model. The coupling between the orienta-
tion gradient and � is assumed to be g��� � �2 [19].

The following boundary conditions model a solitary
grain boundary within a single phase of a binary alloy:
c�x � �1� � c1, ��x � �1� � 1, and ��x � �1� �
��. Assuming that ��x� has only one local minimum at
the GB core located at x � 0, it was shown [20] that, at
equilibrium, ��x� concentrates all its change at the GB
center: �eq�x� � �� � ��H�x�, where H�x� is the unit
step function and �� 	 �� � ��. Substituting �eq�x�
[i.e., d�eq=dx � ����x�] into Eq. (1) (�� > 0 is assumed
here),
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where �GB 	 ��x � 0� will characterize the maximum structural disorder at the GB core.
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Adding the first integrals of the Euler equations that
produce minimization of Eq. (2) with respect to c�x� and
��x� produces:
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The integration constant vanishes because dc=dx, d�=dx,
and �f vanish as x! 1.

As the only minimum of ��x� is at x � 0 (i.e., �GB),
d�=dx > 0 holds for all x > 0, and so c can be treated as a
function of�: c�x� � c���x��. With Eq. (3), it is possible to
relate dx to d�, which permits a change of variable in
Eq. (2):
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where the GB excess energy F remains to be minimized
with respect to function c���, the GB crystallinity �GB, and
composition cGB 	 c�x � 0�.

The extremal conditions derived from the vanishing first
variations of Eq. (4) with respect to c���with one fixed end
point [� � 1, c�� � 1� � c1] and a free point (�GB, cGB)
produces a system of equations that c���, �GB, and cGB of
an equilibrium GB must satisfy:
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A graphical method solves Eqs. (5)–(7). First, a family
of solutions to Eqs. (5) and (6) alone can be obtained by
numerical solution to the second-order ordinary differen-
tial equation [Eq. (5)] subject to boundary conditions
Eqs. (6) for all �GB 2 �0; 1� [illustrated by dashed curves

in Fig. 1(a) for nine distinct �GB 2 �0; 1�]. Let the curve
CPDE be formed from the end points ��GB; cGB� of these
solutions as illustrated by the continuous curve in Fig. 1(a);
thus, CPDE reflects the dependence of GB composition on
crystallinity as required by Eqs. (5) and (6). Next, solutions
to Eq. (7) can be represented by a zero level set curve (CLS)
in the �� c plane. Finally, the equilibrium GB state,
characterized by ��eq

GB; c
eq
GB�, satisfying Eqs. (5)–(7) is

determined by the intersection of CPDE and CLS.
Curves CPDE and CLS were calculated for a modified

regular solution model which produces a symmetric eutec-
tic phase diagram [21]. To study the GBs in the A-rich
phase within the two-solid-phase region, the matrix com-
position c1 was fixed at the temperature-dependent solu-
bility limit of component A. As shown in CPDE in Fig. 1(b),
cGB tends towards the eutectic liquid composition ce � 0:5
as �GB decreases (because physically, �f has smaller
values near ce for small values of �). Figure 1(b) illustrates
that cGB ! ce is also enhanced at higher temperatures and
for smaller composition gradient coefficients �.

For CLS [Eq. (7)],
��������������
2�2�f

p
inherits its features from the

�f surface which has two global minima at solid A-rich
and B-rich phases and one local minimum at the eutectic
liquid state (� � 0, c � ce) below the eutectic point Te, as
shown in Figs. 2(a) and 2(b). The �s��=2�g0��GB� plane is
independent of cGB and has a slope proportional to ��. As

illustrated in Fig. 2(a), �s��=2�g0��GB� intersects
��������������
2�2�f

p

(a) (b)

FIG. 1. (a) illustrates how CPDE (solid line) is obtained from
solutions (dashed lines) to Eqs. (5) and (6). (b) Gradient coef-
ficient and temperature dependence of CPDE. Because of A-B
symmetry, two branches of curves are used to illustrate behavior:
T � 0:9Te for the A-rich branch and �2 � 0:01 for the B-rich
branch.

FIG. 2 (color online). Intersections between the
��������������
2�2�f

p
and

�s��=2�g0 surfaces produce CLS, which is highlighted by a thick
line (also projected onto the top and bottom of the bounding
box). Intersections between CPDE (dashed line) and CLS are
highlighted by closed circle(s) at (a) T � 0:9Te, (b) 0:99Te,
(c) 0:995Te, and (d) 0:999Te. �� � 2:15 and �2 � 0:001.
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at relatively large �GB values at large undercoolings �Te �
T�=Te. Figure 2(a) shows that CPDE and CLS intersect only
once, representing a relatively ordered GB with ceq

GB close
to c1. As T increases towards Te, the metastable liquid

minimum of
��������������
2�2�f

p
decreases towards zero and ap-

proaches �s��=2�g0��GB� from above for small �GB. For
some values of material parameters and ��, this results in
the development of an isolated loop in CLS close to the
liquid state at small undercoolings, as illustrated in
Fig. 2(b). Thus, two additional intersections of CPDE and
CLS may be generated. The middle intersection shown in
Fig. 2(b) corresponds to an unstable solution of Eqs. (5)–
(7). The remaining two intersections are associated with
two locally (meta)stable solutions. One solution cOrd���,
which also exists at lower temperatures [Fig. 2(a)], has a
relatively ordered GB (�Ord

GB ) with low solute adsorption
(cOrd

GB ). The other solution cDis��� represents a more disor-
dered GB (�Dis

GB) with larger adsorption (cDis
GB). cOrd��� is the

globally stable solution at lower temperatures, but cDis���
may become energetically favorable at small undercool-
ings. A first-order GB transition occurs when the two GB
complexions have equal energy at a temperature TPM, as
shown in Fig. 3(a). Like �eq

GB and ceq
GB, the GB thickness has

a discontinuous increase at TPM [Fig. 3(a)].
Figure 2(c) shows that the two separate segments of CLS

may merge into a single curve at higher temperatures. As
T ! Te, the ��Ord

GB ; c
Ord
GB � solution and the unstable (middle)

intersection may merge and disappear, as shown in
Fig. 2(d), and leave the disordered GB as the only solution.
��Dis

GB; c
Dis
GB� approaches �0; ce� as T ! Te. Figure 3(a)

shows that the GB energy reaches twice the solid-liquid
interface energy and the GB thickness diverges at Te. This
suggests that the disordered GB is replaced at Te by two
solid-liquid interfaces with a layer of eutectic liquid of
arbitrary thickness (i.e., the boundary is perfectly wet by
the equilibrium liquid).

However, GB behavior near T � Te can possess at least
two other modalities. For GBs with relatively small misor-
ientations [e.g., �� � 1:2 in Figs. 3(b) and 3(c)], the slope

of the �s��=2�g0��GB� plane in Fig. 2 is reduced and an
isolated loop is not produced in CLS. In this case, only a
relatively ordered GB solution exists for T < Te. The onset
of perfect wetting may occur above Te. At the other ex-
treme, for GBs with relatively large misorientations [e.g.,
�� � 2:5 in Figs. 3(b) and 3(c)], CLS may be transformed
from a high �GB to a low �GB region without the appear-
ance of a loop and its multiple intersections with CPDE. CLS

and CPDE have only one intersection that moves continu-
ously from �� 
 1; c 
 c1� at low temperatures to �0; ce�
as T ! Te. In this case, no first-order transition occurs and
the GB continuously disorders and increases its segrega-
tion until it perfectly wets at Te.

The results shown in Figs. 1–3 are for average com-
positions in the two-phase region. The same analysis
can be extended to the single-phase region by choosing
a c1 that is smaller than the bulk solubility limit. For
those �� which have a first-order GB transition in the
two-phase region, multiple solutions can have limited per-
sistence within the single-phase region above TPM. The
ordered-disordered GB coexistence line therefore extends
into the single-phase region and may terminate at a critical
point, as shown in Fig. 4. The disordered GB is the more
stable structure between the coexistence line and bulk
phase boundaries. When c1 approaches the solidus line
from below at T > Te, the disordered GB is wet by liquid
as in the two-phase region for T ! Te. This behavior is
analogous to solute enrichment at a free surface as pre-
dicted by the critical point wetting model [22].

The predictions by our model analysis have been ob-
served in various systems. Nanometer-thick, disordered
Ni-rich GB layers were observed in high resolution TEM
at subeutectic temperatures in 1%Ni-doped W [11]. In a
Cu-Bi alloy, abrupt changes in GB segregation and crys-
tallinity were observed in the Cu single-phase region, and

(a) (b)

(c)

FIG. 3. (a) GB energy �GB and thickness LGB vs T. LGB is
defined as the width of the region where �< 0:99. The GB
transition temperature TPM � 0:9897, and �LS � 0:4233 is the
solid-liquid interface energy at Te. (b)–(c) �eq

GB and ceq
GB vs T for

�� � 2:5, 2.15, and 1.2. The dashed lines represent metastable
extensions of ordered and disordered GBs, and the dotted lines
are for the unstable solution.

FIG. 4. Ordered/B-poor–disordered/B-rich GB coexistence
line (thin solid line) in single-phase region for �� � 2:15. The
spinodal lines (i.e., limits of stability) of ordered GBs (dashed
line) and disordered GBs (dashed-dotted line) are also shown.
The coexistence line and the two spinodal lines terminate at a
critical point (T � 1:06Te, c � 1:8� 10�4).
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Bi-rich quasiliquid GBs were found to be stable close to
the solidus line [12]. The ‘‘GB solidus line’’ drawn in
Ref. [12] is analogous to the coexistence line in Fig. 4,
but with the additional prediction of a critical point.
Similar GB behavior was also observed in ceramic systems
[e.g., ZnO-Bi2O3 [4] and Al2O3-�Y2O3 � SiO2� [13]],
known as intergranular glassy films (IGFs) that are appar-
ently stable and have compositions that do not appear on
the bulk equilibrium phase diagram. The general character-
istics of IGFs (e.g., high segregation levels, large structural
disorder, and equilibrium thickness) are consistent with the
disordered GB complexion in our model. We suggest that
IGFs are high-temperature equilibrium GBs from coupled
premelting/prewetting transitions.

This crystallographic diffuse interface model [Eq. (1)]
predicts that GB structural disordering and segregation
cooperatively produce GB transitions below Te. The pre-
dictions are consistent with experimental observations of
GB premelting/prewetting phenomena. The model behav-
ior depends on the solution thermodynamics of the mate-
rial in question as well as gradient energy coefficients;
however, the predicted behavior is sufficiently rich that it
might fit many observations and thus may confound ex-
perimental verification or invalidation. Nevertheless, gen-
eral behavior can be predicted. GBs with large misorien-
tations are expected to undergo either first-order or con-
tinuous complexion transitions below the eutectic point in
a two-phase region or within a single-phase region. Bound-
aries with smaller misorientations will remain ordered and
unsegregated up to the solidus line or eutectic temperature.
Macroscopic aspects of the observed compositions, struc-
tures, thicknesses, and stability of intergranular glassy
films can be explained in the framework of grain boundary
composition and structural transitions.

We are grateful for discussions with Jian Luo and Yet-
Ming Chiang. As this manuscript neared completion, our
coauthor R. M. C. died unexpectedly. W. C. C. and M. T.
are grateful to him for many years of scientific discussion.
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