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Diffusive Model of Protein Folding Dynamics with Kramers Turnover in Rate
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We study the folding kinetics of a three-helix bundle protein using a coarse polymer model. The folding
dynamics can be accurately represented by one-dimensional diffusion along a reaction coordinate selected
to capture the transition state. By varying the solvent friction, we show that position-dependent diffusion
coefficients are determined by microscopic transitions on a rough energy landscape. A maximum in the
folding rate at intermediate friction is explained by ‘‘Kramers turnover’’ in these microscopic dynamics
that modulates the rate via the diffusion coefficient; overall folding remains diffusive even close to zero
friction. For water friction, we find that the ‘‘attempt frequency’’ (or ‘‘speed limit’’) in a Kramers model of
folding is about 2 �s�1, with an activation barrier of about 2kBT, and a folding transition path duration of
�100 ns, 2 orders of magnitude less than the folding time of �10 �s.
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Theory and simulation suggest that the essential features
of protein folding can be captured by diffusion along a
well-chosen reaction coordinate, such as the fraction of
native amino acid contacts [1]; this enormous reduction of
complexity can be explained by a globally funneled energy
landscape [2–5]. Diffusive models of dynamics have been
successful in predicting protein folding rates [6] and
mechanisms. In addition, recent experimental studies of
fast-folding proteins have been interpreted within the
framework of diffusion. For example, diffusion-limited
chain collapse and contact formation can be used to set a
limit for the maximum possible rate of folding [7]. For
downhill folding scenarios, where the free energy barrier is
vanishingly small, a diffusive model is essential [8,9]. A
low-dimensional diffusive description has also been useful
in other biophysical processes [10,11].

While theories of folding are often formulated in terms
of a reaction coordinate, detailed atomistic simulations and
the folding of real proteins occur in a high dimensional
space. Is it possible to embed such intricate dynamics into a
low-dimensional representation, which would aid in the
interpretation of the dynamics and permit direct compari-
son with theory? We address this question, by studying the
folding of a Gō-like model [12] for the 47-residue three-
helix bundle protein prb7–53 [13], in which each amino acid
residue is represented by a single particle [14]. This is a
fast-folding protein which predominantly populates only
two states at equilibrium (folded and unfolded). We have
shown that the fraction of native contacts (Q) is a nearly
optimal coordinate for identifying transition states [15] for
this protein. Here, we investigate whether this good folding
coordinate is also dynamically relevant, assessed by how
well a Markovian diffusion model captures the projected
(non-Markovian) dynamics along Q.

Langevin simulations of the model protein at its folding
temperature (Tf � 292 K) include many folding transi-
tions, as monitored by the projection onto Q [Figs. 1(a)
and 1(b)]. To analyze the trajectories quantitatively, the
dynamics is modeled as Markovian diffusion along a one-
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dimensional coordinate (Q in this case), described by a
discretized Smoluchowski equation @tp � @Q�D�Q� �
exp���F�Q��@Qfexp��F�Q��pg� [16], where p �
p�Q; t� is the probability density of Q at time t, � is the
inverse temperature, and D�Q� and F�Q� are position-
dependent diffusion coefficients and free energies, respec-
tively. A transition matrix is constructed by counting ‘‘tran-
sitions’’ between intervals along Q after a lag time �t, to
allow for averaging over fast, non-Markovian processes. A
Bayesian approach is used to obtain the most probable
D�Q� and F�Q�, given the trajectory Q�t�, by comparing
the transition matrices computed from the simulation with
transition matrices obtained by solving the Smoluchowski
equation parameterized by D�Q� and F�Q� [17] [Figs. 1(c)
and 1(d)]. For lag times greater than 2 ns, the folding rate
back calculated from the lowest nonzero eigenvalue of the
diffusion operator converges within statistical error to that
obtained directly from the simulation [inset to Fig. 1(c)],
indicating that a diffusive model fits the data well [1].
Deviations at short lag times �t result from fast processes
not captured byQ, leading to non-Markovian dynamics for
�t & 1 ns. In practice, the fitted F�Q� are essentially
identical to those obtained from histograms.

What determines the apparent diffusion coefficient
D�Q�? Diffusive folding models commonly assume a uni-
form diffusion coefficient that is proportional to the recip-
rocal of the solvent friction. However, we find a markedly
position-dependent D�Q� with a nonmonotonic depen-
dence on solvent friction (both from Bayesian and har-
monic oscillator estimates; Fig. 1). Whereas the position
dependence can be removed by a simple variable trans-
formation, the friction dependence is nontrivial, and points
to the microscopic events determining D�Q�.

To explore the connection between microscopic and
global dynamics (i.e., folding), we study the kinetics of
folding over a broad range of friction coefficients. Folding
rates were calculated from equilibrium trajectories and
complemented using rates from transition path sampling
(TPS) [15,18,19] (Fig. 2). In this version of TPS, trajectory
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FIG. 2 (color online). Dependence of folding rates on
Langevin friction. Rate coefficients were calculated from TPS
(black squares, solid line), from long equilibrium simulations
(red circles) and from the diffusive model (open blue circles).
The right hand axis indicates the ratio of the rate to that obtained
from TST, estimated as kTST � peq�Q

z�hj _Qjiz [20]: peq�Q
z� and

hj _Qjiz are, respectively, the equilibrium probability density and
the average time derivative of Q (fraction of native contacts) at
the barrier. The broken line represents the rate at zero friction,
obtained from TPS with Hamiltonian dynamics.

0 20 40 60 80 100
0.2
0.4
0.6
0.8

1

Q

0 20 40 60 80 100

Time [x106 steps]

0.2
0.4
0.6
0.8

1
Q

0.2 0.4 0.6 0.8 1
-2

0

2

4

6

F
(Q

) 
[k

B
T

]

0.2 0.4 0.6 0.8 1

Q

0

5

10

15

20

D
(Q

) 
[µ

s-1
]

0 5 10
D(Q) [µs-1]

0

5

10

D
h.

o.
 [ µ

s-1
]

0.01 0.1 1 10
∆t  [ns]

0

20

40

60

k f
 [ µ

s-1
]

Q

γ=1x10-2 ps-1

γ=0.13 ps-1

γ=1.0 ps-1

γ=5x10-4 ps-1

A

B

C

D

FIG. 1 (color online). Diffusive folding dynamics of a three-
helix bundle protein. (a) and (b) show portions of trajectories
projected onto Q for Langevin friction coefficients � of 5:0�
10�4 and 1:0 ps�1, respectively. From the equilibrium trajecto-
ries, a Bayesian approach was used to estimate (c) the free
energy surface F�Q� and (d) position-dependent diffusion coef-
ficients D�Q� from the trajectories Q�t� [17]. Trajectories with
Langevin friction of � � 5:0� 10�4 (black curve),
1:0� 10�2 (red curve), 0.13 (green curve), and 1.0 (blue curve)
ps�1 were analyzed. The position of the transition state (as
defined in the text; Qz � 0:65) is indicated by the vertical
broken line in (c) and (d) [this is identical to the top of the
barrier in F�Q� within the resolution of the analysis]. Inset to
(c) shows the convergence of folding rate (� � 0:13 ps�1) with
lag time �t used to construct the diffusion equation; the arrow
indicates the lag used to derive the F�Q� and D�Q� shown. Inset
to (d) shows diffusion coefficients calculated using the harmonic
oscillator (h.o.) approximation compared with those estimated
from the diffusive model. The h.o. diffusion coefficients were
obtained from simulations with a harmonic potential biasing Q
toward 0.4 using the approximation, Dh:o: � Var�Q�=�Q, where
Var�Q� and �Q are, respectively, the variance and correlation
time for fluctuations of Q [1].
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pairs with positive and negative velocities (i.e., forward
and backward in time) are initiated from equilibrium con-
formations on an arbitrary dividing surface (here: Qz �
0:65) and appropriately weighted [15,19]. TPS rates were
calculated using [15,19]

2cfku � 2cukf � peq�Qz�
�
�TP

�X
k

j _Qkj
�1

�
�1
�
z
; (1)
22810
with �TP � 1 if the trajectory pair forms a transition path
(i.e., crosses between Q � 0:4 and Q � 0:9), and zero
otherwise. peq�Q� is the equilibrium probability density
of Q, and cu and cf are the mole fractions of unfolded and
folded protein, respectively. The sum is over the velocities
of crossing the Q � Qz surface. Both the form of Eq. (1)
and its implementation resemble reactive flux methods
[20]. Simulations were run using Langevin dynamics
with the Brooks-Brünger-Karplus [21] algorithm in
CHARMM [22], with a time step of 12 fs. The same rates
were obtained with a shorter time step (5 fs), or a different
stochastic integration algorithm [23,24] (data not shown).

As shown in Fig. 2, rates determined from equilibrium
and TPS simulations as well as one-dimensional diffusion
are fully consistent and show a distinct maximum at a
friction coefficient of � � 0:01–0:1 ps�1. Only at frictions
� * 1 ps�1, do the folding rates follow the ��1 depen-
dence expected from Kramers theory for one-dimensional
diffusion over a single free energy barrier [20,25]. The
folding rate at zero friction (i.e., Hamiltonian dynamics),
4:93 �s�1, is� 20% of the maximum rate. While slowing,
or ‘‘turnover’’ of the rate is indeed predicted in the one-
dimensional Kramers model [19,25], it may not at first be
expected for a protein, which has many more degrees of
freedom. The reduction in the rate at low friction in the 1D
Kramers problem is caused by the very weak exchange of
energy with the heat bath. As a result, the dynamics
become inertia dominated: either the system has insuffi-
cient energy to cross the barrier, or if it crosses, is unable to
release the energy in order to remain in the product state. In
the present case, however, the fit of the diffusive model and
the appearance of the trajectories (Fig. 1) indicate that the
trajectories remain diffusive at all values of friction
studied, without any indication of the characteristic rapid
recrossing events of low-friction Kramers theory. Consis-
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FIG. 3 (color online). (a) Rates for isomerization of the central
dihedral angle for a minimal 4-residue fragment (residues 18–
21, filled black squares) and a 12-residue fragment (residues 14–
25, open red circles). Since the torsional potential (inset) is
approximately a double well, rates were calculated as k �
1=2�c from the correlation time �c (TST rates were obtained
as in Fig. 2). The solid black line shows the Mel’nikov-Meshkov
formula [27] for the Kramers rates obtained using parameters
derived from the 4-residue fragment simulations. An effective
mass meff was estimated from the simulation data using the
equipartition theorem for kinetic energy. The barrier height
(3:3kBT) was taken from the height of the torsional potential
V���, and from its curvature at the barrier �z, V 00��z�, a barrier
frequency!b � �V

00��z�=meff�
1=2 of 1:47 ps�1 was obtained; we

assumed the well frequency !0 � !b. In (b) and (c) are shown
segments of trajectories for the four-residue fragment at � �
5� 10�4 ps�1 and � � 1 ps�1, respectively.
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tent with diffusive folding, even the maximum folding rate
is 3 orders of magnitude slower than the transition state
theory (TST) rate.

The Kramers-like turnover in both folding rates kf and
position-dependent diffusion coefficients D�Q� suggests
that low-dimensional microscopic transitions on a rough
energy landscape must be important in determining D�Q�,
and in turn kf. A simple analogy is the variation of diffu-
sion coefficients with friction in a jump-diffusion model
[26] in which the diffusion in the global coordinate arises
from hopping between many local minima. At long times,
motion on such a landscape appears diffusive, with a
diffusion coefficient proportional to the hopping rate be-
tween minima, and it is this rate for crossing microscopic
barriers that varies in a Kramers-like way with friction, �.

Here, backbone dihedral angle transitions, together with
amino acid contact formation and breaking, are the domi-
nant microscopic barrier-crossing events. To quantify the
effect of friction on the dihedral dynamics, we study rota-
tions about the bond between residues 19 and 20 in a four-
residue fragment (residues 18–21) and a 12-residue frag-
ment (residues 14–25) in which all attractive nonbonded
interactions are turned off. Relaxation times were mea-
sured by running Langevin dynamics simulations and cal-
culating the correlation function hh�t�h�0�i of the indicator
function h�t� defined as zero in one rotameric state and one
in the other. Rate coefficients estimated from exponential
fits to these correlation functions are given in Fig. 3. For the
minimal four-residue fragment, the relaxation time exhib-
its a strong Kramers-like turnover with friction. In fact, it
can be well approximated by a Kramers model for a
double-well potential, since this dihedral angle has only
two minima of approximately equal energy, and the flux is
primarily over one barrier, because the other is �1:9kBT
higher in energy (inset to Fig. 3). Figure 3 also compares
the simulation data with the Mel’nikov and Meshkov [27]
formula for the Kramers rate coefficients, using parameters
derived from the simulations, without any fitting to the
rates (see legend to Fig. 3 for details); the agreement with
the Kramers model is good considering the approximations
involved. In contrast to the protein, dihedral transitions at
low friction do exhibit recrossings of ballistic character
[Fig. 3(b)]. However, this fragment is clearly not a com-
pletely satisfactory model for torsional barrier crossing in
the protein, since the turnover occurs at higher friction
(�1:0 ps�1) than it does in the diffusion coefficients
D�Q� and folding rates for the protein (�0:01–0:1 ps�1);
furthermore, the rates in the fragment approach zero in the
limit of zero friction, unlike in the protein.

The larger 12-residue fragment shows more ‘‘protein-
like’’ character: the ‘‘rate’’ is no longer zero for � � 0,
k=kTST is smaller, the turnover occurs at lower friction and
the trajectories are more diffusive. These deviations from
Kramers-like behavior likely reflect ‘‘internal friction’’
arising from nonlinear couplings between the additional
degrees of freedom of the peptide (8 extra residues)
22810
[25,28,29] and non-Markovian effects resulting from com-
parable time scales of isomerization of adjacent dihedral
angles [30,31]. Nonetheless, there is a good correspon-
dence between the turnover in the rate of jumping between
dihedral isomers observed for the longer fragment (Fig. 3)
and that observed for the folding rates and diffusion co-
efficients at the barrier (Figs. 1 and 2).

Ours is not the first computational investigation of the
effect of friction on folding kinetics. Zagrovic and Pande
[32] found a transition from an inverse dependence of rate
on friction to a power law dependence at around 1=10 the
viscosity of water, but no low viscosity turnover. Most
notably, a study by Klimov and Thirumalai using coarse
folding models [33] found strong turnover, with rates at the
lowest friction being over an order of magnitude smaller
than at the maximum. However, the turnover was related to
crossing the folding barrier. Here, we find that for our
4-3
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system the dynamics appears diffusive over the whole
range of friction coefficients considered. We show that
the slowdown at low friction is caused by a decrease in
the effective diffusion coefficient which we attribute to
turnover in the transitions over the microscopic barriers
on a rough energy landscape.

A second finding of the previous work [33] was that for
sequences with multiple folding pathways, changing from
low to intermediate friction can change the balance (‘‘ki-
netic partitioning’’) between these pathways. For our sys-
tem, there does not appear to be a significant change of
mechanism with viscosity. We find that the position of the
transition state on Q (defined as that Q which has the
highest probability that trajectories passing through it are
reactive [15,19]) does not vary appreciably with friction. In
this sense, our model is probably more like the fast-folding
sequences of Klimov and Thirumalai, where no change of
mechanism was found [33]. On the other hand, the varia-
tion in the position-dependence of the diffusion coeffi-
cients D�Q� indicates that there is a change in the
dynamics as a function of the friction.

By scaling the rate calculated at a friction of 10 ps�1 to a
value commonly used to mimic water, 50 ps�1, we obtain a
folding time of �f � 1=kf of 10:1 �s, in surprisingly good
agreement with experiment (6 �s) for the wild-type pro-
tein. The average transition path length is approximately
1.5 ns for low to intermediate friction, increasing approxi-
mately linearly with friction for � > 1 ps�1. From the
average path length of 20 ns at � � 10 ps�1, we therefore
estimate that the transition path duration should be ap-
proximately 100 ns at � � 50 ps�1. Our model can also
be used to estimate the ‘‘preexponential factor’’ for protein
folding: assuming equal curvature of the wells and barrier,
and high friction dynamics, the folding time is given by
�f � 2��0 exp��Gz=kBT�, where �0 is the reconfiguration
time in the unfolded well. Combining the free energy
barrier to folding for our model, �Gz � 2:5kBT, with
the experimental folding time in water of 6 �s, we esti-
mate the preexponential factor 2��0 � 0:5 �s, below the
experimentally determined upper bound of 1 ms [34], but
close to the estimated ‘‘speed limit’’ [7].

We have shown that the dynamics of a reasonably com-
plex model of protein folding can be embedded into a one-
dimensional coordinate. This provides an explicit connec-
tion between theory and folding simulations and justifies
the use of such coordinates in theory and the interpretation
of experiments. The method should be useful in other high
dimensional problems besides protein folding.
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