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We argue that given the experimental constraints on the Higgs boson mass the least fine-tuned
parameter space of the minimal supersymmetric standard model is with negative top-squark masses
squared at the grand unification scale. While the top-squark mass squared is typically driven to positive
values at the weak scale, the contribution to the Higgs boson mass squared parameter from the running can
be arbitrarily small, which reduces the fine-tuning of electroweak symmetry breaking. At the same time
the top-squark mixing is necessarily enhanced and the maximal mixing scenario for the Higgs boson mass
can be generated radiatively even when starting with negligible mixing at the unification scale. This highly
alleviates constraints on possible models for supersymmetry breaking in which fine-tuning is absent.
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The minimal supersymmetric standard model (MSSM)
is a promising candidate for describing physics above the
electroweak (EW) scale. The three gauge couplings unify
at the GUT (grand unified theory) scale ~2 X 10'® GeV
within a few percent, and the hierarchy between the EW
scale and the GUT scale is naturally stabilized by super-
symmetry (SUSY). In addition, if we add soft-supersym-
metry-breaking terms at the GUT scale, we typically find
that the mass squared of the Higgs doublet which couples
to the top quark (H,,) is driven to negative values at the EW
scale. This triggers electroweak symmetry breaking
(EWSB) and the EW scale is naturally understood from
the SUSY breaking scale. Furthermore, assuming R parity,
the lightest supersymmetric particle (LSP) is stable and it is
a natural candidate for dark matter of the universe.

The real virtue of supersymmetry is that the above
mentioned features do not require any specific relations
between soft-supersymmetry-breaking parameters (SSBs)
and the only strong requirement on SUSY breaking sce-
narios is that these terms are of order the EW scale.
However, generic SSBs near the EW scale generically
predict a too light Higgs boson mass which is ruled out
by LEP limits. The exact value of the Higgs boson mass is
not relevant for low energy physics, nothing crucially
depends on it, and yet, in order to stay above LEP limits
(my, = 114.4 GeV [1]), the SSBs have to be either consid-
erably above the EW scale or related to each other in a
nontrivial way. SSBs can no longer be just generic, which
leads to strong requirements on possible models for SUSY
breaking should these provide a natural explanation for the
scale where electroweak symmetry is broken.

In this Letter we show that such constraints are highly
alleviated and the fine-tuning is in principle absent in
scenarios which have negative top-squark masses squared
at the unification scale. While top-squark mass squared is
typically driven to positive values at the EW scale by
gluino loops through renormalization group (RG) running,
the contribution to the Higgs boson mass squared parame-
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ter from the running (mostly due to top Yukawa coupling)
can be arbitrarily small, which reduces fine-tuning of
electroweak symmetry breaking. At the same time the
top-squark mixing is necessarily enhanced, which is
known to enlarge the Higgs boson mass. Even the maximal
mixing scenario for the Higgs boson mass can be radia-
tively generated (starting with negligible mixing at the
GUT scale). Thus in the least fine-tuned scenarios the
Higgs boson mass is highly enhanced without any further
assumptions.

In spite of having tachyonic scalar masses at a high
scale, such scenarios are not excluded by our current
knowledge of cosmology. We discuss constraints from
charge and color breaking minima on possible scenarios.
Finally, we discuss a typical spectrum of these scenarios
which is characterized by a light top squark, a light
Higgsino, and a fairly light gluino.

The tension between the direct search bound on the
Higgs boson mass and naturalness of electroweak symme-
try breaking can be summarized as follows [2]. At tree
level, the mass of the lightest Higgs boson in the MSSM is
bounded from above by the mass of the Z boson,

m; < Mzcos?2 3, (1

where tanf = v, /v, is the ratio of the vacuum expecta-
tion values of H, and H,;. The dominant one loop correc-
tion, in case the top-squark mixing parameter is small, is
proportional to m{ log(m?/m3) (for simplicity, we assume
m; = mj, = m;, throughout this Letter). It depends only
logarithmically on top-squark masses, and it has to be large
in order to push the Higgs boson mass above the LEP limit.
A two loop calculation (we use FEYNHIGGS 2.2.10 [3,4] with
m,; = 172.7 GeV) reveals the top-squark masses have to be
= 900 GeV. On the other hand, the mass of the Z boson
(M5 =91 GeV) is given from the minimization of the
scalar potential as (for tanf3 = 5)
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and the large top-squark masses directly affect the running
of soft scalar mass squared for H,,

3 A
dmy = — mmtg log%. 3)
Numerically, the loop factor times large log is of order 1 for
A ~ Mgyr and we have mj; =~ —m7. Starting with neg-
ligible mj; at the GUT scale, we find mj; (M) = émj; =~
—m? ~ —(900 GeV)?, and the correct Z mass requires
that u*(M7) is tuned to mj; (M) with better than 1%
accuracy. Alternatively, we can start from large positive
my (Mgyr) ~ (900 GeV)?, in which case my (M) ~
— M2 is possible. However, in this case the fine-tuning is
hidden in m%_, (Mgur). A small change of the boundary
condition m%{” (Mgur) would generate a very different
value for the EW scale and the situation is quite similar
to the tuning of w.

The situation highly improves when considering large
mixing in the top-squark sector. The mixing is controlled
by the ratio of A; — wcotB and mj;. Since we consider
parameter space where u is small to avoid fine-tuning and
tanB = 5 in order to maximize the tree level Higgs boson
mass (1), the mixing is simply given by A,/m;. It was
realized that mixing A,(M;)/m#M,) = =2 maximizes
the Higgs boson mass for given m; [5], while still satisfying
constraints to avoid charge and color breaking (CCB)
minima [6]. Using FEYNHIGGS 2.2.10 we find that m;(M ;) =
300 GeV and |A,(M;)| =450 GeV (for tanf = 50),
|A,(M,)| =500 (for any tan8 =38), or |A,(M,)| =
600 GeV (for tanB as small as 6) satisfies the LEP limit
on the Higgs boson mass [7]. Therefore large top-squark
mixing, |A,(M;)/mz(M,)| = 1.5, is crucial for satisfying
the LEP limit with light top-squark masses (the physical
top-squark mass in this case can be as small as current
experimental bound, m; = 100 GeV). Decreasing the
mixing requires increasing mj;, and finally we end up
with m; = 900 GeV for small mixing.

In order to discuss fine-tuning in this case, the approxi-
mate solution of the RG equation for mi,” [Eqg. (3)] is not
sufficient. For given tanB we can solve RG equations
exactly and express EW values of m%,u, w?, and conse-
quently M% given by Eq. (2) as functions of all GUT scale
parameters [8,9]. For tan = 10, we have

M7 = —19u* + 5.9M5 — 1.2mj;
+ 1.5m? — 0.84,M; + 0.247, “4)

where parameters appearing on the right-hand side are the
GUT scale parameters; we do not write the scale explicitly.
The contribution of M, to the above formula is small, and
when M, ~ M3, it cancels between the ~— 0.4M3 term
and the mixed =0.4M;M, term. Other scalar masses and
M, appear with negligible coefficients, and we neglect

them in our discussion. The coefficients in this expression
depend only on tanfB (they do not change dramatically
when varying tanB between 5 and 50) and log(Mgyr/M7).

Let us also express the EW scale values of top-squark
mass squared, gluino mass, and top trilinear coupling for
tanB = 10 in a similar way:

m2(Mz) = 5.0M3 + 0.6m? + 0.2A,M;, (5)
M3(Mz) :3M3, (6)
A, (M) = —2.3M; + 0.24,. (7)

In the case of mj; the coefficients represent averages of
exact coefficients that would appear in separate expres-
sions for m? and m? .

In the limit when the top-squark mass, my;(M,) =
300 GeV, originates mainly from M3, from Eq. (5) we
see we need M5 = 130 GeV. Then Eq. (7) shows that the
necessary |A,(M,)| =500 GeV is obtained only when
A; = —1000 GeV or A, = 4000 GeV at the GUT scale;
in both cases it has to be significantly larger than other
SSBs. The contribution from the terms in Eq. (4) contain-
ing M5 and A, is at least (600 GeV)?, and therefore large
radiative correction has to be cancelled by either w? or
m%, (Mgut). If m; is not negligible at the GUT scale, M

can be smaller, but in this case we need even larger A, and
the conclusion is basically the same. The situation im-
proved by considering a large A; term. However, we still
need at least 3% fine-tuning.

Although M, results from cancellations between SSBs
[10], it does not mean that it is necessarily fine-tuned.
SUSY breaking scenarios typically produce SSBs which
are related to each other in a specific way, in which case we
should not treat each one of them separately. Although, in
this case, our conclusions about the level of fine-tuning are
irrelevant, the discussion above tells us what relations
between SSBs have to be generated, should the M, emerge
in a natural way. For instance, it was recently discussed that
fine-tuning can be reduced with a proper mixture of anom-
aly and modulus mediation [11-13], which produces
boundary conditions leading to large top-squark mixing
at the EW scale and an initial value of m%,u canceling most
of the contribution from running.

Even if the SUSY breaking scenario produces SSBs
related to each other in a way that guarantees a large degree
of cancellation, still they cannot be arbitrarily heavy be-
cause in that case the M, much smaller than superpartner
masses would emerge as a coincidence and we would not
have a natural explanation for it. This ‘“‘coincidence”
problem is further amplified by the fact that the relations
that have to be satisfied between SSBs in order to recover
the correct M, depend on the energy interval in which they
will evolve. Therefore a SUSY breaking scenario would
have to know that SSBs will evolve according to MSSM
RG equations, and exactly from Mgyt to M.

There is one possibility which, to a large extent, over-
comes this problem. If we allow negative top-squark

211803-2



PRL 96, 211803 (2006)

PHYSICAL REVIEW LETTERS

week ending
2 JUNE 2006

masses squared at the GUT scale, several interesting things
happen simultaneously. First, from Eq. (5) we see that
unless m; is too large compared to M3 it will run to positive
values at the EW scale. At the same time the contribution
to m%, from the energy interval where m? < 0 partially or
even exactly cancels the contribution from the energy
interval where mt2 > (0, and so the EW scale value of m%,
can be arbitrarily close to the starting value at Mgyt (see
Fig. 1). From Eq. (4) we see that this happens for mtg =
—4M3 (neglecting A,). No cancellation between the initial
value of m%, (or w) and the contribution from the running
is required. And finally, from Egs. (5) and (7) we see that
the top-squark mixing is typically much larger than in the
case with positive top-squark masses squared. For posi-
tive (negative) top-squark masses squared, we find
|A,(M;)/m;(M,)| =1 (=1) starting with A, =0 and
small m; at the GUT scale. Starting with larger m; the
mixing is even smaller (larger) in the positive (negative)
case. Therefore large top-squark mixing at the EW scale is
generic in this scenario, and it would actually require very
large GUT scale values of A, to end up with small mixing at
the EW scale.

It turns out that in the region where m%{ gets negligible
contribution from running, the radiatively generated top-
squark mixing is close to maximal even when starting with
negligible mixing at the GUT scale. In this case, comparing
Egs. (5) and (7), we find [14]

A(My)/mi(My) =~ —1.5 + 0.24,/ M, (8)

Slightly more negative top-squark masses squared at the
GUT scale would result in maximal top-squark mixing at
the EW scale even when starting with negligible A,.
Nevertheless, the example in Fig. 1 with simple GUT scale
boundary conditions already leads to EW scale parameters
m#M) = 300 GeV and A,(M;) = —500 GeV, producing
a sufficiently heavy Higgs boson, m; =~ 115.4 GeV. Small
variations of GUT scale parameters, including positive or
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FIG. 1 (color). Renormalization group running of relevant
SSBs for tanB = 10 and GUT scale boundary conditions:
—A, = M5 =200 GeV, m% = —(400 GeV)?, and m%,“ =
0 GeV2. In order to have both mass dimension one and two
parameters on the same plot and keep information about signs,

we define my, = m%,u/ Im%I“I and m; = m?/,/Im?|.

negative values of m%,u, would produce similar results, and
scaling all parameters up would lead to larger Higgs boson
mass.

In a theory which predicts m? = —4M3, the fine-tuning
problem is entirely solved. The contribution to m%, from
the running is negligible, and the O(M3) values of mj; and
w? at the GUT scale naturally result in the correct M.
However, the absence of fine-tuning is quite robust and the
relation above does not have to be satisfied very precisely.
If we define o by

'm”=2u+ax 9)

3

then the EW scale (4) can be written as
MZ =~ —19u? — 1.2m%," - 12aM3. (10)

We see that by requiring less than 10% fine-tuning, a large
range of « is allowed (for M5 =~ 200 GeV):

—0.17<a<0.17. (11)

This interval is shrinking with increasing M5, which is a
sign of the coincidence problem discussed above.

In summary, a very reasonable set of SSBs at the GUT
scale, M3 = 200 GeV, |m;, | = |m; | = (1.7 — 2.3)M;, and
A,, of the order of the other SSBs or smaller naturally
reproduces the correct EW scale. The EW scale value of

m%, is very close to the starting value at the GUT scale. In a

simplified way this can be understood as effectively low-
ering the scale where SSBs are generated to the scale where
m; =~ 0 (in the example in Fig. 1, it is 10 TeV). From this
scale SSBs run in a similar way they would run when
starting with positive top-squark masses. However, this
scale is much closer to the EW scale and so 3m%{u

[Eq. (3)] generated between this scale and the EW scale
is considerably smaller. The top-squark mixing at the EW
scale is close to maximal, but it is generated radiatively
starting from a small mixing at the GUT scale. It is to be
compared to the positive case which requires A, to be
several times larger than other SSBs in order to produce
large enough mixing to satisfy LEP bounds on the Higgs
boson mass. Thus considering negative values for top-
squark masses squared keeps the desirable feature of ra-
diative electroweak symmetry breaking and minimizes
fine-tuning. The Higgs boson mass is automatically en-
hanced, and staying above the LEP bound does not require
additional constraints on the rest of SUSY parameters.
However, strong constraints can originate when consid-
ering possible CCB minima. At the EW scale all scalar
masses squared (except m%,“) are positive; nevertheless, as
already discussed, a very large A, term would generate a
CCB minimum at around the EW scale [15,16]. Then the
EW vacuum should be the global minimum since other-
wise the EW vacuum would rapidly tunnel to the CCB
minimum as the barrier is neither high nor thick. The
optimal sufficient condition to avoid a CCB vacuum in
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the (H,, 7;, fg) plane is |A,| < 2m; [6]. The generated A, in
the region we consider (8) may be close but is typically
well within this bound.

Negative top-squark masses squared at the GUT scale
result in an unbounded from below (UFB) potential along
the D-flat direction [17,18]. The tree level potential at the
GUT scale gets large loop corrections, and the RG im-
proved effective potential is no longer UFB. However, it
generates a large vacuum expectation value (VEV) (com-
pared to the EW scale) CCB minimum. If the potential
energy of the CCB minimum is lower than that of the EW
minimum, the EW minimum can tunnel to the CCB mini-
mum. In most of the parameter space the tunneling rate is
too small and the EW vacuum can live longer than the age
of the universe [19,20]. More precisely, the longevity of the
metastable EW vacuum puts a constraint m;(M,) =
1—10M3(MZ) [19], and again the region of parameter space
we consider is entirely safe from this bound (nevertheless,
it tells us that top-squark masses squared cannot be arbi-
trarily large and negative at the GUT scale).

A possible problem is that after inflation the universe is
likely to settle down in a large VEV CCB vacuum rather
than in the EW vacuum. This is worrisome since the tun-
neling rate to the EW vacuum would be very small. How-
ever, if the reheating temperature is high enough, the large
VEV CCB minimum might disappear in finite temperature
effective potential. For a given set of SSBs, there is a mini-
mum reheating temperature above which the large VEV
CCB vacuum disappears [21]. It depends on how inflation
ends and SSBs constrain compatible inflation scenarios.

In this Letter we focused on the SUSY parameters
relevant for radiative EWSB and discussion of fine-tuning.
An interesting signature of this scenario is top-squark
splitting, m;, ;, ~ m;(M ;) = m,, and top squarks consider-
ably lighter than gluino: myMy) < 0.5m; with m; =
600 GeV (the light top squark thus can be as light as
130 GeV). Besides these, the scenario has a light
Higgsino, a possible candidate for dark matter.

The scenario we discussed can be realized in various
frameworks since it hinges only on a possibility of gen-
erating negative scalar masses squared and some freedom
in adjusting the ratio of gluino and squark masses. Other
scalar soft masses squared are unconstrained by consider-
ations of fine-tuning and can be positive or even all nega-
tive at the GUT scale in complete models. For example,
negative scalar masses squared arise in gauge mediation
with gauge fields as messengers [22] or the minus sign can
arise in the bosonic seesaw mechanism [23]. It is also
desirable to have nonuniversal gaugino masses with hier-
archy M5 < M,, M, especially in models with all scalar
masses squared negative, so that stau LSP (right-handed
sleptons receive a contribution only from M;) can be
avoided. The new region of parameter space suggested in
this Letter requires further studies of both SUSY breaking
models and its collider signatures.
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