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Role of Interparticle Forces in the Formation of Random Loose Packing
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We present a physical and numerical study of the settling of uniform spheres in liquids and show that
interparticle forces play a critical role in forming the so-called random loose packing (RLP). Different
packing conditions give different interparticle forces and, hence, different RLP. Two types of interparticle
forces are identified: process dependent and process independent. The van der Waals force, as the major
cohesive force in the present study, plays a critical role in effecting the process-dependent forces such as
drag and lift forces. An equation is formulated to describe the relationship between the macroscopic
packing fraction and microscopic interparticle forces in a packing. We argue there is no lowest packing
fraction for a mechanically stable RLP; hence, the packing fractions of RLP can range from 0 to 0.64
depending on the cohesive and frictional conditions between particles.
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Two reproducible packing states have been identified for
uniform spheres: random loose packing (RLP) and random
close packing (RCP) [1,2]. They have been extensively
studied and widely used to model the structure of liquids
or amorphous solids and phase transition of colloidal sys-
tems [3–14]. Although well accepted, our knowledge
about the nature and origin of the two states is still very
limited. Traditionally, RCP is referred to as the densest
state uniform spheres can achieve when randomly packed.
Its packing fraction �RCP is known as 0:6366� 0:0005 [2].
However, recent studies suggest that a slightly higher
packing fraction is possible [8,9,13]. In particular,
Torquato et al. [10] argued that RCP is ill defined and is
better replaced by the so-called maximally random jam-
ming state, which can be precisely defined. To date, the
proof of their hypothesis is still open for research (see [15],
for example).

RLP is even less well defined compared to RCP. It is
generally referred to as the loosest, mechanically stable
packing state of spheres. Its packing fraction �RLP under
gravity is around 0.60, slightly varying with packing con-
ditions [1,2]. However, by settling glass spheres in liquids
of different densities to neutralize the gravity force, Onoda
and Liniger [16] obtained �RLP � 0:555� 0:005. This
packing fraction has since been widely accepted and is
regarded to correspond to the dilatancy onset point or the
transition from a liquid to a glassy state of hard sphere
systems [6,7,16,17]. However, recent studies offer some
results challenging the work of Onada and Liniger [11,17–
22]. For example, Zhang et al. [19] showed that packing
fraction � can be as low as 0.554 for cohesionless particles
with high friction even when gravity is still dominant. On
the other hand, when particles are nearly frictionless,
O’Hern et al. [11] obtained � � 0:639� 0:001, almost
the same as �RCP. For cohesive particles involving strong
van der Waals and electrostatic forces, � decreases with
particle size, approaching zero when the size is infinitely
small [18,20]. All these results point to the fact that inter-
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particle forces are important in producing RLP. Moreover,
under the experimental conditions of Onada and Liniger
[16], while the gravitational force is eliminated, there
should be other liquid-related forces effected in their pack-
ing process [21,22]. These forces may interact with other
forces and affect the final packing state. However, they are
not considered in the work of Onada and Liniger [16].

Therefore, although RLP as a packing state has been
widely used, there is a range of basic questions not prop-
erly answered yet. For example, what is RLP, in general? Is
it a unique packing state of hard spheres? What is the role
of interparticle forces in its formation? This Letter presents
our answer to these questions.

Following the work of Onoda and Liniger [16], we
formed a packing by settling spheres in a liquid by physical
and numerical experiments. The numerical experiments
were conducted by means of the so-called discrete element
method (DEM) [23]. The DEM model in this work is
similar to that in our study of the packing of fine particles
in vacuum or air [18]. However, in addition to the contact
and van der Waals forces considered there, three particle-
fluid forces, namely, the buoyancy, drag, and Magnus lift
forces, are also included. The equations to calculate these
forces are well developed, given by [22,24,25]: Fbuoy �

mg�f=�p, Fdrag � ff0;i"
����1�
i , and Flift���=8��fd

3
i �1�

"i����1=2�r�uf�!i���uf�ui�	, where ui and !i are,
respectively, the velocity and angular velocities of particle
i. uf and "i are, respectively, its surrounding fluid velocity
and local porosity, ff0;i is the drag force on an isolated
particle, and � is the coefficient, depending on both the
liquid properties and flowing conditions.

Table I lists the parameters used in this work. The
particle properties are the same as those used in our pre-
vious work [14,18], which largely correspond to glass
beads. Since the effects of particle properties have been
examined elsewhere [19,26], this work is focused on the
effects of liquid-related properties. For simplicity, unless
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otherwise specified, we vary such a property while the rest
assume the default values.

A simulation starts with random generation of 3500 uni-
form sphere particles with no overlaps in a rectangular box
of a length equal to 15d. Periodic boundary conditions are
applied to two horizontal directions to eliminate the so-
called wall effect [14,18,27]. The particles are then al-
lowed to settle down under the gravity and other forces
mentioned above and form a stable packing when the
velocities of all particles are essentially zero. Under the
present experimental conditions, the motion of liquid is
very small compared to that of particles. So, for simplicity,
we ignore this motion in calculating the liquid-particle
interactions. To determine the local porosity "i, the box
is sliced vertically into sections of height 1:5d, and the
porosity of each section is calculated and assigned to the
particles whose centers are in the section.

To validate the numerical model, physical experi-
ments are also conducted under comparable conditions.
This is done by settling narrowly sized glass beads,
which are 110� 4, 250� 9, or 500� 20 �m, in a so-
lution of diiodomethane (�f � 3300 kg=m3 and �f �

0:0035 kg=ms) and toluene (�f � 867 kg=m3 and �f �

0:000 59 kg=ms). Liquid density can be adjusted by alter-
ing liquid composition as done by Onada and Liniger [16].
However, it should be noted that not only liquid density but
also viscosity vary with liquid composition. The former
varies linearly with liquid composition as theoretically ex-
pected for well mixed solutions, and the latter is measured
by using a viscosity meter (the results shown in Fig. 1).

The van der Waals force is calculated according to the
equation for smooth spheres [18]. In the equation, the so-
called Hamaker constant is the only unknown parameter.
Theoretically speaking, this constant depends on many
variables related to physical and chemical properties,
such as particle surface roughness or asperity, medium
chemistry, and so on [28]. It is difficult to evaluate the
effects of these variables comprehensively. In numerical
modeling, this constant is often treated as a lumped pa-
rameter and determined empirically. For this work, we use
a simple method to determine its value. Knowing the
Hamaker constants of toluene (4:0� 10�21 J), diiodo-
methane (7:1� 10�21 J), and glass beads (6:5� 10�21 J)
in vacuum, we first estimate the Hamaker constant of glass
beads in pure toluene and diiodomethane, 3:0� 10�21 and
1:0� 10�22 J, respectively, according to A121 
 �

������
A1

p
�������

A2

p
�2, where A1 and A2 are, respectively, the Hamaker
TABLE I. The parameters used in the simulation.

Parameter Default and varying range (bracketed)

Particle size d 250 �m (5–1000)
Particle density �p 2460 kg=m3 (constant)
Liquid density �f 1000 kg=m3 (500–2450)
Liquid viscosity �f 0:001 238 kg=ms (0.0001–0.1)
Hamaker constant A 6:5� 10�20 J (1:0� 10�22–1:0� 10�19)
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constants of materials 1 and 2 in vacuum, and A121 is the
Hamaker constant of material 1 in (medium) material 2
[28]. The Hamaker constant of glass beads in a liquid
solution is then obtained as the weighted mean of the two
resulting Hamaker constants according to the molar
weights of toluene and diiodomethane.

Figure 1 shows � as a function of the effective gravita-
tional acceleration �g [��1� �f=�p�g]. Onoda and
Liniger [16] adopted the same plot for 250 �m glass
beads. Their results are also included in Fig. 1 for com-
parison. Clearly, our experimental results are comparable
to theirs. The extrapolation of � when �g! 0 also sug-
gests � � 0:555. However, such an extrapolated � is not
constant but varies with particle size d. In fact, it equals
0.505 or 0.585 for 500 or 110 �m glass beads. This fact
indicates that the RLP produced by Onoda and Liniger is
not unique, and packing conditions are important in pro-
ducing RLP. It can also be seen from Fig. 1 that the DEM
can reasonably reproduce the experimental results for all
sized particles, confirming the validity of the proposed
simulation technique.

We then quantified the effects of individual variables
related to material properties by conducting a series of
numerical experiments, which are difficult to realize in
physical experiments because the variables are often
coupled as seen above. Figure 2 shows the effects of
Hamaker constant A, particle size d, liquid density �f,
and liquid viscosity �f on packing density �. Figure 2(a)
demonstrates that � decreases with increasing A, which is
qualitatively consistent with the previous findings [26].
However, quantitatively, the decrease is more significant
in heavier liquids. This is because increasing A will in-
crease the van der Waals force, which restricts the relative
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Effective gravitational acceleration

FIG. 1. The packing fraction of different sized glass beads as a
function of the effective gravitational acceleration. Points are the
measured results: �, d � 500 �m; �, d � 250 �m; �, d �
110 �m; and�, results of Onoda and Liniger [16]. Lines are the
simulated results. The inset shows the variation of
viscosity (solid line) and the Hamaker constant (dashed line)
with liquid composition.
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motion between particles, and an increased �f means a
decrease in the effective gravity, which drives particles to
settle down to form a stable packing. Increasing d can
increase this driving force and, hence, �. However, if d is
greater than a certain value, geometrical constraints be-
come dominant, leading to an essentially constant � for a
given packing condition. For the packing of particles in
vacuum or air, the effect of d has been well established in
the literature [18,29]. Figure 2(b) shows that packing par-
ticles in liquids gives the same trend. However, because of
the change in the interparticle forces, the packing results
quantitatively differ. In particular, the effect of d can be
extended to a larger size range.

Increasing �f or �f will decrease �, because the former
decreases the driving force, while the latter increases the
force resistant to the motion of particles. The results in
Figs. 2(c) and 2(d) indicate that this effect becomes more
and more significant as the difference between �p and �f
or d decreases or �f increases. This must be related to the
change in the relative importance among the forces gov-
erning the motion of particles. The results also explain why
liquid-related forces can usually be ignored when particles
are packed in air, because it has a negligible �f and �f.

One important finding from Fig. 2 is that the
van der Waals force Fvdw is critical to the performance of
other forces. Without this force (when A � 0), d, �f, or�f
has little effect on �. In this case, � � 0:615, which corre-
sponds to the case when glass beads settle down under
gravity. Changing the material properties, interparticle
friction in particular, results in a change in � [26,30].
Interestingly, when frictionless spheres are used, achieved
by assuming sliding and rolling friction coefficients both
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FIG. 2. The packing fraction as a function of: (a) the Hamaker
constant when �f � 2200 kg=m3 (�) and �f � 2400 kg=m3

(�); (b) particle size when A � 6:5� 10�20 J and �f � 0 (�)
or 1000 kg=m3 (�), and A � 0 J and �f � 1000 kg=m3 (�);
(c) liquid density when A � 6:5� 10�20 J and d � 1000 (�) or
d � 250 �m (�), and A � 0 J and d � 250 �m (�); (d) liquid
viscosity when A � 6:5� 10�20 J and d � 1000 (4) or d �
250 �m (�), and A � 0 J and d � 250 �m (�). The default
values listed in Table I are used for unspecified parameters.
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equal to zero, � would be 0.64. That is, for cohesionless
and frictionless spheres, RLP is the same as RCP, as
discussed by O’Hern et al. [11]. Moreover, our simulation
indicates this value is not affected by the value assigned to
�g.

Associated with the change in macroscopic properties
such as packing fraction is the change in microscopic
properties. We have determined structural parameters
such as radial distribution function, coordination number,
and some topological and metric properties as done else-
where [14,18,26] and found that the results are comparable
when the packing fraction decreases with the decrease of d
or the increase of �f and/or�f, indicating various material
properties affect particle packing by the same mechanisms.
Such mechanisms, if available, must be directly related to
the forces controlling the packing process. For the consid-
ered system, the forces include contact, noncontact, and
liquid-related forces, in addition to gravity. As contact
forces have been discussed elsewhere [26], we focus on
liquid-related forces here. Figure 3 shows the evolution of
the averaged forces acting on individual particles in a
settling process. Once the settling process starts, particles
quickly reach their terminal velocity and gain the maxi-
mum drag force from the liquids. The interaction between
particles initiates the lift and van der Waals forces. Once
particles reach the packing formed by the underneath
particles, they will rearrange themselves. During this pe-
riod, the drag and lift forces decrease and eventually vanish
when particles have negligible velocities. On the contrary,
the van der Waals force increases to its maximum and then
becomes constant.

The forces can be classified into two categories: process
dependent and process independent. The first category
includes the drag, lift, and van der Waals forces. It is clear
from Fig. 3 that the first two will disappear and the last one
reaches its maximum constant once a stable packing is
formed. The second category includes the buoyancy and
gravitational forces. These two forces are constant, inde-
pendent of the settling process. It has been found that, for
cohesive particles packed in air or vacuum under gravity,
the packing fraction can be related to the ratio of the
magnitudes of the van der Waals force to the gravity
[18,20]. For packing in liquid, the gravity force can be
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FIG. 3. Evolutions of the averaged process-dependent forces
jFvdwj, jFdragj, and jFliftj with time.
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replaced by the effective gravity force. That is, the force
ratio can be given as: � � j

P
jF�ijj=m�g or �0 �

P
jjF

�
ijj=m�g. Note that this force ratio is similar to the

so-called Bond number defined as jF�ijj=mg and found to
be useful in describing the dynamic behavior of cohesive
powders [31,32]. However, in our treatment, the cohesive
forces considered are related directly to the packing struc-
ture, different from that measured under conditions which
are not necessarily associated with any structure.

Figure 4 plots � as a function of � or �0. It confirms the
validity of equation � � �0�1� exp������, where �0 is
the packing fraction of cohesionless spheres, and � and �
are parameters relating to particle properties [18,26]. For
frictionless particles, �0 � 0:64, the same as �RCP as dis-
cussed earlier. For frictional particles, �0 varies and can be
as low as 0.554 [19]. Here we obtained �0 � 0:616, and,
for �, � � �2:457 and � � �0:212; for �0, � � �3:235
and � � �0:271. These results are very similar to those
obtained by Yang et al. [18] for the packing of cohesive
particles in vacuum. This equation also applies to other
cohesive forces such as the capillary force [20]. It can
therefore be used as an equation of state to describe the
relationship between the macroscopic packing fraction and
the microscopic interparticle forces in a packing [22]. It
suggests that, when the force ratio is infinitely large, � is
zero. Indeed, a packing fraction as low as 0.01 has been
observed for nanoparticles [29,33].

In summary, we have studied the settling of particles in
liquids and shown that interparticle forces play a critical
role in forming RLP by this commonly used technique.
The RLP generated by Scott and Kilgour [2] or Onoda and
Liniger [16] is not unique. Different packing conditions
give different interparticle forces and, hence, different
RLP. Two types of interparticle forces have been identified:
process dependent and process independent. Focused on
the final packing state, we show that the packing fraction
can be related to the force ratio between cohesive force and
effective gravity. This correlation can act as an equation of
state to describe the relationship between the macroscopic
packing fraction and the microscopic interparticle forces in
14550
a packing. For the system considered, the van der Waals
force, as the major cohesive force, plays a critical role in
effecting the process-dependent, liquid-related forces such
as drag and lift forces. For cohesive particles, the packing
fraction of RLP can range from 0 to 0.64. For cohesionless
particles, it may vary with material properties such as
friction coefficients in a narrower range, probably from
0.554 to 0.64. For cohesionless and frictionless particles, it
is the same as RCP, equal to 0.64.
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