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Second-Sound Spectroscopy of a Nonequilibrium Superfluid-Normal Interface
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An experiment is proposed to test a previously developed theory of the hydrodynamics of a
nonequilibrium heat current-induced superfluid-normal interface. It is shown that the interfacial
“trapped” second-sound mode predicted by the theory leads to a sharp resonant dip in the reflected
signal from an external second-sound pulse propagated toward the interface when its horizontal phase
speed matches that of the interface mode. The influence of the interface on thermal fluctuations in the bulk
superfluid is shown to lead to slow power dependence of the order parameter, and other quantities, on

distance from it.
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In a seminal paper, Onuki [1] showed that when a
uniform heat current Q = Q12 is driven through a sample
of “He very close to the superfluid transition, a situation
can occur where the induced temperature profile divides
the system into separate upstream (z <0) normal and
downstream (z > 0) superfluid regions. Within the inter-
face between them (taken as centered on z = 0), the pri-
mary mode of heat transport converts from thermal dif-
fusion, with temperature gradient VI' = —Q/« where « is
the thermal conductivity (diverging at the superfluid tran-
sition), to superfluid counterflow, with a supercurrent j
flowing toward the interface, and normal current j, =
—js = Q carrying the heat away from it. The latter flow
shorts out all temperature gradients, leading to an asymp-
totically constant temperature T.,(Q) deep on the super-
fluid side, z — oo [2]. The interface width, £(Q), diverges
as Q — 0, and plays the role of the fundamental correlation
length in the system. Correspondingly, the order parameter
¢ vanishes in the normal fluid, smoothly turns on through
the interface, and takes the helical form (z) =
|6 (Q)|e~ %=z deep in the superfluid, where the phase

gradient k., = —muv,/h is proportional to the superfluid
velocity. A mean field calculation of these profiles is shown
in Fig. 1.

This initial work spawned a series of experimental [3]
and theoretical [4] investigations into this, and related,
nonequilibrium superfluid critical phenomena [5]. Most
relevant to the present work, in Ref. [6] the dynamics of
the interface under external forcing was considered, and it
was predicted that an interfacial second-sound mode exists,
in which perturbations travel along the interface as waves
with a well-defined sound speed c¢(Q), and higher order
damping constant D(Q). The waves are trapped in the
sense that their amplitude dies exponentially into the
bulk phases on either side [6]. In this Letter an experiment
is proposed, and the underlying theory developed, to verify
the existence of this mode via second-sound scattering. It is
shown that when a pulse is propagated toward the interface
from the superfluid phase (see Fig. 2), strong resonant
absorption occurs when its horizontal phase speed matches
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¢(Q), leading to a sharp dip, with depth scaling with D(Q),
in the reflected amplitude (Fig. 3 below). In a related effect,
it is shown that thermal excitation of these same modes
leads to slow power law corrections in 1/z to the order
parameter and other quantities.

The analysis is based on the Model F equations of
Halperin and Hohenberg [7]. These are derived from the
Hamiltonian

1
H = [@irl31908 + Srl + ol

1
+ iXal(m = Xoho t 70X0|l//|2)2} (N

where /(r, t) is the superfluid order parameter, m(r, 1) is a
linear combination of mass and energy density, and the last
term provides the crucial coupling between the two. The
equations of motion are obtained from
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FIG. 1 (color online). Scaled mean field steady state tempera-
ture, M, and order parameter magnitude, ||, profiles through
the interface as derived from (3), using parameters ay = by = 1,
dy =2, and ¢y =0, which produce M, = —1.936, |¥,|=
1.216, and K., = 0.676.

© 2006 The American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.96.135301

PRL 96, 135301 (2006)

PHYSICAL REVIEW LETTERS

week ending
7 APRIL 2006

where 6, and 6, are thermal white noise sources and W = Q[8(z — z;) — 6(z — z,)] provides a source of heat at z; —
—o0 and a sink of heat at z, — +00. The local temperature is defined as u(r, 1) = §H /Sm(r, 1) = x5'm + yoll> — hy.
The various constant parameters may be partially determined by fits to experimental data [1,4]. The basic (mean field)
length in the problem is I, = (Ay/2x0Y0Q)"/?, and it is convenient to define rescaled time and space variables R = r/,
and 7 = t/t,, with t, = I3/Rely. The equations of motion take the form

0, V=—(+ic)[—Vg + M+ V2 ]¥ +iay(M — M)V + Oy,
(bo/2a0)d,[doM — | W[ ]=ViM + bV "I+ 8(Z—Z)) = 6(Z—Z,) + Oy,

where ay = g0/2v0x0(Rely), by = Yoxo8go/2Agto, co =
ImFO/ReFO, d() = ZM()/X()’)/(Z), v = 210\/%6_%’0"“‘70, M =
[ro + 2yoxom]l3, @ = lim__,u(z) is the asymptotic su-
perfluid temperature, M, = lim,_ M(Z), and J=
Im(W*Vx W) is the supercurrent density. The rescaled
thermal noise sources Oy = (2,/ugly/Rely)e” 80416,
and ©,, = 22)/19) %/Olg /Ao)8,, have covariances that diverge
as [374 o« QY73 An expansion in 4 — d is then required
for a full theory in the small Q critical regime [4], but is
difficult for the full interface problem. However, the ex-
periment proposed here is less concerned with subtleties of
nonequilibrium criticality, than with basic hydrodynamical
properties of the interface that are more sharply defined
and easier to investigate at larger Q. A correspondingly
simpler theoretical approach will be taken in which Q is
assumed large enough that the noise may be treated as a
perturbation on the homogeneous equations [8].

Writing ¥ = |P|e’® and U = (|¥|, ¢, M), one may
readily obtain a noise free steady state solution with an
interface (see Fig. 1), denoted by Uy(Z), with My(Z) =
—Z, Z— —oo, and Uy(Z) — (|Vy|, —KZ, M), Z —
+00, with the constraints K2 + |¥|> + M, = 0 and
bOKooquoolz =1.

Long wavelength, harmonic excitations of the interface
are solutions of the form &6U=UR,7)—-U,=
8U, ,(Z)e X V)7ie7 and may be thought of as being
driven by an external source on the plane Z = Z, with
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FIG. 2 (color online). Scattering geometry: An incoming pulse
with amplitude A;, and spectrum narrowly centered on horizon-
tal wave vector q and frequency @ approaches the interface at
velocity v, . The reflected pulse, with relative amplitude ay,
moves away at velocity v, , accompanied by an excitation of the
interface itself with relative amplitude ay moving at speed C9
along the direction of q. When the resonance condition w/q =
C(S) holds, a,,; = 0 (see Fig. 3) and the pulse is strongly absorbed
by the interface.

3)

{
fixed frequency w and transverse wave vector q. These
satisfy linearized equations

iwi‘35Uq,w(z) =[Ly+ L0, +L,0% - q*)16U, ,(2),

“
with Z-dependent matrix coefficients which follow by
straightforward linearization of (3) about U,, but whose
exact form will not be required here. Deep on the super-

fluid side, the solution is a sum of incoming and outgoing
scattered waves,

8Uy ,(2) = Al Vg e ? + agy Ve e %] (5)

obtained from the asymptotic form of (4) with the replace-
ment 9, — iq,. Here A, is the amplitude of the incoming
excitation, and a,,(q, o) is the relative amplitude of the
reflected wave. The wave vector components g; (q, @) >
q- (q, ) are the two solutions to the second-sound disper-

10°

out|

Phase of reflected pulse

arg(rxou‘) (degrees)

Reflection coefficient magnitude lo.

1 1.5 . 25
Horizontal phase speed CS = w/q (units of IO/tO)

FIG. 3 (color online). Magnitude and phase (inset) of the
reflection coefficient ao, = ad™ + ™, /g plotted as functions
of the horizontal phase speed Cg for ¢ = 0, 0.1, 0.2, 0.3, 0.4, 0.5,
using scaled Model F parameters ay = by = 1, dy = 2, ¢y = 0.
In both figures, sharper curves correspond to smaller g. The
minimum allowed phase speed C‘S“i“ occurs for g = ¢ ., hence
a purely horizontal group velocity. The large Cg asymptote of
ad™ corresponds to a high frequency pulse propagated nearly
straight at the interface. For small ¢ the minimum occurs at
CS = CS,O + DS,O\/E with value BODS,O\/_’ BO =
2a3ME (W o > — 2K2)/9KE| Vo |2(CY)3, scaling with the inter-
facial dissipation constant. The phase switches rapidly (instanta-
neously for ¢ — 0) between near-7 to near-zero as Cy increases
through CY.
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sion relation
0=(1+dyw?+ 4ayKeq.0 — 2a5| Vs |*¢*

—2a§(|W|> — 2K%)q? + O(0?, 42, q.4°, ...), (6)

where stability requires that |W,|> > 2K, [1]. The corre-
sponding eigenvectors are normalized to have unit
¢-component, Voo = (i(0 + 2a0Kwq;)/2a0| Vo,
I, —iw/ag) with O(w? (¢7)* ¢* ...) corrections in
the first and last components. To the exhibited or-
der, (6) may be put in the elliptical form (g, — q..)*/
(Ag,)? + ¢*/(Ag)* = 1, with ellipse center, and semi-
major axes given by ¢..= Keow/ao(|¥s|* — 2K%),
AQZ = qz,c\/(l + dO)(l\Poolz/ngo - 1) + 1, Aq =

Ag.J1 — 2K% /|W|*. The direction of pulse propagation
is determined by the group velocity

w q q: — 4zc
v,(q, w) = ( , : )
¢ U+ q.0(g: = 4:0)/Aq2 \(Aq)*" (Ag.)
)
so that v, , > 0> v, indeed have opposite sign, and for

each q, w one may form pulses propagating towards and
away from the interface (see Fig. 2).

The dissipative normal phase dynamics implies an expo-
nentially decaying asymptote M, = A, ay(q, w)e?,
Z <0, with Img? <0 determined by the diffusion rela-
tion, i(body/2a¢)w = q*> + (¢Y)?. In solving (4), we will
formally treat w, g as small parameters of the same order,
thus viewing Cy = w/q as a fixed O(1) parameter. It
follows that ¢; = ¢ >, W,fq%, g =q'?y e,k
with known coefficients, = —(1 + i)\/bydyCys/4ay,
my =y £ Amif1 — 1/(AC)2 where the ratios 7y =
q../q, Amy = Aq./q, AC = Ag/q are functions only of
Cs.

The appearance of g'/2
expect the solution to (4) to have an expansion in g
rather than ¢ or ¢* 6U,,(2) =37, q"/?8UL(2),

Aoy = 352 ad™V g2, Asymptotic matching will pro-
duce simultaneous expansions in powers of ¢'/2 and Z
(coming from the expansion of the exponentials) on each
side of the interface, and matching each monomial coeffi-
cient will allow determination of the unknown coefficients
a‘,z“"N. Defining L, = L, + L9, + L,d%, substitution of
this expansion into (4) leads to the sequence of relations

in the normal phase leads one to
1/2

L25U0 = O, LzaU] = O,
L25U2 = iCSL38U0, L28U3 = iCSL35U1, (8)
L26U4 lCSL36U2 L25U0,

etc. Therefore, 6U; correspond to zero frequency pertur-
bations of the interface, i.e., infinitesimal motions that
simply produce a new steady state. There are two of these:

a global phase rotation v, = (0, — K, 0) (normalized us-
ing K, for later convenience), and a uniform translation of

the interface v; = 9,U,. The asymptotes are v; — v, for
Z>0,6M, — —1 for Z < 0. The appearance of L. ,6U,
in (8) at each order means that the solution can be deter-
mined only up to an arbitrary linear combination v, +
v, v, whose coefficients must be determined from the
matching conditions.

To begin, one obtains 6Uy; = ug Vg + vo,V;. The
0(q° ¢'?) matching conditions yield vy = —a)) =0,
v, = —a on the normal side, and 1 + ad™ = — Ky po,
af" = —Ky(u; + v) on the superfluid side.

At O(g) one obtains U, = iuyC,v, + wyVg + v,vy, in
which v, satisfies L v, = Ljv,. It follows that v, is the
change in shape of the interface under a perturbation of the
heat current, Q — 1 + 60, and results from compression
and rarefaction of the heat current in the vicinity of the
interface due to the incoming wave. Adjusting Q leads to a
simple rescaling of Uy, and one obtains exact the result
V) = (Kw/2a0M)[Zv) + (1P|, 0,2Mp)]  [6],  with
asymptotes v, — (Ko /2a0M )| Voo |, =Ko Z, 2M.), Z >
0, and M, — —3K,Z/2ayM,, Z < 0. The most impor-
tant matching condition now arises from the term linear in
Z on the superfluid side, which produces the additional

constraint ad''wy + 7y = —poCsK%/2ayMy, using
which one obtains,
7y — KoC /2a0M
Q= (1 + Kooptg) = — 20— D5/ 2008 (g
Qg ( o) ~K.Cy/2auM., 9)
along  with vy =—a¥,  and v, =—af =

3KeopmoCy/2a9M o)) . The latter corresponds to the actual
spatial amplitude of the interface motion, 8Z(q, w) =
Ai,v19"2. The numerator in (9) vanishes, implying full
absorption of the incoming wave, for Cg = Cg, with

4a3| V., |*MZ,
2doM3 + Voo [* 2|V |* — K3)'

C5o = (10)
corresponding precisely to (the square of) the interfacial
sound speed (with physical value ¢ = Cgly/7() found in
Ref. [6].

At order O(g%?) one obtains 6U; = iCy(u,v,y +
v1V3) + m3Vy + v3vy, in which v; satisfies L,v; = Ljv,.
It follows that v; is the perturbation to the interface profile
induced by a change 6Q of the incoming heat current on
the normal side only, with that exiting on the superfluid
side unchanged: U(Z, 7) — Uy(Z — v7) < vv3(Z — v7).
This causes heat to build up behind the interface, moving
it forward at an instantaneous speed v « 8§Q/Z,. This
heating effect leads to dissipation of the interface motion,
which is singularly damped [6], at rate « ¢>/2 rather than
the bulk ¢* [which would arise from corrections to (6)].

Although an analytic form for v; is not available, it can
be obtained numerically. For the purposes of determining
M1, Vo, afz\’ s a?‘", only two numbers are required, namely,
the coefficients k3, ms in the asymptotic forms vz 4, — k3Z,
Z> 0, and vy — (bodo/4ag)Z* + m3Z, Z < 0 (there
may also be constant terms, but these may be absorbed
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into w3, v3, which remain undetermined at this order). In
addition to the O(q) constraint a§" = —K(u; + v1), one
obtains from the matching:

() /Cs)ad + (B3Kw/2a0M ) oy = vims, (11
(g /Cs)a™ + (K% /2a0Mo) ) = viks,
with solution
out — __ 3C§(7T(;r — W(;) k3 + Kgo/zaoMoo
! 2a0Mo 7y (m§ — KuoCs/2a9My)?’ (12)
o — —p — & I 3(af™ + Kevy)
2 2T N M T T |

0 2a0Moo

Since 776\’ is complex, the zero of the first order combina-
tion aoy(g) = ad" + ¢'/2aS" is now shifted to the com-
plex value @ = Cgoq + (1 — i)Dgoq>? + 0(g%), with
dissipation parameter

. 9Koo(CY)2 (ks + K2 /2a0M.)

Dgo =
41 lagbodoMgo

and corresponding physical value D = Dglg/ 2 /7.

Using the parameters ay = by = 1, dy = 2, cg = 0, one
obtains Cgo = 1.089, k3 = 0.488, Dg, = 0.143, and
m3 = 0.637 [6]. The resulting magnitude and phase of
the reflection coefficient «,, plotted as a function of Cg
for various ¢, are shown in Fig. 3.

Finally, consider the effects of thermal noise, under the
assumption, as discussed above, that the scaled noise am-
plitude is sufficiently small that it may be treated within the
linear response regime. Using the mode decomposition
U= zq,quvw(T)é‘quw(Z)eiq‘(x'y), one obtains an equa-
tion of motion for the amplitude

(0; + iw)Agy () = 04.,(7), (14)

13)

in which the white noise 6 ,(7) is the appropriate projec-
tion of Oy, ®,, onto the mode eigenvector. The solution

Agol(r) = f T odremiorg, (1) (15)

(where the small dissipative negative imaginary part that
gets added to w at order ¢” is actually required here to
ensure convergence), inserted back into U, allows one to
compute stochastic averages of various quantities (calcu-
lations are tedious and badly encumbered by matrix indi-
ces, and will be presented in detail elsewhere). Not
surprisingly, it is the phase correlations that are the most
important, decaying at long distances as a power law
(8p(R)8PH(R’)) « |R — R/|>¢ (with d = 3 here) deep
in the superfluid phase, with a complicated anisotropic
coefficient depending on the angle between R — R’ and
the heat flow direction Z. The extra O(q) factors in the | V],
M components of Viw produce weaker power laws
(BIPR)ISITR),  (SM(R)SM(R') = |[R — R[4,
also with anisotropic coefficients.

Closer to the interface, there are residual correlations,
coming from interference between the incoming and re-
flected waves in V(fw, that produce Z dependence in the
local fluctuations:  (8¢p(0)?) — (8H(R)?) o 1/Z472,
(8M(00)*) = (SM(R)?), (8|W(c0)> — S| W(R)I?) = 1/Z,
where the argument o is shorthand for Z — oo. The phase
fluctuations have a very strong effect on the complex order
parameter:

(W(R)) = ([ W(R)[Xe®®) = Wy(R)e (1/DOHRF)
~ W,(R)e 1/20¢(@?) (] — p7z2-d), (16)

where B is a coefficient, and the Gaussian property of the
noise has been used to average the exponential. There are
two interesting effects here: First, phase fluctuations can
significantly reduce the magnitude of the order parameter
even in the linear response regime [validity of (16) requires
only the weaker assumption that the space-time derivatives
of 8¢, as opposed to d¢ itself, be small]. Second, the
presence of the interface induces a slow power law ap-
proach of [(¥(R))| to its asymptotic superfluid value,
contrasting with the exponential approach of Wy(R).
This power law is not induced by the positional fluctuations
of the interface itself, which remain strongly bounded [6],
but by the effects of its mere presence as a reflecting
boundary on the long-range bulk superfluid correlations.

At linear order, the average temperature (M(R)) =
My(R) remains equal to its mean field value, with the
power law visible only in the variance. However, it is likely
that similar power laws will be induced in (M(R)) if non-
linear corrections are taken into account.
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