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Anisotropic Turbulent Spectra in the Terrestrial Magnetosheath
as Seen by the Cluster Spacecraft
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Here we report the first three-dimensional spatial spectrum of the low frequency magnetic turbulence
obtained from the four Cluster spacecraft in the terrestrial magnetosheath close to the magnetopause. We
show that the turbulence is compressible and dominated by mirror structures, its energy is injected at a
large scale k�� 0:3 (l� 2000 km) via a mirror instability well predicted by linear theory, and cascades
nonlinearly and unexpectedly up to k�� 3:5 (l� 150 km), revealing a new power law in the inertial
range not predicted by any turbulence theory, and its strong anisotropy is controlled by the static magnetic
field and the magnetopause normal.
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FIG. 1 (color). The magnetic field fluctuations measured by
FGM in the magnetosheath. (a) The parallel component (to B0)
of the magnetic fluctuations. (b) The magnitude of the whole
fluctuations normalized to the mean static field B0. Four colors
are used, one for each satellite.
Magnetic turbulence is ubiquitous in space and astro-
physical plasmas (terrestrial magnetosphere, solar wind,
interstellar medium, . . .) [1–5]. Extensive studies, theoreti-
cal and experimental, have been devoted to understanding
its role in fundamental processes occurring in magnetized
plasmas such as mass transport, energy dissipation, and
magnetic reconnection [6–9]. However, the experimental
properties of this turbulence, particularly its spatial spectra,
have not been determined hitherto unambiguously [10]
because of the absence of data measured simultaneously
at different points in space. From data acquired by one
single spacecraft, the variations that are intrinsically tem-
poral cannot be distinguished from those due to the explo-
ration of spatial structures; the 3D shapes of the spatial
structures are a fortiori inaccessible. Similarly, when ana-
lyzing turbulence in Fourier space, the spacecraft frequen-
cies fsc inextricably merge the frequency fv in the flow
frame, which characterizes intrinsic temporal variations,
and the Doppler shift fD � k � v=2�, which derives from
spatial variations, the three frequencies being related by
fsc � fv � fD (the subscripts ‘‘sc’’ and ‘‘v’’ denote, re-
spectively, the spacecraft and flow reference frames).
When the Taylor hypothesis is valid (fv � fD), or when
using two spacecraft data, it is possible to remove only
partially this spatiotemporal ambiguity, i.e., only along the
flow direction or along the axis separating the two satellites
(see [1,10] for a complete review). On the contrary, when
using four spacecraft, the full 3D spatial spectrum can be
obtained with much less restricting hypotheses as we will
show here (see also [10,11]).

The data used here were measured by the four Cluster
satellites [12] on 18 February 2002 about 5:34 UT in the
magnetosheath, i.e., in the part of solar wind that is down-
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stream of the terrestrial bow shock and just in front of the
outer boundary of the magnetosphere, the magnetopause.
The spacecraft were at about 1RE � 6400 km from the
magnetopause, and separated from each other by about
100 km. Figure 1 shows the magnetic fluctuations mea-
sured by the flux gate magnetometer (FGM), sampled at
23 Hz [13]. FGM provides also the continuous components
B0 of the magnetic field, allowing us to define the magnetic
field aligned reference frame (z axis aligned with B0) in
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which these data are represented. We notice the strong
quasiregular oscillation (of a period �10 s) on the parallel
component of these fluctuations [Fig. 1(a)], which is likely
to be the signature of strong compressible waves. Note also
the high level of these fluctuations (� 40%) compared to
the local static magnetic field [Fig. 1(b)] (a complete
presentation of the data is given in [10,14]).

For studying turbulence, one has to investigate the power
spectra which provide information on the scales and pro-
cesses by which the energy is injected, transferred, and
dissipated in the system. Figure 2 shows the low frequency
part of the corresponding temporal spectra. The fast-
Fourier-transform (FFT)s are calculated using a sliding
window of a length �45 s (1024 points), over the whole
interval �164 s, multiplied by a cos3 window function to
avoid the boundary effect. The final spectrum results from
an average over 30 subintervals (i.e., FFTs). The limita-
tion to the range (0–2) Hz is due to the Cluster separa-
tion (�100 km) and the given characteristic velocity
(�200 km=s) to avoid the spatial aliasing effect in spectral
analysis of turbulence [10]. The obtained spectrum (Fig. 2)
has a maximum at the frequency fsc � 0:11 Hz and obeys
approximately a power law f�7=3 in the inertial range.

To investigate the physics involved in these spectra, one
has to calculate how the energy is spatially distributed for
each temporal frequency of the previous spectra, i.e., cor-
rect from the Doppler effect, and determine the corre-
sponding scale lengths. The flow velocity used here
(v � 220 km=s) is measured by the cyclotron ion spec-
trometer onboard Cluster [15]. For this purpose we have
used the k-filtering technique. It is a generalized minimum
variance analysis combining the 12 components of the
magnetic field fluctuations (three per satellite), and allow-
ing us to obtain the best estimate of the spectral energy
density in the full 4D space (fsc;k), under the assumptions
of weak time stationarity and space homogeneity of the
time series [11]. This spectral energy is estimated by using
nonlinear filters, in which it is possible to include any
available constraint on the data. Here the physical condi-
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FIG. 2 (color). The temporal FFT spectra of the magnetic
fluctuations, compared to the curve f�7=3 (dashed line). The
vertical dotted line is the frequency corresponding to the most
intense observed wave.
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tion r � �B � k � �B � 0 has been considered while pro-
cessing the k filtering (for a detailed description see
[10,14,16]). At the frequency fsc � 0:11 Hz, the energy
density in k space is shown to have a main maximum
[Fig. 3(a)] for wave vector components corresponding to
spatial sizes about 10 000, 3500, and 1800 km in the three
directions B0, n, and v (defined in the legend of Fig. 3).
The frequency fv of this maximum in the flow frame can
then be obtained by correcting from the Doppler shift:
fv � fsc � k � v=2�. The obtained value, fv � 0, shows
that the ‘‘wave’’ is actually a stationary structure in the
flow frame, the observed frequency fsc � 0:3fcp (fcp �

0:33 Hz is the proton gyrofrequency) being entirely due to
Doppler shift.

To identify the nature of this structure, we have com-
pared its experimental characteristics to the prediction of
the kinetic linear theory of the ‘‘mirror’’ instability, which
is known to grow in the magnetosheath plasma because of
the proton temperature anisotropy T? > Tk when the cri-
terion T?

Tk
� 1 � 1

�?
is satisfied [17,18]. Here, the measured

plasma parameters are found to be very close to the theo-
retical instability threshold: the anisotropy parameter Ap �
T?
Tk
� 1� 0:28 and the plasma beta�� 4. Moreover, Fig. 4
FIG. 3 (color). Stationary mirror structures identified by the
k-filtering technique. The black curves are the isocontours of the
energy density in the (kx; ky) plane for four given frequencies:
fsc � 0:3fcp (a), 2fcp (b), 3:5fcp (c), 4fcp (d). The k values are
normalized to the inverse proton Larmor radius (�� 75 km).
The levels 1–9 denote the lowest to highest energy values. These
maxima lie almost at a constant kk, 	k;B0
 � 100�. The blue
line is the Doppler shift fsc � k � v=2�. The arrows B0, n, and v
are, respectively, the directions along the local static magnetic
field, the normal to the magnetopause and the flow velocity,
which form here a quasiorthogonal trihedron: 	v;n
 � 104�,
	n;B0
 � 81�, and 	B0; v
 � 110�.
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FIG. 5. A log-linear distribution of the energy density of the
mirror structures identified for all the frequencies fsc of Fig. 2 as
a function of their wave vector components (normalized to the
inverse proton Larmor radius �� 75 km). The labels k , n, and v
denote, respectively, the directions along B0, the magnetopause
normal and the flow. The horizontal lines are the error bars.
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FIG. 4. The theoretical linear growth rate of the mirror insta-
bility calculated from the WHAMP program [23] for the angle
	k;B0
 � 100� and using the measured parameters of the
plasma. vthk � 154 km=s is the proton parallel thermal velocity
and !cp � 2:07 rd=s is the proton cyclotron pulsation. The
vertical arrow shows the location of the wave vector (k��
0:3) identified at fsc � 0:11 Hz. The scales k� > 0:5 (� < 0)
are strongly damped.
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shows that the observed spatial scales lie accurately on the
maximum of the linear growth rate of the mirror instability,
proving thus that the linear mirror instability is responsible
for injecting the energy of the spectrum of Fig. 2 at large
scale. Similar mirror structures have been observed near
other magnetized planets (Jupiter, Saturn) and comets
[19,20].

To evidence the turbulent cascade, we have performed
the same study on all the higher spacecraft frequencies and
shown that all the accessible scales are also dominated by
similar stationary structures, with spatial scales decreasing
with increasing frequencies [Figs. 3(b)–3(d)]. These small
structures (k� � 1) had not been observed before.
Although they all prove to be stationary in the plasma
frame (fv � 0), these fluctuations are observable at quite
high frequencies in the spacecraft frame (up to fsc � 5fcp).
This result strikingly emphasizes the importance of the
Doppler shift in the measured temporal spectra.

Figure 5 shows the spatial distribution of the energy
density of each identified mirror structure along the prin-
cipal axes B0, n, and v. We observe that the energy
decreases differently along these directions: very rapidly
along kk indicating that there is no energy transfer parallel
to B0; fairly rapidly along the magnetopause normal with
some spread without apparent order; more slowly and more
regularly along the flow direction, leading to the formation
of energetic small scales. These results provide a picture
much more complete than ever of how the energy of
magnetic turbulence is spatially spread near the magneto-
pause boundary. The largest mirror structure [Fig. 3(a)] can
thus be viewed as a pumping source of energy, which
cascades more preferentially along the flow direction, cre-
07500
ating energetic small scales (up to kv�� 3:5). As all the
scales kv� � 1 should have been strongly damped accord-
ing to the kinetic linear theory of the mirror mode (Fig. 4),
their observation [Figs. 3(b)–3(d)] suggests therefore that
nonlinear effects are at work to overcome the linear damp-
ing. The error bars provided in Figs. 5 and 6 are related to
two major sources of error: the uncertainty on the space-
craft positions (�r=r < 5% yielding �k=k� 8%) [10], and
the resolution in k space (�k� 0:0014 rd=km), limited by
the stationarity and homogeneity of the signal [10,16]. The
former dominates at large k values, whereas the latter
prevails at small k. Here we have considered an overesti-
mated error of �k=k � 10% (a more complete description
of these technical details will be given elsewhere).

The crucial point for turbulence theories is to determine
the scaling law, which describes how the energy is trans-
ferred across scales over the inertial range. The obtained
spectrum (Fig. 6) shows that most of the energy of the
mirror structures cascades along the flow direction with a
power law close to k�8=3

v . This 1D spatial spectrum cer-
tainly dominates the temporal one in the spacecraft frame
explaining the close values of the two indexes 7=3 and 8=3

(Fig. 6). We notice that the new power law k�8=3
v is steeper

than all those predicted by the existing magnetohydrody-
namiclike theories [4,5], which are based on oversimplify-
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FIG. 6 (color). A log-log plot of the ‘‘reduced spectrum’’ of
the magnetic energy as a function of the wave vector component
kv along the flow v direction (normalized to the inverse proton
Larmor radius). It is obtained after a double integration: a
temporal one over all the spacecraft frequencies of Fig. 2,
providing the 3D spatial spectrum; a spatial one over the B0
and n directions. The red line is a direct fit revealing a power law
k�2:6
v . Two other power laws are plotted for comparison:
k�7=3 (green) and k�5=3 (blue). The upper limit kv�� 3:5 (Lv �
150 km) is the smallest scale that can be measured with the
100 km Cluster separation.
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ing assumptions like isotropy of incompressibility. It is
worth noticing also that this spectrum does not break
down below the ion scale (kv� � 1) as it was usually
thought concerning the physics of the mirror mode [17].

The direct consequence of the above results concerns the
modeling of turbulence. In the absence of a satisfactory
theory to explain the generation of the observed small
scales [17], we present the following scenario to explain,
phenomenologically, the observed cascade: The aniso-
tropic behavior (Fig. 5) suggests viewing the magnetic
field B0 and the magnetopause normal n as external con-
straints preventing the turbulence to develop ‘‘freely.’’ The
only direction ‘‘let free’’ from any constraint is thereby
along v, allowing a 1D ‘‘fully developed turbulence’’ to
settle only in this direction. A consistent theory should
therefore consider the three ingredients evidenced here: the
kinetic nature of the energy injection, the cascade scenario
similar to those used in fluid turbulence [4,5], and the role
of large scale inhomogeneity due to the magnetopause
boundary. Using improved fluid numerical codes that catch
the necessary kinetic effects [21], this new approach of
turbulence should be feasible with the actual computing
07500
means. A further possible application of the present results
concerns the reconnection problem. Indeed, the new scal-
ing law presented here could be used as a new input for the
turbulent reconnection models [6,7], which aim to explain
fast reconnection in astrophysical plasmas by considering
the large to small scale energy transfers. It can also be
considered as an external constraint in numerical models
devoted to study reconnection driving problems [22].
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