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Ab initio Calculation of the Double Ionization of Helium in a Few-Cycle Laser Pulse
Beyond the One-Dimensional Approximation
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We present ab initio computations of the ionization of two-electron atoms by short pulses of intense
linearly polarized Ti:sapphire laser radiation beyond the one-dimensional approximation. In the model the
electron correlation is included in its full dimensionality, while the center-of-mass motion is restricted
along the polarization axis. Our results exhibit a rich double ionization quantum dynamics in the direction
transversal to the field polarization, which is neglected in the previous models based on the one-
dimensional approximation.
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Electron correlation constitutes a basic resource for the
understanding of the dynamics of many particle systems.
Its relevance becomes particularly obvious in the double
ionization of atoms by intense infrared laser radiation (for a
recent review, see Ref. [1]). In the absence of electron
correlation one would expect a sequential double ioniza-
tion mechanism in which the electrons are emitted one
after the other by their subsequent independent interaction
with the external field. But, in experiments [2–4] it has
been found that, in the low intensity range, the probabilities
of double ionization by linearly polarized infrared lasers
exceed the expectations based on this sequential mecha-
nism by many orders of magnitude. The enhancement
evidences the presence of an alternative mechanism of
ionization of the two electrons, in which the correlation
between the electrons plays an important role.

It is widely accepted now that the basic picture for the
nonsequential ionization consists of the following three-
step process [5–8]: First one electron is excited by the field
to the continuum, afterwards it is accelerated by the field
and rescatters with the second electron, which is excited in
turn via a sharing of energy through electron-electron
interaction. Recent differential measurements of ion and
electron momenta and energies (e.g., Refs. [9–16]) have
confirmed this nonsequential mechanism as being domi-
nant for double ionization at intermediate intensities.

Despite the success of this picture, the ab initio calcu-
lation of the full dynamics of the two electrons driven by
the field would potentially provide further quantitative in-
sights into the process. Such computation of the double
photoionization constitutes a major challenge, since it in-
volves six dimensions in space and one in time. For the
infrared frequencies of the widely used Ti:sapphire lasers
at intensities of approximately 1014 W=cm2 it requires an
extraordinary amount of computer resources [17,18].
Under these circumstances, the dimensional reduction of
the many-body problem is a desirable strategy.

It has been shown that the fundamental aspects of the
single-electron dynamics in linearly polarized strong fields
06=96(5)=053001(4)$23.00 05300
are retained in a 1D approach, in which the electron motion
is restricted to the field polarization axis [19,20]. Stimu-
lated by this successful application, the 1D reduction has
been also employed for the two-electron [21,22], and, very
recently, to the three-electron problem [23]. However,
recent experimental data in laser induced double ionization
of Ar revealed an emission of the electrons out off the
polarization axis [14,16], attributed to the strong electron-
electron repulsion after the two electrons left the atom on
the same side. These observations suggest that for the
ejection of two electrons the 1D approach may be less
accurate than in the single-electron case. In this Letter
we propose a new strategy that, preserving the full three
dimensionality of the electronic relative coordinate, allows
for ab initio computations at the wavelengths and inten-
sities of Ti:sapphire lasers. The model is then applied to the
double ionization of helium in an intense few-cycle pulse.

The Hamiltonian associated with the dynamics of the
interaction of a two-electron atom or ion of charge Znucl

with an electromagnetic wave can be written, in dipole
approximation, as (Hartree atomic units, @ � m � e � 1,
are used):
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with R � �r1 � r2�=2 and P � p1 � p2; r � r1 � r2 and
p � �p1 � p2�=2 are the center-of-mass and relative coor-
dinates and associated momenta, respectively. Note that
the field is coupled to the center-of-mass of the two elec-
trons, but not to its relative coordinate. Therefore, for the
case of linear polarization it is reasonable to restrict the
center-of-mass motion to the field direction (P ! PZ,R!
Z), while preserving the three-dimensional character of the
electron-electron interaction.

Since for a linearly polarized field the total angular
momentum along the polarization direction Jz � LZ�
Lz remains unchanged, and mZ � 0 as a result of the
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dimensional reduction, Lz is invariant. Thus, the final
model Hamiltonian has only 3 degrees of freedom, which
can be chosen as the coordinates Z, �, and z (� being the
radius of the transversal relative coordinate):
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where we have introduced a parameter a2 used in the
computations to smooth the Coulomb singularity for the
reduced electron-nucleus interactions.

In order to test the model we have performed computa-
tion of helium in an intense ultrashort laser pulse. The
initial state wave function has been obtained by imaginary
time propagation. Using a2 � 0:135 the ground state en-
ergies of the neutral helium and the helium ion are found to
be equal to �2:936 a:u: and to �1:985 a:u:, respectively.
For the actual computations a four-cycle pulse having a
pulse envelope of the form f�t� � sin2�!t=8�with a carrier
frequency corresponding to the Ti:sapphire wavelength of
800 nm and a peak intensity of 2:6� 1015 W=cm2 has
been considered. The wave function ��Z; �; z; t� has
been propagated using the Crank-Nicholson method with
grid parameters �� � �z � �Z � 0:3 a:u: andN� � 200
and Nz � NZ � 2000 points; the time step was �t �
0:05 a:u: The calculation took about 20 days on a single
processor machine.

Figure 1 shows the expectation value h�i during the
interaction. It offers clear evidence of the relevance of
the transversal direction of the relative coordinate. The
maxima of the oscillations coincide with the time instants
at which the electric field is zero. Following the three-step
model, these correspond to the times when the probability
FIG. 1. Shown is the expectation value h�i (solid line) as
function of time along with the electric field (dotted line) at � �
800 nm and I0 � 2:6� 1015 W=cm2.
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of rescattering is high. In contrast, at time instants, where
the field is at maximum and single ionization predomi-
nantly occurs, h�i is at minimum and close to its initial
value in the neutral atom. This demonstrates the marginal
effect of electron correlation during single ionization as
being a single-active-electron effect.

Figure 2 shows a panel of pictures corresponding to
snapshots of the evolution of the probability distribution
of the two-electron system during one laser period starting
at t � 1T. Plots belonging to the left column show the
probability distribution in the Z-� space, integrated over
the z coordinate. On the other hand, the plots in the right
column offer the complementary view: Z-z space inte-
grated over �. The single ionized population is concen-
trated near the z1 and z2 axes (with z1 � Z� z=2 and
z2 � Z� z=2), and the double ionized population extends
over the regions in between these axes.

The panels in the first row [Figs. 2(a)] correspond to the
time instant right after the interaction with the maximum
field amplitude. As expected, these panels show the emis-
sion of single ionized wave packets along the z1 and z2

axes with Z < 0, i.e., in the direction of the field force.
Note that in this case the population is confined to a region
of small �, as one of the electrons still remains in the
FIG. 2 (color online). Probability distributions at different time
instants between t � 1T and t � 2T: (a) t � �1� 6=16�T,
(b) t � �1� 10=16�T, (c) t � �1� 14=16�T, and
(d) t � �1� 15=16�T. Left hand column: �Z; �� distributions,
right hand column: �Z; z� distributions.
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FIG. 3 (color online). (a) Slices of the three-dimensional
probability distribution. The horizontal plane corresponds to
� � 0, vertical planes are planes at Z � 0 and at z � 0.
(b) Enlarged view, which shows the interference patterns in
the single and double ionization region. This snapshot is taken
at t � �1� 15=16�T.
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residual He� ion. This is also in agreement with our
interpretation of the results shown in Fig. 1, that electron
correlation is negligible during single ionization.

According to the present understanding of the double
ionization process, the single ionized electron acquires
energy from the field before returning back to the parent
ion. This excursion through the continuum corresponds to
the situation depicted in Fig. 2(b), where the single ionized
wave packets are almost at its turning points. Electron
correlation is still negligible at this instant of time, as can
be seen from the left hand panel in Fig. 2(b).

Figure 2(c) plots the situation at some time after the
second field maximum. In contrast to the previous plots, in
this snapshot the population shows a rich double ionization
dynamics, in the longitudinal as well in the transversal
directions. Indeed, one can identify two contributions
(mechanisms) towards the double ionization region.

On the one hand there is a wave packet located near the
axis origin, which extends towards the Z > 0 direction
(right triangle of the double ionization region in the right
hand panel of Fig. 2(c)]. It corresponds to the situation that
two electrons are ejected at the same side of the nucleus.
According to the three-step picture, this configuration is
compatible with a nonsequential ionization process via
electron-electron scattering. In agreement with the experi-
mental observations [16], those electrons experience a
strong transversal dynamics (c.f. left hand panel), which
can be attributed to the Coulomb repulsion between the
two electrons emitted to the same side. Previous ab initio
models using the one-dimensional approximation for both
electrons did not to take account of this transversal
dynamics.

There is a second wave packet released parallel to the z1

and z2 axes into the double ionization region (upper and
lower triangle of the double ionization region). This cor-
responds to the ionization of a state, in which the first
electron is found at some distance from the parent ion.
Thus, this event corresponds to the field ionization of the
singly ionized He� ion. Since the field sign has been
reversed from the single ionization event depicted in
Fig. 2(a), the second electron is ionized in the opposite
direction, i.e., forming an electron pair on opposite sides of
the nucleus. Accordingly, the two electrons do not show
such a strong transversal repulsion as in the first
mechanism.

The latter contribution arises, most probably, from ex-
cited states of the ion, since we have found in test calcu-
lations that strong field ionization from the ground state of
the ion is much less efficient than the sequential contribu-
tion observed in the present results. Thus, our results
confirm earlier predictions [13,24] that excitation of the
ion via rescattering followed by subsequent field ionization
plays a decisive role in strong field double ionization.

The result of the sequential ionization can be traced as
localized wave packets in the upper and lower triangles of
the double ionization region of Figs. 2(c) and 2(d), showing
that the mechanism is restricted to time instants just around
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the field maximum. In contrast, the direct rescattering
event underneath the double ionization occurs during a
rather long time interval up to the zero of the field.
Figs. 2(c) and 2(d) show how this broad wave packet is
being gradually built, extending from the bound region into
the right triangle of the double ionization region.

We note that the time delay between the maximum of the
ejection of the single ionized wave packet and the maxi-
mum of the nonsequential ionization upon direct rescatter-
ing is about 0:68T which is close to the corresponding
limiting (high-intensity) value of 0:75T found in the full
6D computations [18]. The difference may arise due to the
different pulse shape used in the computations and/or the
approximation of the center-of-mass motion along the
polarization direction in the present model.

In Fig. 2(d) one further observes a ring structure in the
contribution to double ionization created via direct rescat-
tering, both in the �Z; �� as well as in the �Z; z� presenta-
tion. This structure becomes even more evident in the cuts
over the three-dimensional probability distribution at the
same time instant, shown in Fig. 3(a). The horizontal plane
in this figure corresponds to the slice with � � 0, while the
vertical planes are cuts at Z � 0 and z � 0. A series of
rings, which are parts of shells, and a pronounced angular
structure are observed in all planes, mostly for z � 0.

This modulation in the double ionization population
may indicate interferences between different paths in direct
nonsequential double ionization. Such interference phe-
nomena have been reported recently from numerical simu-
lations of single ionization of hydrogen atom [25,26],
which have been related to fringes in high resolution fully
differential experimental data [27]. The latter effect is also
visible in the single ionization region of the present data
(see enlarged view in Fig. 3(b)). Indeed, it appears that the
rings in the � � 0 plane of the double ionization region are
connected with the maxima in the single ionization region,
indicating a related origin of the structures in the single and
double ionization region.

Finally, in Fig. 4 we present the distribution of the
center-of-mass momentum along the polarization direc-
tion, PZ, in the region of double ionization at a zero of
the field near the end of the pulse at t � 14=4T.
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FIG. 4 (color online). Distribution of the center-of-mass mo-
mentum along the polarization direction in the double ionization
region.
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In order to calculate the distribution, we have adopted
the method of partitions of the coordinate space as em-
ployed in earlier works [18]:

r1 < 12 a:u: and r2 < 12 a:u: : He atom (3)

r1 < 6 a:u: and r2 � 12 a:u: or

r1 � 12 a:u: and r2 < 6 a:u: : He� ion (4)

complementary space : He2� ion (5)

with r1 �
���������������������������
�Z� z
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The result in Fig. 4 is directly related to the first differ-
ential measurements [9,10] of the recoil ion momentum.
The distribution shows the characteristic double hump
structure with a central minimum. The maxima appear at
about 2 a.u. and the distribution drops rapidly around the
maximum allowed energy classically in a few-cycle pulse.
The asymmetry in the height of the peaks arises because of
the few-cycle pulse used in the calculations [28,29], but is
also due to partial absorption of the double ionization
population at the edges of the grid in the � direction near
the end of the computations.

In conclusion, detailed ab initio calculations of the
interaction of a strong infrared electromagnetic field with
a helium atom beyond the one-dimensional approximation
are presented. The model preserves the full dynamics of
the two electrons in their relative coordinate, while it
restricts the center-of-mass motion along the polarization
direction.

The results show that the relevant aspects of the ioniza-
tion dynamics in and out of the polarization axis are in
05300
good agreement with the available experimental results.
Our computations clearly demonstrate the multidimen-
sional and the multiple path nature of nonsequential double
ionization.
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