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High Order Lagrangian Velocity Statistics in Turbulence
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We report measurements of the Lagrangian velocity structure functions of orders 1 through 10 in a high
Reynolds number (Taylor microscale Reynolds numbers of up to R� � 815) turbulence experiment.
Passive tracer particles are tracked optically in three dimensions and in time, and velocities are calculated
from the particle tracks. The structure function anomalous scaling exponents are measured both directly
and using extended self-similarity and are found to be more intermittent than their Eulerian counterparts.
Classical Kolmogorov inertial range scaling is also found for all structure function orders at times that
trend downward as the order increases. The temporal shift of this classical scaling behavior is observed to
saturate as the structure function order increases at times shorter than the Kolmogorov time scale.
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Since its publication in 1941, Kolmogorov’s scaling
theory [1], often abbreviated simply as K41, has been the
dominant phenomenological model of fluid turbulence.
The great utility of the K41 model lies in its prediction
of universal scaling laws for all manner of turbulence
statistics. Of such statistics, the moments of spatial veloc-
ity differences �u�r� � u�x� r� � u�x� are of particular
importance, since the Kolmogorov 4=5 law, one of the only
results in turbulence theory exactly derivable from the
Navier-Stokes equations, concerns the third moment of
�u�r�. K41 predicts that the moments hj�u�r�jpi should
scale as r�

E
p with �Ep � p=3 in the inertial range of turbu-

lence where the only relevant flow parameter is the rate of
energy dissipation per unit mass �. Closer studies, how-
ever, have shown that the K41 scaling predictions are not
obeyed, especially for high-order moments. Instead, the �Ep
increase nonlinearly and slower than p=3 [2–4]. This
anomalous scaling is usually attributed to the phenomenon
of intermittency that destroys the perfect self-similarity
underlying the K41 model [3].

Almost all of the observations of anomalous scaling
have been made for Eulerian quantities like hj�u�r�jpi,
measured with probes fixed relative to some laboratory ref-
erence frame. K41 also applies, however, to Lagrangian
quantities measured along the trajectories of individual
fluid elements. Historically, Lagrangian measurements
have been very difficult to perform. For this reason, anoma-
lous scaling and intermittency have not been fully inves-
tigated from the Lagrangian viewpoint. Given that the
Lagrangian approach is more natural for many problems
in turbulence [5], a more thorough understanding of
Lagrangian intermittency is needed. In addition, experi-
mental measurements of Lagrangian anomalous scaling
provide data to test models of turbulence [6–8].
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In this Letter, we study the high-order moments of the
Lagrangian velocity difference �u��� � u�t� �� � u�t�
experimentally in a high Reynolds number turbulent flow
using 3D optical Lagrangian particle tracking. According
to K41, these moments, also known as the Lagrangian
structure functions, should scale as

DL
p��� � hj�u���jpi � �����

L
p (1)

in the inertial range, with �Lp � p=2. As mentioned above,
there have been few experimental studies of the deviation
of the �Lp from the K41 prediction, due both to the inherent
difficulty in making Lagrangian measurements and to the
high degree of temporal resolution required to measure the
high-order structure functions. Mordant et al. [9] measured
Lagrangian velocity statistics in an acoustical particle
tracking system in a flow similar to ours, and found that
the Lagrangian structure functions showed more intermit-
tency than their Eulerian counterparts. Because of the
requirements of their acoustical system, however, their
tracer particles were much larger than the Kolmogorov
length scale � and they recorded data at a rate slower
than the Kolmogorov time scale ��. The measured particle
tracks may therefore have smeared out the smallest length
and time scales of the flow. This problem of resolution is
easily solved in simulation. Biferale et al. [7,8] investi-
gated the Lagrangian structure functions in a direct nu-
merical simulation (DNS) of the Navier-Stokes equations
in the context of the multifractal formalism. As with many
simulations, however, their results are limited by their low
Reynolds number. This is also true of the simulation of
Mazzitelli and Lohse [10], who studied Lagrangian statis-
tics both for fluid elements and for bubbles.
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Our experimental facility consists of a closed cylindrical
chamber containing 0:1 m3 of water. We generate turbu-
lence via the counter-rotation of two baffled disks driven
by 1 kW dc motors, and the temperature of the water is
controlled to within 0.1 �C. A more detailed description of
the apparatus was given in a previous report [11]. In order
to measure Lagrangian statistics, we seed the flow with
transparent polystyrene microspheres with a diameter of
25 �m, which is smaller than or comparable to the
Kolmogorov length scale � for all three Reynolds numbers
tested. These microspheres have a density 1.06 times that
of water, and have been shown to act as passive tracers in
our flow [11]. The microspheres are illuminated with one
�90 W and one �60 W pulsed Nd:YAG laser, and their
motion is tracked using Lagrangian particle tracking algo-
rithms [12] in a subvolume of �2:5 cm�3 in the center of the
tank where the effects of the mean flow are negligible. In
order to achieve the high time resolution necessary to
resolve high-order Lagrangian structure functions, we im-
age the tracers using high speed digital cameras. As
sketched in Fig. 1, we use three Phantom v7.1 CMOS
cameras from Vision Research, Inc., which can record
images at up to 27 000 frames per second at a resolution
of 256� 256 pixels, arranged in a single plane with an
angular separation of 45� in the forward scattering direc-
tion from both lasers. Once the raw particle tracks have
been obtained, they are processed to obtain Lagrangian
velocities by convolution with a Gaussian smoothing and
differentiating kernel [13]. In this Letter, we report only the
flow
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FIG. 1 (color online). Top-down view of the experiment. The
dashed box represents the �2:5 cm�3 measurement volume. The
tracer particles were illuminated with one �90 W and one
�60 W pulsed Nd:YAG laser aligned so that the cameras
were in the forward scattering direction from both beams. The
three cameras were arranged in a plane with an angular separa-
tion of 45�. The disks rotated about the z axis.
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structure functions measured from the radial velocity
components.

In recent years, the extended self-similarity ansatz in-
troduced by Benzi et al. [14] has become a widely used tool
for investigating the anomalous scaling of the Eulerian �Ep .
This technique is based on the Kolmogorov 4=5 law men-
tioned above. Kolmogorov was able to show rigorously
from the Navier-Stokes equations that �E3 � 1 [15]. There-
fore, hj�u�r�jpi � r�

E
p � hj�u�r�j3i�

E
p exactly. Plotting the

structure functions of different orders against each other
tends to produce cleaner scaling ranges since imperfections
in the scaling behavior in the near dissipation range seem
to be correlated among structure functions of different
order [3]; this fact may also point to the existence of new
universal functions with the same scaling exponents in the
near dissipation range [16]. Regardless, extended self-
similarity (ESS) has been shown to produce very well-
determined values of the �Ep .

Because of its great utility in determining the scaling
exponents of the Eulerian structure functions, researchers
have extended the ESS ansatz to the Lagrangian structure
functions [7–9], using the fact that K41 scaling gives �L2 �
1. While this result has not been proved rigorously from the
Navier-Stokes equations, the fact that the K41 scaling law
for the second order structure function is linear in the
energy dissipation rate � suggests that intermittency effects
should not change the value of �L2 [17]. In Fig. 2, we plot
the Lagrangian structure functions of orders 1 through 10
as measured in our experiment at a Reynolds number of
R� � 815 using ESS.
 1

 100000

 1×1010

 1×1015

 1×1020

 1×1025

 1×1030

 1×1035

 1000  10000  100000

D
L p(

τ)
 (

m
m

p /s
p )

DL
2(τ) (mm2/s2)

Rλ = 815

FIG. 2. ESS plot of the high-order Lagrangian structure func-
tions at R� � 815. From top to bottom, the symbols correspond
to our measurements of the tenth order through first order
structure function, with second order omitted. The straight lines
are fits to the data to extract the relative scaling exponents. The
lines were fit only to values of DL

2 ��� corresponding to times
between 3�� and 6��, where DL

2 ��� displayed a K41 scaling
range with �L2 	 1.
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FIG. 3 (color online). Anomalous scaling of the structure
function relative scaling exponents �Lp =�L2 measured using ESS
as a function of order. The solid line shows the K41 prediction
for the scaling exponents, with �L2 � 1. Different symbols de-
note different Reynolds numbers: the red (�) are for R� � 200,
the green (�) are for R� � 690, and the blue (�) are for R� �
815. Strong departure from the K41 prediction is clear for all
Reynolds numbers investigated. Equivalent results are found
without using ESS (not shown). Moments of orders higher
than 7 are not as well converged statistically as the lower-order
moments, as suggested by their larger error bars. These high-
order moments are plotted with open symbols.
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Because of the lack of an exact equation for any of the
�Lp similar to the Kolmogorov 4=5 law, ESS can only be
strictly used to measure relative scaling exponents in the
Lagrangian case. Figure 3 shows our measurements of the
relative exponents �Lp =�L2 computed using ESS. Since �L2
should be close to unity, this ratio should be close to the
true value of �Lp . In order to find the relative exponent as
close as possible to �Lp , we have fit straight lines to the ESS
curves only between DL

2 �3��� and DL
2 �6��� for R� � 690

and 815 and DL
2 �2��� and DL

2 �4:5��� for R� � 200, where
a very limited K41 scaling range for the second order
structure function is evident. In analogy with the usual
Eulerian definition [3], we take this range to be the
Lagrangian inertial range. These fits are shown in Fig. 2.
The values of the relative scaling exponents are shown in
Table I, and are compared with the K41 predictions in
TABLE I. Values of the relative scaling exponents measured in our
of times where the second order structure function displayed a K41 s
the values measured from the DNS of Biferale et al. [8] and the ex

R� �L1 =�
L
2 �L3 =�

L
2 �L4 =�

L
2 �L5 =�

L
2

200 0:59
 0:02 1:24
 0:03 1:35
 0:04 1:39
 0:07 1
690 0:58
 0:05 1:28
 0:14 1:47
 0:18 1:61
 0:21 1
815 0:58
 0:12 1:28
 0:30 1:47
 0:38 1:59
 0:46 1

Ref. [8] 284 1:7
 0:05 2:0
 0:05
Ref. [9] 740 0:56
 0:01 1:34
 0:02 1:56
 0:06 1:73
 0:1

02450
Fig. 3. It is clear that there is significant deviation from
the K41 prediction, and that this deviation is stronger than
in the Eulerian case. This behavior has also been observed
by Mordant et al. [9]. Additionally, since the ESS ansatz
has not been fully justified theoretically, we have also
measured the scaling exponents without using ESS; these
absolute scaling exponents are nearly identical to the ESS
values.

The scaling exponents shown in Fig. 3 and Table I are
similar to those measured by Mordant et al. [9], who
measured up to sixth order. Both our results and those of
Mordant et al. [7,8], however, are significantly lower than
the findings of Biferale et al. [7,8] who made predictions
based on a simple extension of the successful Eulerian
multifractal model to the Lagrangian case. Biferale et al.
[7,8] fit power laws to their structure functions for times
between 10�� and 50��. These times were long enough,
however, that they fell outside of the Lagrangian inertial
range reported by Biferale et al. [8] for their simulations.
Fitting their structure functions for times shorter than 10��
led them to find scaling exponents near 2 [8], in much
better agreement with our results. They attribute this clus-
tering of exponents near 2 to intense small scale vortical
motion characterized by intense acceleration [8].

We have seen from Figs. 2 and 3 that the scaling prop-
erties of the high-order Lagrangian structure functions are
anomalous when measured for time ranges where the
second order structure function shows a K41 scaling re-
gion, which we have assumed corresponds to the
Lagrangian inertial range. If we scale the structure func-
tions by the K41 prediction, however, a different picture
emerges. As shown in Fig. 4, the higher order structure
functions do indeed show plateaus when compensated by
the K41 predictions, albeit at shorter times than for the low
order structure functions. The open circles in Fig. 4 show
the centers of the K41 scaling ranges, which occur at times
we denote by tK41.

Figure 4 suggests that the value of tK41 decreases and
saturates at a value smaller than �� as the structure function
order increases. We have observed this effect for all three
Reynolds numbers investigated, as shown in Fig. 5. While
tK41 is smaller for the low order structure functions at R� �
200 than at the higher Reynolds numbers, the R� � 200
results collapse with the higher Reynolds number data at
experiment using ESS. The ESS curves were fit only in the range
caling range with exponent �L2 	 1. For comparison, we included
periment of Mordant et al. [9]
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FIG. 4. High-order Lagrangian structure functions at R� �
690 compensated by the K41 predictions. The order of the
structure function increases from 1 to 10 from the bottom curve
to the top curve. A K41 scaling region is seen at all orders, but
this plateau shifts to shorter times as the order of the structure
function increases, as shown by the open circles.
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high order. For all three Reynolds numbers, tK41 saturates
at high order at times smaller than ��. This shift of the K41
inertial range towards the dissipation range may also be
found in the Eulerian case [18].

In summary, we have used our high speed optical parti-
cle tracking system to measure the scaling properties of the
Lagrangian velocity structure functions up to order 10 in a
high Reynolds number turbulence experiment. Using the
extended self-similarity ansatz, we have measured the
anomalous scaling exponents �Lp =�L2 for time ranges cor-
responding to the K41 scaling range of the second order
structure function. We have found that these scaling ex-
ponents show stronger intermittency corrections than their
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FIG. 5 (color online). Shift of the effective inertial range as a
function of structure function order p. Different symbols denote
different Reynolds numbers: the red (�) are for R� � 200, the
green (�) are for R� � 690, and the blue (�) are for R� � 815.
For higher-order structure functions, the K41 inertial range
scaling region appears at the same multiple of �� for all
Reynolds numbers investigated.
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Eulerian counterparts. In addition, we have shown that for
all structure function orders we find a K41 scaling range for
times of the order of the Kolmogorov time ��. This K41
scaling region is characterized by a time tK41 that varies
with structure function order but appears to saturate to
times smaller than �� for high orders for all three
Reynolds numbers measured. While the finite size of our
tracer particles might affect the highest-order statistics
presented in this Letter [19], we hope that our results will
spur further understanding of the Lagrangian picture of
turbulence.
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