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Linear Response Domain in Glassy Systems
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Molecular dynamics simulations are performed on a realistic glass forming model system. The linear
and nonlinear response domains are explored numerically for the case where one of the particles interacts
with a constant external force. As the temperature is lowered towards the glass transition, we find that the
range of fields over which the response is linear shrinks towards zero. We show that the time required for
convergence of the steady state fluctuation theorem and the valid application of the central limit theorem
becomes very large as the glass transition is approached. This in turn implies that the domain over which a
linear response can be observed becomes progressively smaller.
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The tagged particle motions of undercooled fluids have
been measured in detail, below and approaching the glass
transition [1,2]. This tagged particle information may be
related to the mobility ��Fe� [see Eqs. (2) and (3)] of a
particle subject to a constant external force Fe. The mo-
bility in systems approaching the glass transition has been
measured directly [3], but in this region it is very difficult
to obtain statistically accurate measurements when the
force is small enough to observe a linear response �0 �
��0�. There have been studies of how a system, which is
aging after being quenched to a temperature below the
glass transition, responds to an external field [4–6].
However, it remains unclear how the region, where a
constant external field induces a linear response (the linear
domain), behaves as the glass transition is approached. We
address this by simulating large ensembles of small sys-
tems. This allows the response to be observed for weak
fields as well as very close to the glass transition. We use
the fluctuation theorem to interpret these results. This study
provides new insight into the transition from metastable
liquids to amorphous solids.

Our simulations mimic an experiment [3] by using the
following time reversible equations of motion for the
N-particle system under periodic boundary conditions:

_q i �
pi
m
; _pi � Fi � ��t�pi � siFei� �; (1)

where qi and pi are the position and momentum of the ith
particle, si is a switch set to unity for i � 1 and zero
otherwise, and Fe is the dissipative external field. We refer
to simulations where Fe � 0 as nonequilibrium molecular
dynamics (NEMD). � constrains the total momentum as a
constant of the motion, namely, to zero. The term involving
��t� represents a standard Gaussian isokinetic thermostat
[7] that models the thermal coupling of the system to a
large external heat reservoir.

The steady state nonlinear mobility��Fe�, which is even
under field reversal and may be represented by an analytic
expansion, is defined as

��Fe� � lim
t!1
h�x1�t�i=Fe � �0 ��2F2

e �O�F4
e�; (2)
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where h�x1�t�i is the ensemble averaged x component of
the instantaneous velocity of the particle interacting with
the field, at time t. Linear response theory [7] predicts that

lim
Fe!0

��Fe� � �0 � �D � �
Z 1

0
dsh�x1�s��x1�0�iFe�0;

(3)

where� is the inverse temperature of the heat reservoir and
D is the long time self-diffusion coefficient of particle 1.
The brackets h� � �iFe�0 denote an equilibrium ensemble
average.

The fluctuation theorem (FT) describes a symmetry in
the time-averaged fluctuations of the dissipation function
(a generalized entropy production) [8,9]. This theorem is
extremely general and is valid outside the linear response
regime. The transient FT (TFT) quantifies the fluctuations
in the response of a system, whose initial (t � 0) distribu-
tion of phases is known (typically equilibrium). The sys-
tem responds to the external field Fe which is switched on
at time t � 0 [9]. In this case

p� ��x1�t� � A�
p� ��x1�t� � �A�

� exp��FeAt�; (4)

where ��x1�t� is the time-averaged x velocity of particle i �
1 over a time t, ��x1�t� � �x1�t�=t, and p� ��x1�t� � A�dA is
the probability of observing ��x1�t� take on a value between
A� dA=2 and A� dA=2. Equation (4) may be partially
summed to obtain the integrated transient fluctuation theo-
rem [9],

p� ��x1�t�< 0�

p� ��x1�t�> 0�
� hexp�� �Fe ��x1�t�t�i ��x1>0; (5)

where the left-hand side gives the ratio of probabilities of
observing trajectories that are, for a time t, in violation of
the second law divided by the probability of observing
trajectories that are in accord with the second law.

The theory may also be applied asymptotically to the
case where ��1t�t� and the resulting probability distributions
are measured in a nonequilibrium steady state: the steady
state FT (SSFT) [9]. In this case Eqs. (4) and (5) will be
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valid in the limit where t! 1. In equilibrium, Fe � 0, the
probability, p� ��x1�t�t� � p��x1�t��, is simply the x com-
ponent of the self van Hove function, which contains
information about the tagged particle motions, equivalent
to what can be obtained from a suitable scattering experi-
ment [1,2].

For sufficiently long averaging times we expect that the
distribution of time-averaged entropy production should be
Gaussian near the mean—a consequence of the central
limit theorem (CLT). Recently Evans et al. [10] have
shown that if the distribution of time-averaged currents is
Gaussian near both the mean and the negative of the mean
current, and if the system satisfies the SSFT, then

lim
t!1
F2
et�c

h��t�i � ��x1�t� �
1
2�t�

2
��x1�t�

Fe; (6)

where the variance is �2
��x1�t�
� 2D=t. However, in this long

time limit as the averaging time increases, the mean time-
averaged velocity and its negative become further and
further apart, when measured in units of the standard
deviation. For the distribution to remain Gaussian at these
two points (i.e., for the CLT to apply near these two points)
the field must be decreased as the averaging time is in-
creased; hence the double limit appearing in Eq. (6) [10].
Combining Eq. (6) with Eq. (2) leads directly [10] to the
linear response result, namely, Eq. (3) [10]. The external
field value given in (6) is the largest possible field value for
which the resultant Green-Kubo relations (i.e., linear re-
sponse) can be expected to apply. For the particular case
here the condition that the mean h ��x1�t�i � �DFe divided
by the standard deviation � ��x1�t� remains constant results in
the maximum force scaling as Fem / kBT=

��������
Dtc
p

where tc
is the shortest time for which both the SSFT has converged
and the CLT is valid.

All simulations are three-dimensional. Our model is
similar to the Kob and Andersen potential [2] except we
use a shifted cutoff radius of 21=6��� and set "AB � 0:96
and "BB � 0:387. The system consists of 108 particles with
the first 86 being of species A and the remaining 22 being
of species B to form an 80%:20% mixture. The number
TABLE I. The first column gives the temperature studied, the sec
gives the equilibrium diffusion coefficient for species A particles. Th
theory, Eq. (3). The next three columns are the mobilities obtained a
using Eq. (2). The single figures in the parentheses are the error m
T � 0:425 these were estimated ad hoc, otherwise set to 2 standard
relative nonlinear component of the mobility reaches 1% estimated u
and above, higher field strengths than those shown in the table were

kBT Duration D ��0�

5 40 0.157 0.0315 � �

2 40 0.0491 0.0246 � �

1 40 0.0152 0.0152 � �

0.5 80 0.002 44 0.004 88 0.0
0.45 180 0.0012 0.0027(5) 0.0
0.425 180 0.0002 0.0005(5) 0.0

01570
density is � � N�3
AA=V � 1:2, the time unit is�����������������������

m�2
AA="AA

q
, and the temperature T unit is "AA=kB. Only

particle i � 1 interacts with the external field Fe. Long
time self-diffusion coefficients Eq. (3) were obtained from
equilibrium simulations Fe � 0, at temperatures above the
glass transition temperature Tg and may be seen on a
logarithmic plot in Fig. 1. Using the mode-coupling
asymptotic scaling prediction for the self-diffusion coeffi-
cient D / �T � Tg�b, we obtain values of Tg � 0:42, b �
0:9. This allows a comparison with other work where this
method has been used [1,2]. The glass transition tempera-
ture thus obtained is significantly affected by the small size
of the system. For large systems using this potential it may
be necessary to slightly increase the density to observe a
glass transition.

We set up a series of simulations with various values for
the temperature T and the field strength Fe. For each state
point in this series 105 steady state trajectory segments
were simulated to allow the distribution functions
p��x1�t�� to be constructed.

In the linear regime the zero field mobility was deter-
mined using Eq. (3). The field dependent mobilities were
obtained from NEMD simulations using Eq. (2). The re-
sults are summarized in Table I along with the long time
self-diffusion coefficients Eq. (3). These mobilities have
been calculated with high accuracy due to the very large
amount of statistical sampling in the 105 member NEMD
ensembles and have allowed us to observe a linear response
very close to the glass transition temperature. Also shown
are estimates of the field strength where the relative non-
linear component of the mobility reaches 1%, ��Fem�=
�0 � 1:01, using the leading order expansion Eq. (2).

At the highest temperature T � 5 the response is linear
within the statistical error, for all field strengths shown. As
the temperature is lowered, a significant and increasing
field strength dependence is observed. For the temperature
of T � 0:425 we observe a significant field dependence for
the three different field strengths studied by NEMD. If we
make the field strength very small, the response becomes
too weak to measure amid the background statistical noise.
ond gives the duration of the NEMD simulations, and the third
e fourth column is the mobility calculated using linear response

t various external field strengths Fe from the NEMD simulations
argins in the least significant figure shown. For the temperature
errors. The final column shows the external force for which the
sing Eq. (2), Fem �

������������������������
0:01�0=�2

p
. For the temperatures of T � 1

used to estimate �2.

��1� ��2� ��4� Fem, 1%

� 0.0316(4) 0.0314(2) 27
� 0.0246(1) 0.0247(1) 7.1
� 0.0155(1) 0.015 77(4) 2.6
04 90(4) 0.005 03(3) 0.005 60(2) 1.0
027(3) 0.0028(3) 0.0035(3) 0.7
006(1) 0.0010(2) 0.0016(2) 0.3
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The dramatic dynamical slowing, as the temperature is
cooled towards the glass transition, further compounds
this difficulty.

We now turn our attention to the distribution functions
p��x1� for times given in the duration column of Table I.
Figure 2(a) shows the distribution functions at various field
strengths at the temperature T � 5:0. We see these are all
similar Gaussian distributions, differing only in their mean,
as is required for Eq. (3) to hold. At these field strengths the
mobility is also independent of the field indicating that the
response is linear. In Fig. 2(b) we see very different distri-
bution functions for the slow glassy dynamics T � 0:45.
We also see that the distribution functions change with
increasing field strengths. At this low temperature a sig-
nificant number of the trajectory segments appear to have
zero mobility in the steady state, and thus we observe a
sharp peak, centered on zero with constant variance, for all
field strengths studied. This is in accord with the observa-
tion of dynamic heterogeneities for glassy systems with no
applied external field [11–13]. This effect becomes more
dramatic for the temperature of T � 0:425 which is not
shown. These dynamical heterogeneities show that the
shortest time for which the CLT may be applied grows
dramatically as the glass transition is approached. If this
time diverges rapidly enough, it will be responsible for the
reduction in the maximum field strength Fem by the scaling
argument from the SSFT discussed above.

In Figs. 3 and 4 we present the results of applying the FT
[Eq. (4)] to the NEMD simulations. In Fig. 3 we test the
steady state integrated FT (SSIFT) at different field
strengths and temperatures. At T � 5 the SSIFT is clearly
satisfied for all times displayed in the figure. As the tem-
perature is progressively lowered, the asymptotic SSIFT
takes longer to converge, but at sufficiently long times it
seems it will converge. This convergence time is also
FIG. 1. A log-log plot of the diffusion coefficient D for the
species A particles and �0=�2 versus T � Tg where Tg � 0:42.
The asymptotic scaling fit is also shown. The plot makes it clear
that the maximum force for a linear response scales as Fem /����
D
p

upon approaching the glass transition.
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sensitive to the external field strength. As the field strength
is lowered the convergence time increases. From our data it
is not possible to determine whether the linear domain is
shrinking due to the SSFT convergence time diverging or
due to the time the CLT converges on diverging (dynamic
heterogeneities) as the glass transition temperature is ap-
proached. However, in Fig. 1 we see the ratio of the
coefficients from Eq. (2), �0=�2, scales very closely
with the diffusion coefficient as the glass transition is
approached. This means the maximum field strength for
a linear response scales as Fem /

����
D
p

upon approaching
the glass transition. At the glass transition the linear re-
sponse regime shrinks to zero. Consideration of growing
length scales may result in similar conclusions [14].

Figure 4 shows the distinct SSFT for a range of tem-
peratures. At the highest of these temperatures the SSFT is
satisfied at the time of t � 80. At T � 0:45, 0.425, and t �
180 we are unable to verify the SSFT consistent with the
results in Fig. 3. At the lowest temperature T � 0:425
where the convergence time for the SSFT is expected to
be the slowest, the TFT (upon which the SSFT is predi-
cated) is satisfied—see Fig. 4. The standard arguments that
FIG. 2. Distribution functions for the response of the particle
�x1�t� to the external field of various strengths at the time t and
temperature T given in the legend. The solid line in (a) is a zero
mean Gaussian with its variance determined using the appro-
priate diffusion coefficient from Table I.
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FIG. 3. Steady state fluctuation theorem results for various
temperatures. The plots make use of the integrated fluctuation
theorem Eq. (5). The symbols are the ratio p	�x1�t�<
0
=p	�x1�t�> 0
 while the lines are the function hexp��
�Fe�x1�t��i�x>0. It is important to note that the T � 5 data
have been shifted 40 units forward along the time axis for clarity.
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are used to prove the SSFT from the TFT would seem to
imply that if the TFT is satisfied for arbitrary averaging
times then in the long time limit the SSFT must also be
valid—see Ref. [9]. If the TFT is valid for arbitrary
averaging times, even at the lowest temperature without
employing an effective temperature [15], then there is no
doubt that in the absence of an external field all our systems
may be treated as having equilibrated. Figures 3 and 4
suggest that both fluctuation theorems (steady state and
FIG. 4. Fluctuation theorem plots. Shown are the steady state
theory (SSFT) at temperatures of T � 0:5, 0.45, and 0.425
calculated at times of t � 80, 180, and 180, respectively. The
solid line is the prediction of the theory. While strong agreement
is observed for T � 0:5, this is not the case for T � 0:45 and
0:425 due to a slower asymptotic convergence. The transient
theory (TFT) data for T � 0:425 at a time of t � 30 is also
shown and is consistent with the theory.

01570
transient) are valid for glass forming fluids for temperature
quenches that are deep and go quite close to the glass
transition temperature.

We have provided convincing evidence that the transient
fluctuation theorem holds for glassy systems. We have
presented simulation data and theoretical arguments that
the steady state fluctuation theorem also holds for these
systems; however, our data suggest that as the glass tran-
sition is approached, the time for the asymptotic SSFT to
converge becomes very large indeed, diverging to infinity
at the glass transition itself. Recent theoretical results [10]
show that if this convergence time for the SSFT or the CLT
diverges to infinity as the glass transition is approached,
then the domain of linear response must shrink to zero. At
the glass transition itself the steady state response to a con-
stant applied field on a test particle is intrinsically non-
linear. Below the glass transition the zero field mobility is
zero �0 � 0 and to leading order we expect to observe
h�x1�t�i��2F3

e�O�F5
e� in the steady state. Our model ex-

hibits finite size effects, but we expect they are merely
quantitative and have no bearing on the conclusions
reached.
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