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Acoustic Backward-Wave Negative Refractions in the Second Band of a Sonic Crystal
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Acoustic negative refractions with backward-wave (BW) effects were both theoretically and experi-
mentally established in the second band of a two-dimensional (2D) triangular sonic crystal (SC). Intense
Bragg scatterings result in the extreme deformation of the second band equifrequency surface (EFS) into
two classes: one around the K point and the other around the � point of the reduced Brillouin zone. The
two classes can lead to BW negative refractions (BWNRs) but with reverse negative refraction
dependences on frequencies and incident angles. Not only BWNR but BW positive refraction can be
present at EFSs around the K point, so it is possible to enhance the resolution of acoustic waves with a
subdiffraction limit regardless of refractions, which is no analogy in both left-handed material and SCs’
first band. These abundant characters make refractions in the second band distinguished.
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A kind of unusual material with both permittivity and
permeability simultaneously negative was first predicted
by Veselago in 1968, named left-handed material (LHM)
because when light propagates in it, the electric field, the
magnetic field, and the wave vector form a left-handed set
[1]. Accompanying the left-handedness, the wave vector is
opposite to the energy flow, which is called the backward-
wave (BW) effect (in anisotropic media such as photonic
and sonic crystals, a general situation for the BW effect
should be considered as following that, although the wave
vector and energy flow are always not collinear, BW still
exists because the energy flow is forward but the wave
vector is backward). An array of split ring resonators and
wires [2–4], a kind of LHM proposed by Pendry et al., has
been established in experiments to realize BW negative
refraction (BWNR) in microwave range by Smith et al. [5–
7]. And through BWNRs, a superlens by LHM can be
constructed to make use of both evanescent and propagat-
ing waves to produce a real subwavelength image beyond
the diffraction limit due to phase compensations induced
by the BW effect [8–11].

Recently, the negative refraction was also realized in
photonic crystals (PCs) [12–18]. There are two cases of
negative refractions in PCs. One is because of intense
scatterings in the lowest band with negative refractions
but without a negative index [12,13], and the other located
in higher bands is the left-handed electromagnetism with a
BW effect as BWNR in LHM [14–16], showing both the
negative refraction and the negative refractive index. With
the phase compensations by BW effects, it is also possible
to obtain the transmission amplitude for evanescent waves
to construct a PC based superlens [17], which was ob-
served experimentally in the infrared region [18] and ex-
pected in the visible region.
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Since last year the negative refraction has gone into
acoustics, leading to an acoustic superlens based on sonic
crystals (SCs) [19,20]. Although there is no correspond-
ing left-handed set in SCs, it is still highly anticipated to
obtain the acoustic BWNR with phase compensations to
amplify acoustic evanescent waves. As the left-handed
electromagnetism in PCs, BWNR can also exist in SCs’
counterparts with an effective negative index [21,22].
Regarding the BWNR, the previous discussions [14–
18,21,22] mainly defined the wave propagating along
some high-symmetry directions (�-M or �-K), where
the group velocity is antiparallel to the wave vector, so
the refraction direction could be determined by the
negative index. Except for the negative refractive index,
however, in a general case with wave propagating along
any directions, there are no detailed discussions about
BWNR in both PC and SC, which is inevitable to stimu-
late us to consider more general BWNRs and find out
their dependences on both frequencies and incident
angles. By addressing this question in this Letter,
BWNRs inside the Brillouin zone (BZ) with the wave
propagating along any arbitrary low-symmetry direction
are first carried out, showing more complicated and inter-
esting characters than negative refractions in the lowest
band.

In the present experiment, in order to propose a 2D
triangular SC, an aluminum plate was designed to be
drilled as a triangular array of holes with the lattice con-
stant of 4.5 mm. Holes were arranged as the �-K direction
with 99 layers in the lateral direction of the plate, and �-M
with 20 layers in the perpendicular direction. By insert-
ing 250-mm-long steel cylinders with the radius of 1.0 mm
into the periodically drilled plate, a 2D triangular SC
was constructed with steel cylinders in air background
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[�steel � 7800 kg=m3, �air � 1:21 kg=m3, csteel �
6100 m=s, cair � 344:5 m=s (sound velocity in air at
20 �C)].

A scanning transmission measurement of spatial distri-
butions covering frequencies from 45.5 to 56 kHz was
carried out with various incident angles. In our experiment
(Fig. 1), the triangular SC with the normal as �-M direction
was placed between two transducers (Airmar AT50, USA),
one as an emitter and the other as a receiver. A 50-cycle-
pulse acoustic Gaussian beam from the emitting transducer
was generated by a function generator (Agilent 33120A,
USA). To eliminate the angular divergence and obtain a
good Gaussian shape, we used a 100-mm-long, 15-mm-
thick sponge loop with an inner radius 15 mm as an
absorbing waveguide between the SC and the emitting
transducer. So a good Gaussian beam could be obtained
by absorbing acoustic waves with large angles. The receiv-
ing transducer was mounted on a goniometer that ran along
the lateral direction parallel with the SC interface (�-K
direction). The detector was positioned at 10 cm away
from the refraction surface to eliminate near field effects.
In the experiment, both the emitter and the receiver were
oriented to the same angle with the normal of the crystal
interface. The transmission signal was acquired by a digital
sampling oscilloscope with a temporal resolution of 2.5 ns.
The position where the most intense signal was observed
was regarded as the refraction of the acoustic wave. And
the refraction was considered negative (positive) if the
emerging beam is detected at the same (different) side of
the surface normal as the incident beam.
FIG. 1. Schematic of the experimental setup used to measure
the transmission of ultrasonic wave in a 2D triangular SC,
consisting of two transducers, an absorber, a function generator,
and an oscilloscope. The SC, the rectangular slab of steel
cylinders shown as the inset, is placed between two transducers
with the normal as the �-M direction.
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The BWNR in the SC could be well understood by
examining the acoustic band structure and equifrequency
surface (EFS). The band structure of the 2D triangular SC
is calculated by both the plane wave expansions method
and multiple scattering theory, which is shown in Fig. 2(a).
In the second band, where the frequency of the � point is
higher than those of other points, EFSs [Fig. 2(b)] move
inwards, indicating that �g � k < 0. Since the group veloc-
ity is always forward (positive), the negative wave vector is
expected, indicating a BW effect and producing an effec-
tive negative index neff � kSC=kair.

In studying the detailed relation of acoustic refractions,
it is difficult to determine the refraction only by neff except
in some particular high-symmetry directions (�-M or �-K)
[14–16]. For the features inside the BZ, the propagating
direction of acoustic waves must be marked in acoustic
EFSs [Fig. 2(b)], in which we make a discussion on the
refraction of a 30� incidence from air with the normal
along the SC’s �-M direction as we did in our experiment.
With the BW effect, the right-down forward wave vector in
air will find the corresponding point at the left panel of the
SC’s EFS because of the negative left-down wave vector in
the SC, and lead to the right-up group velocity. Then in this
case, the incidence and refraction stand on the same side of
the interface normal (�-M direction), showing a BWNR.

In the second band, strong Bragg scatterings at the BZ
boundaries result in the extreme deformation of EFSs of
acoustic waves in the SC. The continuous EFS in the
second band are dramatically distorted to several pieces,
and these pieces could be presented in the reduced BZ
scheme [Fig. 2(b)]. Dependent on the frequency of acoustic
waves, there are different kinds of EFSs: one is the dra-
matically changed EFS around the K point, and the other is
the gradually varying EFS around the � point. So there are
two kinds of EFSs that lead to two different characteristic
cases for BWNRs as well as their interesting relations with
FIG. 2 (color online). Theoretical demonstrations of the acous-
tic negative refraction. (a) The band structure of the SC. The
region between 45.0 and 58.2 kHz denotes the negative refractive
frequency range for the incident beam making 30� with the SC’s
�-M direction. (b) The equifrequency surfaces in k space of the
air and SC at 47.0 kHz (solid line) and 53.0 kHz (dashed line),
respectively; kSC and �g are the wave vector and group velocity
in the SC, respectively.
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frequencies. When the frequency is below 48.8 kHz (M
point), EFSs are around the K point and become larger
from the K to M point. So for 30� incidence, kair will find
its first corresponding SC’s EFS point at the K-M BZ
boundary with a negative refractive angle of �90�. And
when the frequency is higher, the corresponding point will
be far from the BZ boundary and the EFS’s curvature is
less, making the refraction less negative. When the fre-
quency is above 48.8 kHz, EFSs are around the � point.
With the increase of frequencies, the curvature of the
corresponding point at the EFS is greater, which results
in a bigger negative refractive angle. And when the EFS is
small enough, there exists a stopping frequency, with the
negative refractive angle of�90�. To define a single beam
BWNR frequency range, the similar method to determine
the upper limit of all angle negative refraction could be
applied here [11]. The region between two dashed lines in
Fig. 2(a) denotes the BWNR frequency range from 45.0 to
58.2 kHz for 30� incidence. The dispersion line f � 1

2� �
ckair

sin30� was calculated from both M and � points, whose
intersections with the M-K and �-K directions correspond
to the starting frequency 45.0 kHz and the ending fre-
quency 58.2 kHz, respectively.

In the BWNR frequency range for 30� incidence from
45.0 to 58.2 kHz, the dependence of refractions on fre-
quencies is shown in Fig. 3 with Fig. 3(b) the measured
data represented in terms of the average transmission
intensity, which agreed well with the theoretical calcula-
tion in Fig. 3(a). The negative refractive angle reached its
minimum of theoretical �28:4� and experimental �32:0�

at 47.0 kHz. From 45.0 to 47.0 kHz, the sharp change of the
FIG. 3 (color online). The dependence of negative refractions
on frequencies. (a) The comparison of experimental measure-
ments (dots) and theoretical simulations (line) of refractive
angles versus frequencies with the incident angle of 30�.
(b) The average acoustic transmission intensity versus frequen-
cies and angles with the 30� incidence. The average intensity
scale varies from 0 to 1.
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refraction is related to the dramatically changed EFSs
around the K point due to intense Bragg scatterings. And
from 47.0 to 48.8 kHz, though EFSs are still around the K
point, it is the transient region for EFSs changed from the
K to � point so that the curvature becomes greater and the
refraction changes more negatively. From 48.8 to 58.2 kHz,
the Bragg scatterings are less, corresponding to the gradu-
ally varying EFSs around the � point, and the refraction
becomes more negative slowly. Hence, because of two
different frequency dependent characters for EFSs, the
relation of BWNRs with frequencies is not monotonically
changed, different from the characters in the first band
published before [12,18,19].

BWNRs are also strongly dependent on the incident
angles of the acoustic beam. For both different BWNRs,
however, the dependences of refractions on incident angles
are reverse. The SC’s EFSs (Fig. 2) could also be used to
describe relations between negative refractions and inci-
dent angles at a constant frequency. For the EFS around the
K point at 47.0 kHz, there are two directional band gaps,
one as the incident angle from 0� to 21.4� and the other
from 38.6� to 90�. Only when the incident angle is between
21.4� and 38.6� can kair find its corresponding SC’s EFS
point, which also first takes place at the K-M BZ boundary,
producing the negative refractive angle of �90� with the
incident angle of 21.4�. And with raising the incident
angles, the refraction will become from negative to posi-
tive, and reach its positive maximum 30� with the incident
angle of 38.6�. While for the EFS around the � point at
53.0 kHz, the EFS is smaller than air’s so that the acoustic
wave will experience total internal reflection and no re-
fraction exists if the angle of incidences is greater than
43.6�. With enlarging the incident angle from 0� to 43.6�,
the refractive angle will monotonically change to be more
negative from 0� to �90�. To demonstrate this effect, the
angles of refractions are theoretically calculated and ex-
perimentally measured with a variety of incident angles at
47.0 and 53.0 kHz as depicted in Fig. 4, showing good
agreements between theoretical calculations and experi-
ment measurements. So both absolutely reverse refractions
might result in the abundant nature of refractions in arbi-
trary directions and lead to some additional interesting
effects, such as BW positive refraction (BWPR).

BW effects taking place in the second band of SCs are
quite different from that in LHM and SC’s first band as
shown in the illustration Fig. 5. In fact, BWNR inherent
from EFSs around the � point in the second band is some-
thing like the negative refractions in LHM [2–7] where an
effective negative index results in approximately isotropic
EFSs. However, EFSs around the K point attribute to two
kinds of BW effects including both BWNR and BWPR.
Especially for the BWPR, there is no analogy in both LHM
and SC’s first band. These abundant characters are attrib-
uted to the extremely distorted EFSs due to intense Bragg
scatterings near BZ boundaries. Hence in the second band,
1-3



FIG. 4 (color online). Comparisons of measured (dots) and
calculated (line) angles of refractions versus angles of incidences
at 47.0 (a) and 53.0 kHz (b).
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BWPR is the most important character distinguished from
both LHM and the first band. Comparing to these effects in
PC’s second band, BWNR and BWPR in SC are analogous
to left-handed negative and positive refractions in PC, re-
spectively. With BW effect induced phase compensations,
regardless of BWNR and BWPR, evanescent waves in the
second band are always amplified to enhance the resolution
of acoustic waves with a subdiffraction limit [11].

To summarize, the acoustic negative refraction with BW
effects in the second band of a 2D triangular SC was
experimentally established and theoretically analyzed in-
side the BZ. Resulted from the intense scatterings near the
BZ boundary, two different EFSs around K and � points,
respectively, in the second band attribute to two kinds of
absolutely reverse BWNRs as well as their interesting
dependences on both frequencies and incident angles. In
the second band, both BWNR and BWPR exist, which is
distinguished from that in the SC’s first band and LHM.
With phase compensations, BW effects in our SC provide
the possibilities to obtain the transmission amplitude for
FIG. 5 (color online). Illustration of refractions in both the first
and second bands of SC, as well as their counterparts in PC.
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evanescent waves with both negative and positive refrac-
tions, then enhance the resolution of acoustic waves and
obtain an acoustic subwavelength image, which have great
potential in ultrasonic biosensing and medical measure-
ments. And this effect could also extend to PC and other
wave propagations in the periodic structures, exhibiting a
universal promise.
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