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Shape and Composition Map of a Prepyramid Quantum Dot
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We present a theory for the shape, size, and nonuniform composition profile of a small prepyramid
island in an alloy epitaxial film when surface diffusion is much faster than deposition and bulk diffusion.
The predicted composition profile has segregation of the larger misfit component to the island peak, with
segregation enhanced by misfit strain and solute strain but retarded by alloy solution thermodynamics.
Vertical composition gradients through the center of the island due to this mechanism are on the order of
2%=nm for GeXSi1�X=Si and 10–15%=nm for InXGa1�XAs=GaAs.
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FIG. 1 (color online). Island shape and composition map. The
scaled island shape is H0�r�=L. The composition map is a
contour plot of C1

B=C, the scaled deviation from the reference
composition. The step between contours is 0.25, vertical lines are
the zero contours, and dark corresponds to negative values.
Results are for � � 0:276.
The self-assembly of quantum dots (QDs) has received
considerable attention as a means of fabricating structures
for optoelectronic applications. A substantial amount
of theoretical work exists (for a review see Ref. [1]), but
essentially all of it neglects the important influence of
alloying. The principal difficulty in understanding alloy
QD formation is a complicated interdependence of QD
shape, strain and composition. While there have been
experimental investigations of alloy quantum dots [2–
17], a recent literature review [18] suggests that no existing
theory can predict QD size, shape, and composition. Of the
theoretical work, Tersoff [19] has discussed the nucleation
of faceted pyramids of uniform composition, and the pos-
sible formation of compositional nonuniformity. Liu et al.
[2] described an ‘‘inverse triangle’’ segregation pattern in a
two-dimensional island of assumed triangular shape.

In this Letter, we present a quantitative theory for the
shape and composition profile of small ‘‘prepyramid’’
islands. We focus here on conditions for which surface
diffusion is much faster than deposition, with bulk diffu-
sion being negligible, as in Ref. [2]. This describes a
growth scenario wherein a small amount of material is
deposited per unit time, and this material has time to
diffuse over the island surface to its equilibrium configu-
ration before new material is deposited. As growth occurs,
the buried surface layers become the interior of the island.
Thus, the entire problem consists of determining a se-
quence of equilibrium surfaces of nonuniform composition
as the dot grows. The more general problem involves
interdiffusion of the substrate into the island and wetting
layer, as well as the competition between deposition and
the dynamics of surface diffusion, leading to surfaces
being buried before reaching equilibrium. Later we address
the conditions for which our simplified theory is an accu-
rate model for these dynamics.

Figure 1 illustrates the main results of our theory for an
axisymmetric, isotropic prepyramid island. The shape of
the island is determined by the equilibration of surface
chemical potentials for each alloy component. The nonuni-
form stress due to the island shape causes nonuniform
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composition along the island surface with the larger misfit
component segregating to the island peak. As the island
grows these nonuniform surface compositions are buried to
create a nonuniform composition profile within the island
as shown in Fig. 1. Our theoretical results provide explicit
formulas for the shape, size, and composition map in the
island. The results are restricted to small unfaceted prepyr-
amid islands [20]; nonetheless, the results provide a con-
crete benchmark for analyzing the development of
compositional nonuniformity in quantum dots.

The theoretical model is as follows. We consider a single
axisymmetric island and make a simplifying assumption of
isotropic material properties. We take the substrate surface
to lie in z < 0 with the island surface z � h�r� for 0 � r �
R and the wetting layer h�r� � 0 for r > R, with edge
conditions h0�0� � 0, h�R� � 0, and h0�R� � 0 [21]. This
corresponds to the ‘‘glued wetting layer’’ model [22] in
which a wetting layer of negligible thickness covers the
substrate at z � 0. We take the film to be a binary alloy of
components A and B with compositions CA and CB (with
1-1 © 2005 The American Physical Society
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CA � CB � 1). The composition profile in the island is
CB�r; z�. Figure 1 illustrates the island geometry and non-
uniform composition profile.

The continuum model for the growth of strained alloy
films has been derived in Ref. [23]. Here we seek equilib-
rium solutions to these dynamic equations which corre-
spond to surface equilibrium, i.e., surface morphology and
surface compositions corresponding to constant chemical
potentials. For the island geometry we seek island shapes
z � h�r� which correspond to a prescribed volume V, and
the composition profile CB�r; z� which conserves the aver-
age island composition C0

B,

V � 2�
Z R

0
h�r�rdr; (1)

2�
Z R

0

Z h�r�

0
CB�r; z�rdzdr � C0

BV: (2)

Hooke’s law for stress Tij in the film (F) is in terms of an
effective strain tensor Eij, where Eij is the sum of gradients
of the displacement ui and a compositional strain propor-
tional to the solute expansion coefficient �:

Tij �
E

1� �

�
Eij �

�
1� 2�

Ekk�ij

�
; (3)

Eij � �1=2��ui;j � uj;i� � ��CB � C
0
B��ij: (4)

The constitutive law for stress in the substrate (S) is given
by Eqs. (3) and (4) with the compositional strain explicitly
zero. Mechanical equilibrium inside the film and substrate
require that the stress tensors in the film and substrate be
divergence-free (@iTij � 0), with the boundary conditions:
(i) traction-free film surface with normal nj (TFijnj � 0),
(ii) force balance at the film or substrate interface
(TF3j � TS3j), (iii) jump condition on the displacement at
the film or substrate interface proportional to biaxial misfit
strain � (uF � uS � ��x; y; 0�), and (iv) displacements in
the substrate decay to zero far away (uS ! 0). Finally,
Eqs. (5) and (6) are the chemical potentials (per volume)
for each component on the island surface [23], where �c

B,
�c
A are the chemical potentials from bulk alloy thermody-

namics in the absence of stress, � is the surface energy and
� is the surface curvature. Equation (7) gives the regular
solution model for component i � A;B where Gi is the
Gibbs energy of component i per volume, K is the
Boltzmann constant (per volume), and � is the regular
solution interaction parameter:

�A � �c
A �

1

2
TklEkl � ��� CB�Tkk; (5)

�B � �c
B �

1

2
TklEkl � ��� CA�Tkk; (6)

�c
i � Gi � KT lnCi ���1� Ci�2: (7)

As simplifying approximations, we assume that the film
properties such as surface energy �, Young’s modulus E,
and Poisson’s ratio � are independent of the small compo-
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sition variations that arise, and we also take the elastic
constants in the film and substrate to be equal.

Equilibrium island shapes are solutions to Eqs. (1)–(7),
corresponding to constant chemical potentials �A and �B
on the island surface for given volume V and composition
C0
B. The unknowns are the island shape h�r�, composition

profile of the island CB�r; z�, displacement vectors
uFi �x; y; z� and uSi �x; y; z�, and also R, �A, and �B. We
obtain closed-form solutions in the case of a small
‘‘thin’’ island, with the island height much smaller than
its width. The typical length scale for lateral features is
L � �=	� where 	 � �E=�1� �� is the biaxial misfit
stress. We thus define a small parameter � � V=L3 	 1
measuring the nondimensional volume of the thin island,
introduce the scaled island shape H�r� � h�r�=� and the
‘‘thin film’’ scale z � �Z in the film only, and seek small-�
expansions for the island shape [H�r� � H0�r� � 
 
 
 ],
composition [CB�r; z� � C0

B � �C
1
B�r; Z� � 
 
 
 ], island

radius (R � R0 � 
 
 
 ), as well as the displacements and
chemical potentials.

We give here the key results and their interpretation in
view of experiments; details of the asymptotic analysis can
be found in Ref. [24]. At order � Eqs. (5) and (6) give a pair
of coupled integrodifferential equations for the island
shape and surface composition. These equations can be
combined to give a single equation for the shape. This
single equation can be related directly to the analogous
small-slope theory for a nonalloy island [21] in which the
island size appears as an eigenvalue and the solution can be
constructed in terms of a Bessel series. The island shape in
the alloy problem is then found to be

H0�r� � A
�
a0 �

X1
j�1

ajJ0

�zjr
R0

��
(8)

where the island size is R0 � 2:061L=�1� ��, with A �
0:462�1� ��2L, a0 � 0:162, a1 � 0:419, a2 � 0:0160,
a3 � �0:003 99, a4 � 0:001 59, and zj is the jth zero of
J1�z�. From this known shape, the surface and interior
compositions can be constructed from the surface equilib-
rium conditions to give

C1
B�r; Z� � C

�

�

L
r
d
dr

�
r
dH0

dr

��
Z

H0�r�
; (9)

C �
��

2�2 � g�1� ��=E
; (10)

g �
KT

C0
AC

0
B

� 2�; (11)

where 
 � 0:281�1� ��4. Here C is an important scale
factor which sets the magnitude of the composition varia-
tions, while g is the second derivative of the Gibbs free
energy with respect to composition.

Thus, as with the case of a small isotropic island in a
single-component film, the shape and size of an alloy
island depends only on the length scale L and �. In this
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limit of small-island volume, the width is fixed, and the
island height scales with the island volume. Figure 1 illus-
trates the island shape H0�r�. Figure 1 also shows the
composition profile C1

B=C. The sign of the composition
segregation depends on the sign of C. Typically g > 0, so
the sign of C is given by the sign of ��, which means that
the larger misfit component segregates to the island peak;
i.e., Ge segregates to peaks of GeSi islands on Si.

In original dimensional variables the island shape is z �
h�r� � �h�=H��H0�r� where h� is the actual height of the
island and H� � 0:275L�1� ��2. In the small-island limit,
the radius R � R0 remains fixed, and the height scales
linearly with the island volume V � L3h�=H�. Similarly,
the composition profile in the island is CB�r; z� � C0

B �

�h�z=H�h�r��C
�
B �r�, where C�

B �r� is the surface composi-
tion in Eq. (9). A useful measure of the compositional
segregation is the composition along the island center
line r � 0:

CB�0; z� � C0
B � Gz (12)

where G � C�
B �0�=H� is the vertical composition gradient

along the island center line.
To illustrate our results, we consider GeXSi1�X films on

a Si substrate, where X is the nominal ‘‘as-deposited’’
composition. Our theory predicts that the radius of a small
island is R � 2:061L=�1� ��. In Fig. 2 we compare our
theory to observations of the smallest observed prepyramid
islands from a wide range of growth conditions. There is
good agreement over two magnitudes of variation in the
island size.

Figure 3 shows how the center-line gradient G varies for
different film or substrate systems. The magnitude of seg-
regation is set by C, which increases with larger misfit �
(e.g., X � 1 for GeXSi1�X on Si). On the other hand,
segregation is enhanced when g is small, e.g., X � 0:5
for a regular solution model. Thus, maximum segregation
occurs at an intermediate composition 0:5<X < 1 which
represents a compromise between the driving force due to
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FIG. 2 (color online). Island width for GeXSi1�X on Si. The
misfit is � � ��X and parameters used for GeSi are � � 0:042,
� � 0:276, E � 11:6
 1011 erg=cm3, � � 2220 erg=cm2. Data
from Refs. [9,13,17,26–31].
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misfit strain and the restoring force of solution thermody-
namics. This behavior is evidenced in Fig. 3 for GeXSi1�X
on Si and InXGa1�XAs on GaAs. The competition of strain
and alloy thermodynamics means that segregation is in
general promoted at lower temperatures and in systems
with large j�j and large solute interaction parameter �,
also illustrated in Fig. 3. In both systems, lower tempera-
ture promotes segregation, however, the magnitude is quite
different for each system, 2%=nm for GeSi versus
10–15%=nm for InGaAs, because � and � are signifi-
cantly larger for InGaAs.

While our theory is similar in spirit to Ref. [2] in that it
predicts segregation of the larger misfit component to the
island peak, the details are different. The main difference is
that in [2] the island shape is prescribed a priori to remain a
fixed triangular (faceted) shape as the island grows, while
we determine the arbitrary (nonfaceted) island shape from
the conditions for surface equilibrium. Another difference
is that in [2] the surface compositions are assumed to be
proportional to the elastic stresses at the surface, while we
obtain a more complicated interdependence of the surface
compositions on the surface shape and stress. The effect of
these different assumptions is that the predicted composi-
tion profiles are only qualitatively similar. While both
models predict segregation of the larger misfit component
to the island peak, in [2] the composition within the island
depends only on the angular position with respect to the
center of the island base; hence there is no vertical con-
centration gradient along the island center line, in contrast
to the composition map we find in Fig. 1. In addition, the
use of a faceted island shape in [2] with other approxima-
tions results in weak singularities in the composition at
island corners; our theory applies only to nonfaceted is-
lands, but gives nonsingular compositions.

To our knowledge there have not been measurements
of composition profiles in small prepyramid islands, but
rather in larger ‘‘pyramid’’ or ‘‘dome’’ islands. While
our theory is not appropriate for the description of large
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FIG. 3 (color online). Vertical composition gradient G along
the island center line for GeSi=Si and InGaAs=GaAs. For
GeSi=Si, � � 3:47
 109 erg=cm3; for InGaAs=GaAs, � �
0:069, � � 0:332, E � 6:82
 1011 erg=cm3, � � 1650 erg=
cm2, and � � 4:12
 109 erg=cm3.
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islands, it does give qualitative agreement with the general
trend of preferential segregation of the larger misfit com-
ponent to the island peak that has been observed in GeSi=Si
[15,16] and InGaAs=GaAs [2,10].

A critical assumption in our theory is that bulk diffusion
is much smaller than deposition. This requires the diffusion
flux from the substrate into the wetting layer to be small
relative to the deposition flux. Based on dimensional analy-
sis, the condition for neglecting bulk diffusion is
DB=�w 	 R. where DB is the bulk diffusivity (cm2=s),
�w is the wetting layer thickness, and R is the deposition
rate (cm=s). For Ge=Si growth, �w � 3 ML and R �
1:4 ML=min [8] gives bulk diffusion as being negligible
when DB 	 10�17 cm2=s. Such a condition should easily
be satisfied at low to moderate temperatures. For example,
in the experiments of Ref. [8], bulk interdiffusion was
neglible for Ge=Si at 400 �C and R � 1:4 ML=min ; in
Ref. [6], bulk diffusion was negligible up to 550 �C with a
faster deposition rate of R � 10–20 ML=min .

The second mass transport assumption is that surface
diffusion is much faster than deposition. Surface diffusion
is ‘‘fast’’ if the time scale for the formation of islands is
small relative to the time to deposit the wetting layer. An
estimate of the time scale for the formation of islands is the
time scale for the stress-driven morphological instability
for a single-component film [25], tinstab � L4KT=DSa�
where DS is the surface diffusivity and a is the thickness
of a monolayer. Since the time to deposit the wetting layer
is tdep � �w=R, an estimate of the conditions for which
surface diffusion dominates is tinstab 	 tdep. Based on the
results in Ref. [25], for Ge on Si this criteria is satisfied
when DS � 10�12 cm2=s, which corresponds to T �
330 �C. Thus, for Ge=Si our assumptions would appear
to be reasonable for temperatures from roughly 330 �C up
to about 400–550 �C depending on the deposition rate,
with the assumption of negligible bulk diffusion failing at
higher temperatures.

When bulk diffusion is not negligible, e.g., high tem-
peratures [12] and low growth rates [7], an important
feature of island growth is the intermixing of the sub-
strate and island [3–9] causing large composition gradients
across the film or substrate interface. Measurements of
the composition near the film or substrate interface show
this composition gradient to be on the order of 15%=nm
for Ge=Si [8] in a case where intermixing is strong. Our
predictions of the composition gradients for Ge=Si (Fig. 3)
due to surface diffusion alone are at most 2%=nm, which
suggests that the segregation mechanism we describe be-
comes less significant than the bulk diffusion mechanism at
high temperatures and low growth rates.

Another effect of bulk diffusion is that intermixing in the
wetting layer leads to islands with composition different
than that of the as-deposited film [8]. The determination of
the effective composition of the island due to intermixing
in the wetting layer would necessarily require a more de-
tailed model which includes bulk diffusion. However, since
20610
our theory only requires that the surface diffusion flux
feeding island growth remains constant in composition, it
could be adapted to the case where intermixing in the
wetting layer produces an island with a different average
composition than the as-deposited film. In this case C0

B
would be interpreted as the (assumed constant) composi-
tion of the wetting layer from which the islands form.
While our theory is not able to predict this composition
of the wetting layer, it can still give useful benchmarks on
the magnitude of compositional segregation in the case
when the average composition of the island is different
from the as-deposited composition (e.g., interpret X as the
average island composition in Fig. 3).
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