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Molecular-Dynamics Simulations of Cold Antihydrogen Formation
in Strongly Magnetized Plasmas
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Employing a high-order symplectic integrator and an adaptive time-step algorithm, we perform
molecular-dynamics simulations of antihydrogen formation, in a cold plasma confined by a strong
magnetic field, over time scales of microseconds. Sufficient positron-antiproton recombination events
occur to allow a statistical analysis for various properties of the formed antihydrogen atoms. Giant-dipole
states are formed in the initial stage of recombination. In addition to neutral atoms, we also observe
antihydrogen positive ions ( �H�), in which two positrons simultaneously bind to an antiproton.
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The antihydrogen atom ( �H), the simplest form of anti-
matter, is of fundamental importance in possible high-
precision tests of the standard model (CPT violation) and
of gravity theories of matter and antimatter [1]. Two ex-
perimental groups at CERN, ATHENA [2] and ATRAP [3],
have recently detected cold �H atoms produced by mixing
antiprotons ( �p) with cold positrons (e�) in a nested
Penning trap. Properties of the formed antihydrogen atoms,
such as their energy levels, temperature, and spatial distri-
bution, are currently being examined experimentally [4–
6]. Knowledge of the state of the formed �H is crucial to
devising deexcitation schemes to low-lying levels, suitable
for precision spectroscopy. While the theory of strongly
magnetized isolated �H atoms has been analyzed [7,8] as
well as restricted �H recombination models [9,10], statistics
of the properties of �H formed within full dynamics plasma
simulations are lacking. In this Letter, we present compre-
hensive studies on recombined �H using molecular-
dynamics (MD) simulations of cold �p-e� plasmas in a
strong magnetic field. Employing a high-order symplectic
integrator [11] and an adaptive time-step algorithm, we
model plasmas of 5000 to 10 000 particles for very long
times(�1 �s). We observe sufficient recombination events
that enable us to extract the statistical properties of �H.

In order to model the experimental conditions [2,3], a
plasma of �p (with mass mp and charge �e) and e� (with
mass me and charge �e) is simulated in cylindrical ge-
ometry with a constant magnetic field (B � 5:4 T) ori-
ented along the z axis. A typical cylindrical region with a
radius of 85 �m and an axial length of 2202 �m is uni-
formly populated with 4000e�’s and 1000 �p’s, for most
simulations. This arrangement gives a positron density
�8� 107 cm�3, which corresponds to experimental con-
ditions. All particles are initially placed at random posi-
tions within the cylindrical volume. The longitudinal
velocities (along the z axis) of e� are chosen according
to a 4 K Maxwell-Boltzmann distribution, while their
transverse velocities (in the xy plane) are �@eB�1=2=me,
assuming that all e� are in their ground Landau state.
The longitudinal velocity of the �p is an input parameter
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for our simulations. The transverse velocities are all equal
in magnitude to the longitudinal velocity and oriented
according to a random phase, which describes the initial
position of the gyration radius on the cyclotron orbit. This
special way of choosing the initial conditions simulates the
experimental setup used by the ATRAP experiment [3],
where the �p’s are driven through the e� cloud using a
radio-frequency pulse.

Starting from these initial conditions, the evolution of
the particles is integrated according to the classical equa-
tions of motion. Because of the strong transverse confine-
ment, mirror-boundary conditions are imposed only along
the z axis. Particles reaching the end caps are reflected back
into the cylinder by flipping the longitudinal component of
their velocity. We employ a special fourth-order symplectic
integrator [11], which can take advantage of the low den-
sity of the plasma. Unless a very rare close encounter
occurs, the long-range Coulomb interaction can be treated
as a perturbation of the cyclotron motion of the charged
particles in the strong magnetic field. Each time step con-
sists of two stages (‘‘drift’’ and ‘‘kick’’). During a drift
stage, particle coordinates are propagated according to
their cyclotron motion, ignoring their Coulomb interaction.
The Coulomb forces change instantaneously the momen-
tum of each particle at the kick stage. A very long integra-
tion time (up to 1 �s) has been obtained in this way. In
order to deal with the close encounter collisions and speed
up simulations, we use an adaptive algorithm by which the
time step is adjusted to maintain the error in energy con-
servation under 1% of the system energy at all times during
the simulations. The transverse cyclotron motion is pre-
served, similar to the guiding-center approximation [12],
but at every time step and not globally.

We first present results from a simulation with an initial
�p kinetic energy Ep � 23:2 K (�2 meV). In Fig. 1, we
plot the minimum distance between a �p and its nearest e�

as a function of time, up to the total simulation time of
0:5 �s. The panels in Fig. 1 present four representative
cases of various �p-e� pairs. From Fig. 1(a), we see that the
minimum �p-e� distance varies rapidly and irregularly
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FIG. 2 (color online). The trajectories for recombined pairs
shown in Figs. 1(a) and 1(b). The �p are plotted in lines with large
cyclotron radius in (a) and (c), and with black crosses in (b) and
(d), while e� are indicated by lines with small cyclotron radius.
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FIG. 1 (color online). The minimum distance between a �p and
its nearest e� as a function of time, for four different situations.

PRL 95, 163402 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
14 OCTOBER 2005
from 2 to 25 �m during the first 0:1 �s; it then exhibits
regular oscillations from t � 0:1 to 0:5 �s. Checking the
specific identity of the e�, we find that it does not change
from t ’ 0:1 �s to t ’ 0:44 �s. This regular oscillation in
the minimum �p-e� distance provides a ‘‘signature’’ of re-
combination of e� with �p. A simple criterion for defining a
recombination event is then to require that the �p-e� pair
‘‘sticks’’ together for more than a certain amount of time.
We have chosen 50 ns since during this period several os-
cillations in the minimum �p-e� distance are apparent.
Another criterion based on axial binding energy is also
used and gives the same set of recombination events. For
the other panels in Fig. 1, we find that the formed pairs ( �H)
can be destroyed or ionized [in 1(b) at t ’ 480 ns], deex-
cited [in 1(c) at t ’ 200 ns], and recombined again [in 1(d)
at t ’ 350 ns] in the plasma. By examining the detailed dy-
namics of the formation of �p-e� pairs, we found that the
dominant process is three-body recombination, although re-
placement collisions (discussed below) can possibly occur.

The detailed trajectories for the recombined pairs shown
in Figs. 1(a) and 1(b) are further examined in Fig. 2.
Figures 2(a) and 2(b) represent the situation of Fig. 1(a),
while the Figs. 2(c) and 2(d) are for the case of Fig. 1(b).
The 3D trajectory plots 2(a) and 2(c) elucidate the attach-
ment of the e� (lines showing small cyclotron radii) with
the �p (line showing large cyclotron radius), in which the
combined �p-e� are traveling together for more than
200 �m in the plasma. The large cyclotron motion of �p
is distinctive. Interestingly, Fig. 2(a) shows a ‘‘replacement
collision’’ occurring at t� 0:44 �s, when a second posi-
tron (green line) collides with the �H and subsequently
replaces the originally recombined positron (red line). To
further confirm that the particles are really recombined, we
checked their z coordinate against time and clearly found
that these ( �p-e�) pairs are moving together along the
magnetic field line during the recombination times.
Figures 2(b) and 2(d) show the projection of e� trajectories
in the perpendicular xy plane relative to �p (black cross)
located at the origin. The e� in 2(b) is moving (drifting)
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around the �p, corresponding to a tight bound �H in the inner
Coulomb well of the �p-e� effective potential (defined in
[7]). A totally different situation is presented in 2(d) where
e� oscillates in a well displaced from �p, forming a ‘‘giant-
dipole’’ �H atom [7]. In Fig. 2(b) we are plotting the
trajectory for times from t � 0:1 to 0:5 �s so that we see
the first e� (left circle) leaves its stable trajectory, when the
second e� (right circle) starts to orbit the �p.

To find the optimal velocity for recombination when �p’s
are driven through the e� cloud, we simulate plasmas with
different initial �p kinetic energy (Ep). Figure 3(a) shows
the number of recombined �p-e� pairs as a function of
simulation time, for the case of Ep � 23:2 K. The number
of �H atoms fluctuates around 12 events after t > 0:2 �s,
which indicates the continuous recombination and destruc-
tion of �H occurs during the �p-e� plasma evolution (i.e., the
lifetime of each recombined pair varies). A total number of
62 recombination events have been counted during the
0:5 �s simulation period. In Fig. 3(b) we display the total
number of recombination events ( �H) as a function of the
initial �p kinetic energy (Ep). According to their perpen-
dicular motion (on the xy plane), we further divide these �H
into two types: the giant-dipole and the ‘‘non-giant-
dipole,’’ as indicated by examples in Figs. 2(d) and 2(b),
respectively. Note that the non-giant-dipole-type �H atoms
are not necessarily tightly bound; they may have large
orbits. The recombination depends only slightly on the �p
energy and has a peak between Ep � 20 and 50 K, fol-
lowed by a slow decrease at large �p energies. The recom-
bination rates (typically �105 s�1) obtained in our simu-
lations are about 2 orders of magnitude larger than the rates
predicted by bottleneck theories [10,13]. This is because
our simulations describe only the collisional capture—the
initial phase of recombination in a cold plasma. A much
2-2
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FIG. 4 (color online). Perpendicular pseudomomenta and
binding energies (a) and time-averaged kinetic energies (b) of
�H atoms formed in simulations started with �p energies of 8, 23.2,
50, and 100 K.
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FIG. 3 (color online). (a) The time dependence of �H recombi-
nation for the case of initial �p energy Ep � 23:2 K. (b) The total
�H recombination events (during 0:5 �s) as a function of the
initial kinetic energy (Ep) of antiprotons (in units of K).
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longer simulation time would allow one to observe the
stabilization of recombination, for the positron densities
considered.

As shown in [7], while the total momentum of �H atoms
is not conserved, the pseudomomentum K � MV � er�
B is. Here M � me �mp is the total mass, V is the center
of mass (c.m.) velocity, and r is the relative distance
between the two particles. The perpendicular component
K? characterizes the effective potential between �p and e�

in a strong magnetic field. When K? is greater than a
critical value Kcrit, large giant-dipole states are possible
in the outer well [7]. Figure 4(a) shows the distribution of
pseudomomenta and binding energies for �H atoms formed
in simulations started with various �p velocities. Because of
the coupling between the relative and c.m. degrees of
freedom, a strict definition for the binding energy is not
possible. However, the axial relative energy gives a good
indication of the binding, because the �p-e� pair breaks
when particles separate along the field axis. We calculate

the binding energy as W �H � �v2
z=2� e2=

����������������
z2 � r2

g

q
, with

the reduced mass� � memp=�me �mp�, the relative axial
distance z and velocity vz along the magnetic field, and the
guiding-center separation rg. While �H is bound, the bind-
ing energy W �H is always negative and fluctuates, having
maxima when the guiding-center separation is largest. The
average value of W �H at those peaks is our working defini-
tion for the binding energy.

As is shown in Fig. 4(a), most �H atoms formed in our
simulations have a binding energy of �4 K. This is con-
sistent with the prediction of the ‘‘bottleneck theory’’
[10,13], which states that the probable binding energy in
a three-body recombination process is approximately equal
in magnitude to the thermal energy of positron cloud (al-
ways 4 K in our simulations). Figure 4(a) also shows that
deeply bounded pairs are possible only for small values of
16340
K?. Numerous �H atoms have pseudomomenta greater than
Kcrit � 0:658 a:u:, indicating that they are of either the
giant-dipole type or the large non-giant-dipole type.

The kinetic energies of �H atoms, calculated as the aver-
age of the c.m. energy over their recombination time, are
displayed in Fig. 4(b). The heavy �p cannot considerably
change its velocity in collisions with the lighter e�, and
therefore the kinetic energies of formed �H atoms are dis-
tributed around the �p energies with which the simulations
were started. This also suggests that recombination occurs
well before the thermal equilibrium of �p with e� in the
plasma, which agrees with the most recent observation in
experiments [6]. However, a recent measurement of �H
velocity [5] indicated a ‘‘speeding-up’’ factor of 20, based
on the assumption of �p at 4.2 K. From our simulation
results, we believe that the �p in that experiment were not
in thermal equilibrium at 4.2 K, but rather have a much
higher temperature �2000 K.

Next, we calculate the size of �H, designated r, as the
time-averaged separation between �p and e�. The r distri-
butions of �H atoms are shown in Fig. 5 for different posi-
tron densities: (a) 1:6� 107=cm3, (b) 8� 107=cm3 and
(c) 4� 108=cm3, respectively. All these cases are from
MD simulations with 5000 particles, up to the same time
T � 0:5 �s but for different cylinder lengths. The clear
feature, elucidated by Fig. 5, is that the �H size becomes
smaller as the plasma density increases. This shows both
the deexcitation due to plasma collisions and the lowering
of the recombination threshold. We observed that the total
number of recombined atoms (living longer than 50 ns)
decreases from 71 in low-density plasma [Fig. 5(a)] to 59
and 10 for the other two cases in Figs. 5(b) and 5(c),
respectively. This implies that frequent collisions are also
considerably ionizing and destroying �H. For the conditions
we explored, the smallest �H has a size of �1 �m.

Finally, we tested our simulation results for different
particle numbers and simulation times as follows: (1) we
2-3
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FIG. 6 (color online). The comparison of �H size distributions:
(a) and (b) represent the comparison of results for 5000 and
10 000 particles; while (c) and (d) are for the same 5000 particles
but different simulation times (T � 0:5 and 1:0 �s).
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increased the number of particles to 10 000 �8000e� �
2000 �p� and lengthened the cylinder by a factor of 2 (in
order to keep the same positron density), for which we
carry out the MD simulation to the same time 0:5 �s;
(2) we kept the original 5000 particles but simulated the
plasma up to 1:0 �s. In the first case, the mirror-boundary
effect is also examined. For both cases we obtained more
recombination events. However, the general properties of
formed �H atoms were statistically unchanged when com-
pared to the corresponding cases having either less par-
ticles or shorter simulation time. As an example, we com-
pare the statistics of �H size distribution in Fig. 6. Fig-
ures 6(a) and 6(b) represent the case of changing the num-
ber of particles, while Figs. 6(c) and 6(d) represent the
comparison between short-time (T � 0:5 �s) and long-
time (T � 1:0 �s) simulations. We also find similar sta-
tistical results for other �H properties, such as kinetic en-
ergy, lifetime, and binding-energy distribution. Thus, we
believe that the results presented here generally hold as
both the number of particles and the simulation times
increase. In addition, they do not significantly depend on
the choice of the recombination criterion. The statistics
were the same when we reduced the �p-e� sticking time
threshold from 50 to 25 ns.

Besides the mirror-boundary simulations discussed
above, we also did some simulations under free expansion,
i.e., no boundary. We found 10 times more recombination
events as compared to the corresponding mirror-boundary
case, in which we also observed antihydrogen positive ions
�H�. Both positrons in �H� move in orbits delocalized from
the antiproton, in contrast to the magnetized ions discussed
in [14], where an outer e� is bound by a polarized core. Al-
though they may be weakly bound, �H� can have important
implications for trapping and manipulating by external
fields, since they are charged. Further studies on �H� will
follow.
16340
In summary, we have simulated the formation of cold �H
atoms in strongly magnetized �p-e� plasmas. Detailed tra-
jectory analysis and statistics show the following: (a) the
most �H atoms initially formed by collisional capture are in
highly excited states and are strongly polarized by their
transverse motion; (b) maximum recombination events are
obtained at the initial �p energy Ep � 20–50 K; (c) �H
atoms typically have a size of few�m and become smaller
when the positron density is increased; and (d) �H� can be
formed in free expansions of initially mixed non-neutral
�p-e� plasmas.

This work was performed under the auspices of the U.S.
Department of Energy through the Los Alamos National
Laboratory under the LDRD-PRD program.
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