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Correlation-Induced Double-Plasmon Excitation in Simple Metals Studied
by Inelastic X-Ray Scattering
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We report a new type of peaklike structure observed in the tail of the dynamic structure factor of simple
metals, measured by inelastic x-ray scattering. Based on the momentum-transfer dependence of the energy
position and the intensity of this structure, it has been unambiguously attributed to intrinsic plasmon-
plasmon excitations, an electronic correlation effect that was theoretically predicted by many-body
perturbation theory of the homogeneous-electron-gas model beyond the random-phase approximation.
This signature appears to be largely unaffected by electron-ion interaction effects. Thus a structure that is
primarily caused by correlation effects in the electron gas has been found experimentally in the dynamic
structure factor of simple metals.
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The appropriate theoretical treatment of correlation in
an interacting electron gas at metallic densities still re-
mains a challenge in spite of the large amount of work on
this topic. Therefore, experimental methods that can di-
rectly test theoretical predictions are very valuable. For
systems that closely resemble a homogeneous electron gas
(jellium), measurements of the dynamic structure factor
S�q; !� as a function of the momentum transfer q and the
energy loss ! offer such a testing ground of correlation
effects, since S�q; !� is the Fourier transform in space and
time of the density-density correlation function [1].
Inelastic x-ray scattering (IXS) is the favorable experimen-
tal method to study S�q; !� for large momentum transfers
q [2], i.e., when short-range correlations are probed. In
particular, the advantage of IXS is the nearly complete
absence of multiple scattering in contrast to electron
energy-loss spectroscopy (EELS) [3], because in EELS
extrinsic multiple excitations can obscure the information
on electron correlations. IXS studies on simple metals [4]
clearly showed significant deviations of the overall shape
of S�q; !� for large q from the shape predicted by the
jellium model in the random-phase approximation (RPA)
[5]. The RPA is known to incorporate long-range correla-
tions only and thus for small q � jqj approximately ac-
counts for the energy position and dispersion of collective
excitations such as plasmons in simple metals. In both
cases the influence of the effective electron-ion interaction
is found to be small. For larger q the deviations of the
experimental observations from the RPA jellium calcula-
tions exhibit three characteristic features: (i) the centroid of
S�q; !� as a function of ! is shifted to lower energy losses
[4]; (ii) a double-peak or a one-peak-one-shoulder struc-
ture appears to be universal for all simple metals [5];
(iii) the S�q; !� spectra show tails for ! far beyond the
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upper limit of the jellium (single) particle-hole excitation
spectrum [6,7].

All three observed features were attributed to correlation
effects beyond the RPA [4,8–13]. However, the ion poten-
tial was found to cause similar effects [13–18]. As a result,
it is difficult to unambiguously identify specific correlation
effects from these experiments.

In search of a unique manifestation of correlation ef-
fects, one notes that as mentioned above the plasmon is a
unique excitation of an interacting electron gas. In simple
metals their observed existence and dispersion is reason-
ably well described by the jellium model within the RPA.
Beyond the RPA, plasmon-plasmon (pl-pl) excitations as a
specific correlation effect of the jellium model were also
predicted long ago [19,20]. These resulted from an analysis
of diagrams that are obtained from an expansion of the
proper polarizability beyond the RPA to second order in the
dynamically RPA-screened Coulomb interaction. The
three diagrams (A, B) of first order and the two diagrams
(C) of second order together form a consistent set [21] and
are depicted in Fig. 1. While the evaluation of the imagi-
nary parts of these diagrams by Hasegawa and Watabe [19]
(see also Ref. [20]) is valid only in the limit of small q
where the intensity of pl-pl excitations is vanishingly
small, the extension of the calculation to arbitrary q and
! outside the (single) particle-hole excitation spectrum
was accomplished only recently [13]. With increasing q
this correlation effect becomes large enough to be observed
experimentally as is reported in this Letter.

The dynamic structure factor can be expressed in terms
of the dielectric function ��q; !�, which is related to the
proper polarizability �p�q; !� by

��q; !� � 1� v�q��p�q; !�;
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FIG. 1. A, B, and C diagrams, lowest order corrections to the
RPA bubble. The wavy lines denote the dynamically RPA-
screened Coulomb interaction (p; p0; q; k are four-dimensional
vectors including frequencies).
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with v�q� � 4�=q2. Atomic units (a.u.) are used with @ �
m � e � 1. For the jellium model, �p�q; !� depends on
q � jqj only. In the approximation considered here, we
have

�p�q; !� � �0�q; !� � �A�q; !� � �B�q; !� � �C�q; !�

� � � � ;

where the RPA bubble �0�q; !� defines the well known
Lindhard dielectric function �L�q; !� � 1�
v�q��0�q; !�, and �A�q; !� � �B�q; !� � �C�q; !� is
the sum of the expressions corresponding to the diagrams
depicted in Fig. 1. They define correlation effects as the
leading corrections to the RPA. It was demonstrated that a
consistent set of diagrams must include the �C�q; !� dia-
grams [21]. Outside the particle-hole excitation spectrum
�L�q; !� is real and we find for the dynamic structure factor
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where n0 is the electron density. The pl-pl excitations result
from the evaluation of the C diagrams of Fig. 1, because the
dynamically RPA-screened Coulomb potential enters in
second order; i.e., RPA screening yields the product
1=�L�q� k; !�!0� � 1=�L�k; !0�. Here k and !0 are
internal momentum and energy variables to be integrated
over. The poles of the two involved screening functions
give rise to the excitation of two plasmons at an energy
! � !p�k� �!p�jq� kj�. Since plasmons can exist only
for k � qc and jq� kj � qc, where qc is the plasmon
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cutoff wave number, the pl-pl excitations can occur only
for 0 � q � 2qc. For fixed q the onset of the two-plasmon
structure in the tail of S�q; !� is given by !onset

pl-pl �q� �
2!p�q=2� � 2!p�0� � �q2=2 with the free electron plas-
mon frequency !p � !p�0� � �q

2 and the plasmon dis-
persion constant �. The upper ! limit for pl-pl excitations
is given by !lim

pl-pl�q� � 2!p�qc� � 2�q2
c=2� kFqc�, with

the Fermi momentum kF. Thus the expected structure for
pl-pl excitation has a rather limited extension on the
energy-loss scale. Therefore, the peaklike pl-pl excitation
structure can easily be distinguished from the less-
structured contribution of the particle-hole-pair –particle-
hole-pair excitations and the particle-hole-pair–plasmon
excitations. It must be mentioned that the prerequisites of
the calculations of Ref. [13] break down when the free
(single) particle-hole continuum approaches the pl-pl fea-
ture. The energy-loss position of the maximum of the pl-pl
excitation [13] is given by

!max
pl-pl�q� � 2!p�0� � �q

2:

The existence of the pl-pl excitations was verified ex-
perimentally by observing the corresponding fingerprints
in S�q; !� of Al single crystals with qk	100
 and 	110
.
The dynamic structure factor was measured by means of
IXS with high statistical accuracy. Peaklike structures were
found and, after a comparison with corresponding theo-
retical predictions, attributed to pl-pl excitations based on
the q dependence of both their peak position and intensity.
The pl-pl contributions of both diagrams of second order in
the dynamically screened Coulomb interaction
(diagrams C) were computed for Al (rs � 2:07, rs is the
free electron gas parameter) and Na (rs � 3:93) for the
q values of the experiment based on Ref. [13].

The experiments were carried out at the beam line ID16
of the European Synchrotron Radiation Facility (Grenoble,
France) utilizing a Rowland-type spectrometer with a 1 m
diameter Rowland circle and a spherically bent Si(555)
analyzer crystal. The analyzer energy was kept fixed at
9.89 keV and the incident-photon energy was tuned across
the required energy-loss range of 75 eV. The overall energy
resolution was estimated from the width of the quasielastic
line to be 1.5 eV. The momentum-transfer resolution was
0.1 a.u. The dynamic structure factor was measured on Al
single crystals (qc � 0:73 a:u:) for q=qc between 0.73 and
1.21 with qk	100
 and 	110
. Several single spectra were
measured to obtain the full energy-loss spectrum up to the
Al L edge, normalized to the incident-beam intensity and
summed up. Finally, the spectra were converted into the
dynamic structure factor by using the f-sum rule [6].
Between 27 and 50 eV the data were measured with higher
statistical accuracy.

The experimental results of S�q; !� for single crystalline
Al with qk	100
 are presented in Fig. 2 on a semilogar-
ithmic scale for all measured q values as indicated. The pl-
pl peak is marked by the arrow. It is clearly visible in the
high energy-loss tail of S�q; !� and disperses in its energy-
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loss position with increasing q. For q � qc the pl-pl peak
vanishes slowly into the particle-hole continuum. The
contribution of the double-plasmon excitation to the dy-
namic structure factor has been extracted by subtraction of
its continuously decreasing tail. The tail was obtained by
fitting to the shape of S�q; !� a weighted sum of a
Pearson VII function [22], an exponential and a small
background second order in ! at both sides of the pl-pl
feature. As an example, the result of this fit for q=qc �
1:01 is shown in Fig. 2 as a solid line. Since the particle-
hole contribution extends to one side of the pl-pl feature
with increasing q, the fit function provides a proper de-
scription of the tail only for q=qc < 1:21. The pl-pl features
obtained by using this subtraction procedure are presented
in Fig. 3(a), while in Fig. 3(b) the computed spectra are
shown, which have been convoluted by the experimental
energy resolution function. The error bars indicate the
statistical accuracy of the measurements due to the count
rate.

Within the limits of statistical accuracy no significant
q-orientation dependence of the pl-pl peak could be found
even though the shape of S�q; !� is strongly q-orientation
dependent. The agreement between the experimental and
the theoretical results both with respect to the dispersion of
the energy position and the q dependence of the intensity
evolution is remarkable. However, the absolute experimen-
tal intensities are approximately 50% smaller than the
theoretical ones, which will be commented on later. The
position of the pl-pl peak on the energy-loss scale has been
estimated as a function of q for experimental and theoreti-
cal spectra presented in Figs. 3(a) and 3(b). The dispersion
relation for !max

pl-pl�q� was fitted to the corresponding data
sets by varying � and !p�0�. The fit to the experimental
results yields � � 0:27 0:02 and !e

p�0� � 15:2
0:2 eV (15:1 0:2 eV) for qk	100
 (	110
). For the theo-
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FIG. 2 (color online). Experimental data of the dynamic struc-
ture factor of Al for different q=qc as indicated with momentum
transfer qk	100
 on an absolute logarithmic scale. The arrow
indicates the pl-pl structure and the solid line represents a fit to
the S�q; !� tail for q=qc � 1:01 (see text for details).
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retical pl-pl peak � � 0:27 and !t
p�0� � 16:2 eV have

been obtained. The dispersion constants � of experiment
and theory are in good agreement. The average difference
�!pl-pl�0� � 1:05 0:2 eV between !t

p�0� and !e
p�0� is

most probably due to the ion-electron interaction and it is
somewhat larger than �!p�0� � 0:8 eV, the difference
between !RPA

p �0� � 15:8 eV and !EELS
p �0� � 15:0 eV

[23]. This might be due to the fact that the description of
the plasmon dispersion of crystalline matter by a single
dispersion constant as done here is obviously a simplifica-
tion. The agreement between !e

p�0� and !EELS
p �0� is very

satisfying. Furthermore, the energy-loss-integrated inten-
sities of the pl-pl features have been estimated as a function
of q. A q5:3 dependency was obtained for theory from a fit
to the calculated data. The experiment follows this q
dependence satisfactorily, of course with by 50% smaller
absolute values.

Measurements of the pl-pl-excitation features in S�q; !�
on polycrystalline Na [24] also exhibit rather good agree-
ment with calculation as far as peak dispersion is con-
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FIG. 3 (color online). (a) Al pl-pl correlation peak extracted
from the experimental S�q; !� spectra as described within the
text. (b) Calculated Al pl-pl correlation peak spectra for rs �
2:07 on an absolute scale, broadened by the experimental reso-
lution.
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cerned. The fit of the experimental results to !max
pl-pl�q�

yields a value of !e
p�0� � 5:6 0:2 eV, which is found

to be in agreement with !EELS
p �0� � 5:77 eV [25].

Furthermore, the dispersion constant � � 0:21 0:02 is
in line with the corresponding theoretical value of � �
0:22 obtained from the results of the calculations per-
formed for the Na pl-pl excitation. As far as the integrated
intensity of the Na pl-pl structure and its q dependence is
concerned theory and experiment show reasonable agree-
ment. The magnitude of the experimental intensity of the
pl-pl feature of Na is clearly larger than that of Al when
considered for the same values of q=qc which is in quali-
tative agreement with theory [13].

It is important to point out that Monte Carlo simulations
performed to study the effect of multiple scattering in the
measurement of S�q; !� of simple metals [26] clearly show
that the distinct peaklike tail structure of S�q; !�, which we
have attributed to a correlation-induced intrinsic pl-pl
excitation, cannot result from extrinsic multiple losses. In
fact, these calculations for Al have shown that in the range
of ! � 2!p the doubly scattered contribution to S�q; !�
was not larger than 0.2% of the peak value and depends
only weakly on q. In contrast, the peak contribution of the
intrinsic pl-pl excitations exceeds 1% of the S�q; !� peak
value for q � qc and is strongly q dependent.

In conclusion, new structures have been found in the
experimental high energy tail of S�q; !�, as measured by
inelastic x-ray scattering on single crystal Al and polycrys-
talline Na. These structures can clearly be attributed to
intrinsic double-plasmon excitations as a genuine correla-
tion effect and are not caused by the weak effective crystal
potential. We found remarkable agreement between theory
and experiment for Al with respect to (i) the spectral
position of the pl-pl excitations, (ii) the dispersion of the
maxima of the pl-pl spectra, as well as (iii) the q depen-
dence of the integrated intensities. However, there is a
discrepancy between theory and experiment concerning
the absolute intensities, which can be due to the so-called
exchange counterparts of the C diagrams shown in Fig. 1,
not taken into account here [27,28]. So far the imaginary
parts of the exchange diagrams could be evaluated only in
the limit of high energies, i.e., !� q2=2� qkF, when
(dynamical) screening is unimportant [27] and hence far
above the energy regime of the double-plasmon excita-
tions. There they reduce the contribution from the dia-
grams of Fig. 1 by 50%. On the other hand, as pointed
out in Ref. [21], this set of exchange diagrams is associated
with the bare second order exchange energy �ex;2 which is
independent of rs. From the ground-state-energy theorem
[1] we infer that their contribution to S�q; !� should not
increase with increasing rs so that their relative importance
could be larger for Al than for Na. The evaluation of the
exchange diagrams are left as a challenge to theory.
Nevertheless, the good agreement of the experiment with
the theoretical predictions from the jellium model gives
15740
confidence in the diagrammatic expansion of the proper
polarizability when dealing with dynamical exchange and
correlation effects in systems that closely resemble the
jellium model.
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