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Quantitative Image Reconstruction of GaN Quantum Dots
from Oversampled Diffraction Intensities Alone
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The missing data problem, i.e., the intensities at the center of diffraction patterns cannot be
experimentally measured, is currently a major limitation for wider applications of coherent diffraction
microscopy. We report here that, when the missing data are confined within the centrospeckle, the missing
data problem can be reliably solved. With an improved instrument, we recorded 27 oversampled
diffraction patterns at various orientations from a GaN quantum dot nanoparticle and performed
quantitative image reconstruction from the diffraction intensities alone. This work in principle clears
the way for single-shot imaging experiments using x-ray free electron lasers.
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The discovery and interpretation of x-ray diffraction in
crystals by M. van Laue, W. H. Bragg, and W. L. Bragg in
the early 20th century opened up a new era for visualizing
the arrangement of atoms in three dimensions. Indeed,
x-ray crystallography has since made revolutionary im-
pacts in a number of fields ranging from physics, materials
sciences, and chemistry to biology. It, however, requires
high quality and sizable crystals, and the 3D structure
determined is globally averaged from a large number of
identical copies. It was not until recently that the key
requirement in x-ray crystallography (i.e., crystallinity)
was released by using coherent diffraction microscopy
[1], which records a coherent diffraction pattern from a
noncrystalline specimen or a small crystal and performs
the direct phase recovery from the diffraction intensities by
using the oversampling method. Coherent diffraction mi-
croscopy has since been used to image materials and
biological systems in both two and three dimensions [1–
16]. A highest resolution of 7 nm has been achieved with
x rays [14] and 1 Å with electrons [10]. While significant
progress has been made during the past few years, a major
obstacle still remains to be overcome (i.e., the missing data
problem). This is because, in recording a diffraction pat-
tern, the central intensities are mixed with the direct beam
and have to be blocked by a beamstop. As the central
intensities correspond to the lower spatial frequency of
the sample structure, their absence makes the direct phase
retrieval difficult and sometimes impossible. The conven-
tional solution is to calculate the missing central intensities
from a lower resolution image of an x-ray or electron
microscope [17]. This process, however, not only is ex-
tremely inconvenient for 3D imaging and makes it impos-
sible to study the dynamics of materials, but also
introduces artifacts in the reconstructed images due to
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the different contrast mechanism between lens-based mi-
croscopy and coherent different microscopy. Furthermore,
single-shot imaging experiments using x-ray free electron
lasers would be impossible without solving the missing
data problem as each specimen may be destroyed after a
single pulse [3,18]. Although more sophisticated algo-
rithms have been developed to deal with the missing data
problem [7,15], they do not work for general samples. This
is because, when the missing data size is larger than the
centrospeckle, some structural information about the speci-
men is permanently lost and cannot be recovered by using
iterative algorithms. In this Letter, we report a general
approach to perform image reconstruction from over-
sampled diffraction intensities alone. By using an im-
proved coherent diffraction microscope, we recorded 27
oversampled diffraction patterns by rotating a GaN quan-
tum dot particle around a single axis with the missing data
confined within the centrospeckle. Quantitative images
were directly reconstructed from the oversampled diffrac-
tion patterns alone.

When a coherent wave illuminates an isolated specimen,
the far-field diffraction intensities are continuous. The
continuous intensities can be sampled at an arbitrary fre-
quency. When the sample frequency is sufficiently finer
than the Nyquist interval so that the number of correlated
intensity points is more than the number of unknown vari-
ables, the phases are, in principle, uniquely encoded in the
intensities [19] and can be directly retrieved by using an
iterative algorithm [20]. Here the number of unknown
variables represents the voxel number of an array sampling
the structure of the specimen. The oversampling ration (�)
was used to characterize the degree of oversampling where
� � �x�y�z and �x, �y, �z represent the sampling fre-
quency divided by the Nyquist interval in the X, Y, and Z
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directions [19]. When �> 2, the number of correlated
intensity points is more than the number of unknown
variables.

For an isolated sample, its oversampled diffraction pat-
tern consists of a series of speckles where the speckle size
is proportional to the inverse of the sample size. Since the
intensity information within each speckle corresponds to a
real-space dimension larger than the sample size, phase
retrieval from oversampled diffraction intensities is sensi-
tive only to the number of missing speckles instead of the
number of missing pixels. We characterize the number of
missing speckles by


i �
Di � 1

2�i
; i � x; y; z; (1)

where 
i is called the number of missing waves and Di the
number of missing pixels. As the speckles at the center
correspond to the lower spatial frequencies, the missing
speckles cause density oscillation in real space and the
oscillation wavelength is determined by 
i [21]. We per-
formed simulations to illustrate the effect of the number of
missing waves on phase retrieval, shown in Fig. 1. We
calculated an oversampled diffraction pattern from a
128� 128 pixel image with �x and �y � 4. Intensities
were removed from the center of the diffraction pattern
with 
x and 
y � 1, 2, and 4, respectively. We carried out
reconstruction of the oversampled diffraction patterns by
using an iterative algorithm. The algorithm first generated
an initial random phase set. In combination of the random
phase set with the square root of the diffraction intensities,
a reciprocal-space complex array was obtained. By apply-
ing inverse fast-Fourier transform (FFT) to the complex
array, a real-space complex array was created. The real part
of the real-space array corresponds to the electron density
of the specimen, and the imaginary part was set to zero. A
support was defined to separate the electron density from
the no-density region, whereas the no-density region is due
to oversampling of the diffraction intensities. The electron
density outside the support and the negative electron den-
sity inside the support were slowly pushed to zero. By
applying FFT to the modified real-space array, an updated
reciprocal-space array was obtained. The modulus of the
updated reciprocal-space array was replaced with the
square root of the diffraction intensities, whereas the
modulus within the missing data area was kept unchanged.
This process created a new reciprocal-space array, which
FIG. 1. Image reconstruction of oversampled diffraction pat-
terns as a function of the number of missing waves. (a) 
x, 
y �

1. (b) 
x, 
y � 2. (c) 
x, 
y � 4.
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was used for the next iteration. In the reconstruction of
Fig. 1, we have tried both a tight and a loose support,
whereas the tight support is a 128� 128 pixel square
(i.e., the true envelope of the specimen) and the loose
support is a 138� 138 pixel square. For each support,
we conducted five trials with different initial random phase
sets. The reconstructed images were consistent with both
supports, while the convergence speed of using the tight
support was faster than that of the loose support. Figure 1
shows the reconstructions after 1000 iterations by using the
tight support and the same initial seed. A real-space R
factor was used to characterize the reconstructions, defined

as Rreal�
��������������������������������������������������������������������P
��orig��rec�

2=
P
��orig��rec�

2
q

, where �orig

and �rec represent the original and reconstructed image.
Rreal is 0.03%, 1.6%, and 13.2% for Figs. 1(a)–1(c), re-
spectively. The reconstructed image was almost perfect
with 
x and 
y � 1, shown in Fig. 1(a). This is because
the data within the centrospeckle determine only a scaling
factor of the electron density of the specimen, and does not
carry any structural information. Although it is not obvious
in Fig. 1(b), density oscillation starts to appear inside the
reconstructed image when 
x and 
y � 2 as indicated by
Rreal. Oscillation becomes obvious when 
x and 
y � 4,
shown in Fig. 1(c). The simulations demonstrated that,
when 
x and 
y > 1, some structural information about
the sample is permanently lost, which introduces artifacts
in the reconstructed images. The missing structural infor-
mation cannot be recovered by iterative algorithms no
matter whether a tight support is used [7] or the center
pixel in the reciprocal-space array is fixed [15]. To reliably
solve the missing data problem for general samples, one
needs to obtain oversampled diffraction patterns with the
missing data confined within the centrospeckle.

To experimentally verify this conclusion, we modified
our existing coherent x-ray diffraction microscope [14] to
record oversampled diffraction patterns with the missing
data inside the centrospeckle. Figure 2 shows a schematic
layout of the modified microscope, mounted on an undu-
lator beam line with 5 keV x rays. The spectral resolution
(�=��) and the divergence angle of the beam are �7500
and �10�5 rad, respectively. The first element inside the
microscope was a 30 �m pinhole used for generating a
plane wave illumination and reducing the size of the illu-
mination area. At a distance of 54 cm downstream of the
pinhole was a silicon window with beveled edges, acting as
FIG. 2. A schematic layout of an instrument for recording
oversampled diffraction patterns with the missing data confined
within the centrospeckle.
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a guard slit to remove the scattering from the pinhole. The
sample, supported on a 30 nm thick Si3N4 membrane, was
mounted immediately after the guard slit and can be ro-
tated around one axis. A CCD detector was placed down-
stream of the sample with an adjustable distance from 86.6
to 112 cm. The longer distance was to increase the over-
sampling ratio and reduce 
x and 
y. An attenuator and a
photodiode can be inserted in the optical path for aligning
the optical elements. A beamstop was positioned very
close to the CCD detector to block the direct beam. All the
elements were in vacuum with a pressure of �10�6 torr.
This modification allowed us to record oversampled dif-
fraction patterns from general micron-sized samples with
the missing data confined within the centrospeckle.

The sample is GaN particles commercially obtained
from Atomergic Chemicals Corp. Atomic force micros-
copy (AFM) images of the as-received particles show the
morphology of platelike structures with an averaged length
about 230 nm [Fig. 3(a)] and the aggregation of these
plates to form agglomerates. The GaN particles with high
purity and low oxygen content were heat treated at 900 �C
for 1 h in a flowing stream of N2 gas (flow rate of
100 ml=min ). Routine x-ray diffraction, electron micros-
copy, and 71Ga solid state NMR data showed that the heat-
treated GaN powders were oxidized at the surface to
�-Ga2O3 leaving behind nanosize GaN quantum dot cores
[22]. High-resolution TEM images showed lattice fringes
from the GaN quantum dots (varying in size from 2.5 to
7 nm) [22]. The quantum dot particles were dispersed in
pure ethanol and deposited on 30 nm thick silicon nitride
membranes. The well-isolated particles with appropriate
sizes were chosen by using a light microscope. Figure 3(b)
shows a scanning electron microscopy (SEM) image of a
GaN particle used for the x-ray diffraction experiment.

A series of 27 oversampled diffraction patterns was
experimentally recorded by rotating the GaN particle
around a single axis ranging from �69:4� to �69:4�.
The rotation angles were chosen such that projections
are equally sloped instead of equally angled, which can
make better 3D reconstruction [23]. Each diffraction pat-
tern has 800� 800 pixels with the missing data confined
within the centrospeckle (i.e., 
x and 
y 	 1). Figure 3(c)
FIG. 3 (color). (a) An AFM image of as-received GaN quan-
tum dot particles. (b) An SEM image of the GaN quantum dot
particle used for the x-ray diffraction experiment. The image was
taken after the x-ray experiment. Note that (a) and (b) are not the
same GaN particle. (c) The oversampled diffraction pattern with
the rotation angle at 0�.
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shows the central part (512� 512 pixel) of the diffrac-
tion pattern with the rotation angle at 0�, in which the
square (29� 29 pixels) at the center represents the miss-
ing data. The iterative algorithm described above was
used to retrieve the phases of the 27 oversampled diffrac-
tion patterns. To reduce the reconstruction error, we car-
ried out ten trials for each diffraction pattern with differ-
ent initial seeds and characterized them by using Rij������������������������������������������������������P

��i��j�
2=
P
��i��j�

2
q

, where i and j represent the ith

and jth trials. Based on Rij, we chose the five best recon-
structed images out of ten for each diffraction pattern and
averaged them to obtain a final one. Figure 4 shows the
final images reconstructed from the diffraction patterns
with the rotation angles ranging from 0� to 69.4� (the other
13 final images with the angles ranging from �7:1� to
�69:4� are not shown) of which the rotation axis is in-
dicated in Fig. 4(a). An averaged Rij of five best trials for
each final image was calculated to be between 5.58% and
7.29%. The small averaged Rij indicates the robustness of
the reconstructions.

While the reconstructed image at 0� angle [Fig. 4(a)]
resembles the SEM image [Fig. 3(b)], it provides different
structural information. This is because Fig. 4(a) shows a
quantitative projection of the GaN particle and Fig. 3(b)
shows only the surface morphology. For example, the
darker region in Fig. 4(a) representing the higher electron
density is due to the 3D morphology of the particle, which
cannot be deduced from Fig. 3(b). Careful examination of
the reconstructed images reveals the morphology of plate-
like structures, which are indicated by arrows in Figs. 4(e)–
4(m). The platelet length is about 230 nm (see the scale bar
in Fig. 4(i)], which is consistent with the AFM image
shown in Fig. 3(a). As the resolution of the reconstructed
images (�30 nm) is lower than the lattice spacing for both
GaN and Ga2O3, the GaN-Ga2O3 core-shell structures are
indistinguishable in these images. The ultimate resolution
of coherent diffraction microscopy, however, is limited
only by the x-ray wavelength. By using brighter x-ray
sources and better detector systems, near atomic resolution
will be achievable for radiation hard materials, as there are
no further fundamental obstacles for the imaging tech-
nique. The quantitative image reconstruction from over-
sampled diffraction patterns alone will likely have an im-
portant impact in nanoscience and technology for 3D char-
acterization of materials and biological systems. For ex-
ample, as a nondestructive imaging technique, coherent
diffraction microscopy can be applied to image buried
structures and interfaces, study the dynamics of materials,
and visualize the 3D distribution of strains, defects, and
deformation structures. As the reconstruction artifacts are
greatly reduced by setting 
x and 
y 	 1, fine density vari-
ations such as two materials with similar densities can be
distinguished by this imaging technique. Furthermore, it
can be applied to perform 3D elemental and chemical
mapping of materials and biological systems by tuning
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FIG. 4. Quantitative image reconstruction of the GaN quantum dot particle from oversampled diffraction patterns alone. The rotation
angle and the averaged Rij are (a) 0� and 5.85%, (b) 7.1� and 7.05%, (c) 14� and 5.98%, (d) 20.6� and 6.75%, (e) 26.6� and 6.27%,
(f) 32� and 5.66%, (g) 36.9� and 6.28%, (h) 41.2� and 7.29%, (i) 45� and 6.37%, (j) 48.8� and 6.26%, (k) 53.1� and 5.58%, (l) 58� and
7.06%, (m) 63.4� and 5.98%, (n) 69.4� and 6.14%. The scale bar in (i) is 230 nm.
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the x-ray wavelength to a specific absorption edge and
recording diffraction patterns above and below the edge.

We have shown that phase retrieval of oversampled
diffraction intensities is sensitive only to the number of
missing speckles instead of the number of missing pixels.
The number of missing waves (
x and 
y) was introduced
to characterize the missing data. When 
x and 
y > 1,
some structural information about the specimen is perma-
nently lost, which causes density oscillation in the real-
space image. When 
x and 
y 	 1, i.e., the missing data
are confined within the centrospeckle, phases can be reli-
ably retrieved from oversampled diffraction patterns alone.
With an improved coherent x-ray diffraction microscope,
we demonstrated that oversampled diffraction patterns can
be obtained from very general samples with the missing
data confined within the centrospeckle. We recorded 27
diffraction patterns by rotating a GaN quantum dot particle
around a single axis. Quantitative images were recon-
structed from the oversampled diffraction patterns alone.
We believe this very general approach will have a broad
impact in 3D characterization of materials and biological
systems. Furthermore, this work will make single-shot
imaging experiments possible by using x-ray free electron
lasers, which are currently under rapid development
worldwide.
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