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Optical High Harmonic Generation in C60
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High harmonic generation (HHG) requires a strong laser field, but in C60 a relatively weak laser field is
sufficient. Numerical results presented here show that, while its low order harmonics result from the laser
field, its high order ones are mainly from the multiple excitations. Since high order harmonics directly
correlate with electronic transitions, the HHG spectrum accurately measures transition energies.
Therefore, C60 is not only a promising material for HHG, but may also present an opportunity to develop
HHG into an electronic structure probing tool.
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High harmonic generation (HHG) in atoms has attracted
tremendous attention [1]. HHG is a potential light source
with its time scale as short as several hundred attoseconds.
The underlying mechanism is now well established both
experimentally and theoretically. The highest harmonic is
determined by �@��max � Ip � 3:17Up, where Ip is the
atomic ionization potential and Up � e2E2=4m!2 is the
ponderomotive energy of the electron. Here e and m are the
electron charge and mass, respectively. E is the amplitude
of the electric field and ! is the incident laser frequency.
The general feature of these harmonics is that very sharp
spikes with similar amplitude form a plateau, followed by
an abrupt cutoff determined by the above equation.
Comparatively, investigations of HHG in nanostructures
and larger molecular systems are very limited [2,3], but
multiple excitation channels and charge delocalizations in
these systems are advantageous to HHG; C60 is a good
example and it already shows a large off-resonant third
harmonic generation j
�3���3!; !;!;!�j of about
10�12 esu [4]. Its 5th order harmonic can be generated
with a weak laser intensity of 1010 W=cm2 [5]. To this
end, no further experiment has been done beyond the 5th
order [6]. Therefore, a theoretical investigation at this time
is very appropriate [3,6].

In this Letter, we perform a dynamical simulation
to study HHG in C60. We find that due to the multiple
excitations, high order harmonics in C60 can be easily
generated even with a weak laser field. Similar to HHG
in atoms, low order harmonics directly result from the
laser field, but high order harmonics mainly come
from the multiple electronic excitations whose energy
positions directly correlate with electronic transitions.
We suggest this correlation may allow one to develop
HHG into a tool to probe the electronic states. The
optimal experimental conditions to observe HHG in C60

are also investigated.
C60 has the highest Ih point symmetry. We describe it by

the Hamiltonian [7]
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where cyi;� is the electron creation operator at site i with
spin ���"#� [8] and the summation hiji over i�j� runs from
1 to 60 with i � j. The first term on the right hand side
represents the electron hopping, and the last three terms on
the right hand side are the lattice stretching, pentagon-
hexagon, and hexagon-hexagon bending energies, respec-
tively [9]. tij � t0 � ��jri � rjj � d0� is the hopping in-
tegral between nearest-neighbor atoms at positions ri and
rj, and rij � jri � rjj. Here t0 is the average hopping
constant, and � is the electron-lattice coupling constant.
By fitting the energy gap, bond lengths and normal mode
frequencies, You et al. [7] have determined the above
parameters as t0 � 1:91 eV, � � 5:0 eV= �A, K1 �

42 eV= �A2, K2 � 8 eV=rad2, K3 � 7 eV=rad2, and d0 �

1:5532 �A. We will fix these parameters in the high har-
monic generation calculations.

The laser field is simulated by

HI � �e
X
i�

E�t� � rini�; (2)

where jE�t�j � Fsin2��t=�� sin�!t� [10] and ni� is the
electron number operator at site i. Here F, !, �, e, and t
are the field amplitude, laser frequency, pulse duration or
width, electron charge, and time, respectively. We numeri-
cally solve the Liouville equation for the electron density
matrices [8], �i@@h��

iji=@t � h��
ij; H�i, where H � H0 �

HI, and ��
ij � cyi�cj� is the density matrix operator. The

dipole is defined as d�t� � h�i�rini�i, and the dipole
acceleration �d�t� (the second derivative of dipole with
respect to time) is computed either directly from d�t� or
from �d�t� � h�i��rini� � 2 _ri _ni� � ri �ni�i, each of which
gives numerically same results. Since the harmonic gen-
eration spectrum is proportional to the Fourier form of the
1-1  2005 The American Physical Society
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FIG. 1. (a) Harmonic generations in C60. The laser energy is
0.4 eV, pulse duration is 32 laser cycles, and field strength is
0:02 eV= �A. Peak a results from the lattice vibration. Peaks b, c,
and d are at the 1st, third, and seventh orders, respectively.
Above the 7th order, harmonics mainly result from the intrinsic
electronic excitations. (b) The emitted photon energy versus the
incident energy. The circles, diamonds, and squares denote peak
e, the third harmonic, and the first harmonic, respectively.
(c) Assignment of peaks from d to m (see letters below arrows)
to their respective transitions (double-arrow lines). The Hu
(HOMO) is at �1:6158 eV and the T1u (LUMO) is at 0.5255 eV.
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dipole acceleration, we Fourier transform �d�t� to the fre-
quency space �d��� by

�d��� �
Z �

0

�d�t�ei�tdt; (3)

where � is the emitted photon frequency. In atoms, � can
be written as � � n!, where n is the harmonic order and
is often an integer [1,11]. In our system, n can be fractional
(see below). Since C60 has a three-dimensional structure,
the amplitude of the HHG is a vector-sum over its three
components as

�d��� �
�������������������������������������������������������������������
� �dx����2 � � �dy����2 � � �dz����2

q
; (4)

where �dx���, �dy���, and �dz��� are the Fourier compo-
nents along the x, y, and z directions, respectively.

In atoms, the density of states (DOS) is low, thus one
needs a strong laser to generate HHG. But in C60, the DOS
is higher and there are many multiple excitation channels.
Consequently, HHG in C60 is relatively easier. For in-
stance, even with a weak laser intensity Kafafi et al. were
able to generate the 5th order harmonic [5]. We choose a
weak laser intensity of 0:02 eV= �A. Previous results in
atoms show that in order to efficiently excite HHG, it is
necessary to excite the system at off resonance. We choose
the laser frequency of 0.4 eV, which is about one-seventh of
the first dipole-allowed transition gap from Hu ! T1g

(HOMO ! LUMO � 1) and is away from any major reso-
nance. We select the pulse duration of � � 32 laser field
cycles. The results are presented in Fig. 1(a), where the x
axis denotes the harmonic order and the y axis represents
the logarithmic of Fourier-transformed dipole accelera-
tions. We see high order harmonics all the way up to the
31st order. Since our photon energy is roughly at 1=7th of
the first dipole-allowed transition, the 7th order harmonic
is substantially enhanced while the 5th order one is sup-
pressed [12]. The spectrum naturally breaks into two re-
gions at the 7th order. For those harmonics below the 7th
order, they form a typical pattern of harmonic generation,
where harmonic orders, as a result of the inversion sym-
metry in C60, are odd integer numbers such as 1 and 3,
except peak a. We find that peak a comes from the lattice
vibrational excitations associated with the Ag, Hg, and T1u

normal modes, which can be independently verified by
switching off the lattice [13]. Consistent with previous
studies [14], the widths of those integer order harmonics
are inversely proportional to the laser pulse duration.

Above the 7th order, the harmonics are not exactly at
odd harmonic orders, but instead they appear rather ran-
domly. This is very puzzling if compared with atomic HHG
where most harmonic orders are integer numbers [11].
However, C60 is not alone, and similar harmonics have
been reported in benzene and ring-shaped molecules [15].
We decide to simply change the harmonic orders to the
energy scale [see the top x axis in Fig. 1(a)], which is a
04740
crucial step to fully understand those irregular peaks, but
this alone is still not enough to explain those peaks.

Motivated by a previous resonant inelastic x-ray scatter-
ing (RIXS) study [16], we find a familiar concept in RIXS
is useful for HHG. In RIXS, an x-ray photon first excites a
core electron to unoccupied bands and leaves a core hole
behind. In the decay process, when the electron recom-
bines with the core hole, it emits a photon. If the emitted
photon is from the elastic scattering, its energy is the same
as the incident photon energy and increases linearly with
the incident energy. On the other hand, if the photon results
from the normal fluorescence or intrinsic electronic states,
its energy is unchanged with respect to the incident photon
energy. Here we can apply the same idea to HHG. By
changing the incident laser frequency, we find that emitted
energies of those low integer order harmonics [squares and
diamonds in Fig. 1(b)] move linearly with the incident
photon energy. Those squares and diamonds represent the
1st and 3rd harmonic peak positions, respectively, and have
different slopes of 1 and 3. By contrast, for those high order
harmonics, their energy positions are almost invariant with
respect to incident wavelengths (see empty circles for peak
1-2
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FIG. 2. (a) Efficiency of generating peak j as a function of the
laser frequency. �dj and �dbase are the amplitudes of peak j and the
background baseline, respectively. The error bars represent the
difference between two baselines before and after peak j. The
pulse duration and field strength are same as those in Fig. 1.
(b) Intensity dependence of harmonics d and m. The power of
the high harmonic m is lower than its order. The pulse duration
and frequency are same as those in Fig. 1.
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e). Here peak e is a representative example and other peaks
behave similarly. Such invariance demonstrates that those
high order harmonics are intrinsic to the system. Thus, they
should be explainable from the electronic energy spectrum.

We illustrate the electronic energy levels in Fig. 1(c). As
shown above that peak d is from the transition Hu ! T1g,
we start with peak e of Fig. 1(a). By comparing its energy
of 3.05 eV with the electronic states, we find that only one
transition can match this energy. That is the second dipole-
allowed transition from Hg ! T1u (HOMO � 1 to
LUMO). In Fig. 1(c) we use a double-arrow line labeled
by e to highlight this transition. This is very encouraging,
but will this work for other peaks? We try another peak f
and we find it corresponds to Hu ! Hg (HOMO to
LUMO � 2). A complete analysis of all the peaks reveals
a truly insightful picture behind those irregular peaks:
These high order harmonics are a result of multiple elec-
tron transitions. The double-arrow lines in Fig. 1(c) repre-
sent the transitions, with letters below the arrows denoting
their respective peaks. For instance, the highest peak m
corresponds to the transition from the lowest Gu to the
highest T2g. Such an accurate one-to-one correspondence
between harmonic peaks and electronic transitions may
pave the way to develop the HHG emission spectroscopy
into an electronic state probing tool. Such a tool is within
reach of current experiments. It requires more than one
laser frequency, but the frequency conversion is already
achievable for a long time, for instance using the second
harmonic generations. Therefore, we believe HHG in C60

is not only a good potential light source but also a test case
for a new tool of electronic structures.

We want to explore the possibility of observing HHG
experimentally. Key experimental parameters to affect
HHG include laser frequency, duration, and intensity. We
investigate them separately below. (i) Laser frequency.
From the HHG in atoms, it is clear that an off-resonant
excitation is essential, but to see how far the laser fre-
quency should be off resonance in C60, we take peak j as an
example. We compute the ratio of the intensity of the peak
to the background baseline [17]. Since the baselines before
and after the peak may be different, we denote these
differences by the error bars in Fig. 2(a). Figure 2(a) shows
the logarithmic ratio versus the incident laser frequency.
One sees that the overall dependence is a decaying function
[18], which explains the significance of off-resonant exci-
tation. At 0.1 eV, there is no major resonant transition
associated with this energy; harmonic j is huge, about 1
order of magnitude higher than its background. However,
as far as one increases energy to 0.2 eV, a low harmonic,
peak e, is resonant and overshadows peak j. Consequently
the amplitude of peak j reduces sharply. A similar pattern
repeats itself at 0.45, 0.8, and 1.0 eV, where the resonance
occurs for low order harmonics. One notices that the
optimal laser frequencies are around 0.1, 0.3, and 0.6 eV.
(ii) Pulse duration. Consistent with previous studies [19],
we find that for a shorter pulse, the harmonic peaks are
04740
broader, while a longer pulse reduces the background
spectra and allows better resolution of the peaks. Our
results show that the HHG in C60 is less sensitive to the
duration than that in atoms. (iii) Laser intensity. The laser
intensity has an important effect on HHG (see L’Huiller
et al. in [1]). Figure 2(b) illustrates explicit dependences
for a low order harmonic d and a high order harmonic m.
We see that their dependences are qualitatively similar, but
their quantitative dependences are slightly different. In the
low field F < 0:06 eV= �A, �dd � F0:98, and �dm � F0:8, in-
dicating that these harmonic generations proceed with
multiple excitations. In the high field F > 0:06 eV= �A,

�dd � F7, and �dm � F5:2. Note that only low order harmon-
ics such as peak d increase with the same order numbers (7
for d), and the powers of higher order ones are lower than
their orders [20]. We should mention that our present
calculation does not include the ionization and possible
fragmentation since our laser intensity is kept low [21].
Thus our formalism is essentially the same as the one
employed by other groups [22]. When the laser intensity
becomes stronger, one should consider both the multipho-
ton ionization and fragmentation. The effects of the ion-
ization were already investigated by Bhardwaj et al. and
they found that the Umax is higher than 3:2Up [23]. We
should also add that since our model includes only �
electrons, all the HHG’s come from � electrons. With
the inclusion of high lying � states, even higher order
harmonic generations are expected [3]. As Bandrauk and
Yu showed, the maximal emitted photon energy is well
beyond the Ip � 3:17Up limit [24]. Therefore, we con-
clude the current experimental conditions should be ade-
quate to generate HHG in C60 [23].
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In conclusion, we investigate high harmonic generations
in C60. Because of the multiple electron excitations, HHG
can be generated by a relatively weak laser. We find that
low order harmonics are almost always at integer numbers,
but high order harmonics are not exactly at those integer
numbers. These high harmonics mainly result from the
intrinsic electronic states. An accurate match between the
harmonic peak positions and electronic transition energies
suggests that those HHG spectra may be a useful tool to
probe electronic states. Optimal experimental conditions to
generate harmonics are investigated at the end.
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3025 (2000).

[9] Our lattice part of the Hamiltonian is purely harmonic. If
the anharmonic vibration were included, it would also
contribute to harmonic generations.

[10] V. C. Reed and K. Burnett, Phys. Rev. A 46, 424 (1992);
K. Burnett, V. C. Reed, J. Cooper, and P. L. Knight, Phys.
Rev. A 45, 3347 (1992); U. L. Pen and T. F. Jiang, Phys.
Rev. A 46, 4297 (1992).

[11] R. Bartels et al., Nature (London) 406, 164 (2000); P.
Salieres, P. Antoine, Armelle de Bohan, and Maciej
Lewenstein, Phys. Rev. Lett. 81, 5544 (1998); F. Krausz,
Phys. World 9, 41 (2001); Henry C. Kapteyn, Margaret M.
Murnane, and Ivan P. Christov, Phys. Today 58, No. 03, 39
(2005).

[12] The 5th order can be easily generated either by a strong
laser field or a different laser duration or frequency.

[13] Similar vibrational states have been observed in H2. See
E. E. Aubanel, T. Zuo, and A. D. Bandrauk, Phys. Rev. A
49, 3776 ( 1994).

[14] C. Liu, S. Gong, R. Li, and Z. Xu, Phys. Rev. A 69,
023406 (2004).

[15] R. Baer, Daniel Neuhauser, Petra R. Zdanska, and Nimrod
Moiseyev, Phys. Rev. A 68, 043406 (2003); F. Ceccherini
and D. Bauer, ibid. 64, 033423 (2001).

[16] G. P. Zhang, T. A. Callcott, G. T. Woods, L. Lin, Brian
Sales, D. Mandrus, and J. He, Phys. Rev. Lett. 88, 077401
(2002); 88, 189902(E) (2002).

[17] Directly using the amplitude is proved inconvenient since
the background, though we already use the dipole accel-
eration, will contribute an artificial enhancement in the
baseline even though no harmonic peak is observable.

[18] This is true except that the laser frequency increases so
that peak j itself becomes resonant.

[19] T. Zuo, S. Chelkowski, and A. D. Bandrauk, Phys. Rev. A
48, 3837 (1993); T. Brabec and F. Krauz, Rev. Mod. Phys.
72, 545 (2000); see also Ref. [13].

[20] V. Averbukh, Phys. Rev. A 69, 043406 (2004).
[21] The laser intensity threshold for fragmentation in C60 is

about 1014 W=cm2. See S. Hunsche, T. Starczewski, A.
l’Huillier, A. Persson, C.-G. Wahlstrom, H. B. van Linden
van den Heuvell, and S. Svanberg, Phys. Rev. Lett. 77,
1966 (1996); H. Hohmann, C. Callegari, S. Furrer, D.
Grosenick, E. E. B. Campbell, and I. V. Hertel, Phys.
Rev. Lett. 73, 1919 (1994); for a recent review, see I. V.
Hertel, T. Laarmann, and C. P. Schulz, Adv. At. Mol. Opt.
Phys. 50, 219 (2005).

[22] See papers by Alon et al. in Ref. [2] and by Liu et al. in
Ref. [14], see also K. A. Pronin, A. D. Bandrauk, and A. A.
Ovchinnikov, Phys. Rev. B 50, 3473 (1994 ); A. E. Kaplan,
and P. L. Shkolnikov, Phys. Rev. A 49, 1275 (1994).

[23] V. R. Bhardwaj, P. B. Corkum, and D. M. Rayner, Phys.
Rev. Lett. 93, 043001 (2004).

[24] A. D. Bandrauk and H. Yu, Phys. Rev. A 59, 539 (1999).
1-4


