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Long-Range Interactions in Polymer Melts: The Anti-Casimir Effect
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It is well known that small neutral particles normally tend to aggregate due to the van der Waals forces.
We discover a new universal long-range interaction between solid objects in polymer media that is directly
opposite the van der Waals attraction. The new force could reverse the sign of the net interaction, possibly
leading to the net repulsion. This universal repulsion comes from the subtracted soft fluctuation modes,
which are not present in the real polymer system, but rather are in its ideal counterpart. The predicted
effect has a deep relation to the classical Casimir interactions, providing an unusual example of
fluctuation-induced repulsion instead of normal attraction. That is why it is referred to as the anti-
Casimir effect. We also find that the correlation function of monomer units in a concentrated solution of
infinite polymer chains follows a power-law rather than an exponential decay at large distances.
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Long-range forces between conducting plates in vacuum
were predicted more than half a century ago by Casimir
[1]. These interactions may seem to come from nowhere,
but they were proven to arise from electromagnetic fluctu-
ations in a vacuum. Since the original theoretical discovery
of Casimir, a plethora of similar long-range interaction
effects induced by thermal fluctuations has been predicted
in various systems (ranging from critical liquid mixtures
and superfluids to liquid-crystals, charged fluids, and mem-
branes) [2–4]. There are two generic features of most
long-range Casimir forces: (i) they involve fluctuations of
massless fields (scale-free fluctuations, Goldstone modes),
and (ii) they are normally attractive.

In this Letter we consider a novel example of universal
long-range forces contradicting the above notions: We
predict long-range repulsive interactions in polymer melts
where the relevant (density) fluctuations are believed to be
both weak and short range. Nevertheless we show that the
effect is indeed related to the Casimir interactions, thus
establishing a new bridge between the general theoretical
physics and polymer physics. The predicted long-range
forces in polymer systems are likely to be important in
numerous physical, chemical, and technological
applications.

The predicted effect is nontrivial on theoretical grounds.
Polymer melts and other concentrated polymer systems
have been viewed for years as ideal objects for a mean-
field analysis. Since long ago it was generally believed that
all correlations and interactions in these systems (with
however long polymer chains) are short range, with the
decay length comparable to the monomer unit size [5–10].
The concept of totally screened effective interactions of
monomer units at length scales much exceeding the unit
size is one of the cornerstones of the modern theory of
concentrated polymer systems [5–7]. It is proved here that
this opinion is not true: long-range correlations and inter-
actions are inherent in concentrated polymer systems.
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Considering importance of this issue we present several
complementary theoretical arguments elucidating different
physical aspects of the long-reange effects [(I),(II),(III)]:

(I) We employ the polymer-magnetic analogy [7] and
argue that soft transverse Goldstone modes of n-vector
spin fluctuations must generate the Casimir force multi-
plied by the number of these modes (n� 1). Thus in the
limit n ! 0 corresponding to linear polymers [7] we get
exactly the opposite of the Casimir effect, i.e., long-range
repulsion instead of attraction.

We follow the mapping between a polymer melt and a
magnetic system used for lattice models [11–13]: Consider
a lattice of sites frig with an n-component field ’�ri� �
f’1�ri�; . . . ; ’n�ri�g defined at each site. The interaction
between the sites is controlled by constants Kij (Kij � 1
for each pair of neighboring sites ij, and Kij � 0 other-
wise). The partition function of the system is [14]:

Z �
Z Y

fig

d’�ri�e
�H; (1)

H � 1
2 �fi;jg’�ri��Kij�

�1’�rj� � �i ln�
1
2’

2�ri� �
h’1�ri� � ��; � and h are constant parameters, h is related
to the magnetic field. Using the Wick’s theorem it is easy to
prove that the partition function, Eq. (1), is equal to the
grand canonical partition function of a living system of
self-avoiding polymers on the same lattice: Z �

�N e;N v
hN e�N vCconf�N e;N v�, N v, N e are the num-

bers of vacancies and chain ends, respectively,
Cconf�N e;N v� is the number of different configurations
of N �N v monomer units forming N e=2 linear chains,
N is the total number of lattice sites. Closed loop con-
figurations have an additional factor n through the summa-
tion over the components of the fields ’��ri�, thus all
closed loops are eliminated for n ! 0.

Equation (1) can be employed to calculate the thermo-
dynamic parameters of the living system of long �h 	 1�
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linear (n � 0) polymer chains. In the mean-field approxi-
mation the partition function Z ’ Zmf � exp��Hf’�g�,
where ’� is the relevant saddle point [12]. Assuming
uniform field ’��ri� � f’�

1; 0 . . . 0g we get lnZmf ’

N lnz�N � 2hN =
�����
2z

p
� �N =z, where z is the co-

ordination number of the lattice. The mean numbers of
vacancies (N v) and polymer chains (N e=2) are: N e �
@ lnZ
@ lnh ’ 2N h=

�����
2z

p
, N v � @ lnZ

@ ln� ’ N �=z, so the average

chain length is �N � N�N v
N e=2

� 1 ’
�����
2z

p
=h.

In order to include fluctuations of the order parameter
around the mean field ’� we expand the Hamiltonian H for
small deviations from this saddle point, use the quadratic
approximation, and evaluate the corresponding Gaussian
integrals. The resultant free energy is F 
 � lnZ � Fmf �
Ffluct, where Fmf � � lnZmf and Ffluct �

1
2 �k lnf�k�. Here

the sum is taken over the relevant spectrum of wave vectors
k determined by the system size, f�k� ’ �1� �1� 2�=z�
1= �N�K�k���1� �1� 1= �N�K�k���n�1�, K�k� �
1
z�jKijeik�ri;j , K�0� � 1. The term in the first square
bracket stems from integration over longitudinal fluctua-
tions of ’� ’�, the second square bracket comes from
n� 1 ! �1 transverse fluctuation modes. The latter are
Goldstone modes: their gap is 1= �N; it tends to 0 for long
chains.

The above results can be applied to determine the effec-
tive interaction between two parallel infinite plates im-
mersed in the polymer system, say, at x1 � 1=2 and
x1 � D� 1=2. The presence of the plates imposes the
reflective (Neumann) boundary conditions for the order-
parameter field ’ [the plates are impenetrable, i.e., poly-
mer chains cannot cross the plates, which is formally
equivalent to setting Kij � 0 for all lattice bonds (ij)
intersecting the plates]. The bulk of the mean-field free
energy Fmf is not affected by the plates (except small
regions around them) however the spectrum of fluctuations
is affected. The relevant wave vectors k � �k1; . . . ; kd� now
include the discrete component perpendicular to the plates
k1 � �m=D, m � 0; 1; . . . ; D� 1 (d is the space dimen-
sion):

Ffluct ’ �
1

2
A
X
m

Z dd�1k

�2��d�1
ln
�
k2 �

m2�2

D2 �
2d
�N

�

where A is the plate area, D � 1. The regularization of this
sum (subtraction of the contribution of fluctuations in the
bulk melt) is similar to the procedure used in the calcu-
lation of the Casimir effect for a scalar field [15,16]. For
infinitely long chains �N ! 1 we get the force per unit area
(for d � 3):

f � ��1=A�@Ffluct=@D ’ ��3�=�8�D3�; (2)

i.e., the standard Casimir force for massless scalar field
[15], but with the opposite sign because of the negative
number ( � 1) of soft components. The more general result
for finite �N is
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f �
1

16�D3

Z 1

2D=R

x2dx
ex � 1

(3)

where R �
���������
�N=6

p
is the typical polymer coil size. Thus

f / 1=D3 for D	 R and f / e�2D=R for D� R, and so
the relevant decay (correlation) length is not the bond
length, but rather the polymer coil size R.

(II) The long-range effects can also be elucidated using a
more traditional polymer approach: We start with a con-
centrated system of noninteracting ideal polymers, and
then turn on the excluded-volume interactions. There are
definitely no long-range forces in the noninteracting sys-
tem which nevertheless shows soft modes of concentration
fluctuations. By turning on monomer interactions we sup-
press these soft modes (at q ! 0) hence suppress the
virtual Casimir attraction associated with these modes,
thus inducing an anti-Casimir repulsion.

Quantitatively, the direct approach involves considera-
tion of the energy penalty H�c� for an inhomogeneous
monomer distribution c�r� � c0 �  c�r�. Once H�c� is
known, the concentration correlation function G�r� �
h c�r� c�0�i and the structure factor S�q� �

R
G�r��

exp�ir � q�ddr can be calculated in a straightforward way.
The standard effective Hamiltonian [17] for a concentrated
system of long polymer chains reads [7,18]

H�c� �
b2

8d

Z �rc�2

c
ddr�

1

2

Z
v�c� c0�

2ddr (4)

where b is the polymer chain statistical length, and v, the
interaction parameter. The main feature of this H�c� is that
it is a local functional of concentration.

For a system of noninteracting Gaussian chains (v � 0)
the structure factor is known exactly: S0�q� � 2c0=�q

2a2�.
Yet the Hamiltonian, Eq. (4) with v � 0, produces a differ-
ent result: S0�q� ’

2c0
q2a2

f1� const q
c0a2

g (for small q, d � 3).

What about the discrepancy? Of course, it is possible to
improve on H�c�, Eq. (4), e.g., by adding higher-order
interaction terms, but this results only in negligible correc-
tions (including trivial renormalizations). The main point
is that any local modification of H�c� could not help to
fight the discrepancy: the correct correlation functions
could not be obtained with a local H�c�. Thus H�c� must
be modified by adding an essentially nonlocal term �H ’

1
27

1
c20

R
q3 cq c�q

d3q
�2��3

� const
R
 c�r� c�r0� �

1
�r�r0�6

d3rd3r0. The first term in Eq. (4) plus �H represent

the conformational free energy (due to chemical bonds
between monomer units rather than to their excluded-
volume interactions). With Hm�c� � H�c� � �H�c� we
get (neglecting trivial renormalizations of the parameters
v, b): S�q� ’ 1

v�q2b2=12c0�q3=64c20
for q% 	 1; % � b���������

12vc0
p is

the mean-field correlation length. The last term in brackets
is never dominant, yet it is very important at low q’s since
with this term S�q� becomes weakly singular (nonanalyt-
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ical) at q � 0 [19]. It is this singularity that generates a
long-range power-law tail in the correlation function:

G�r� ’
3c0
�rb2

e�r=% �
3

16�2

1

v2c20

1

r6
for r � %: (5)

This G�r� is nonmonotonic: it becomes negative for r
larger than a few %’s (i.e., anti-correlation at large dis-
tances). These long-range correlations are missing in the
classical picture because the locality of the H�c� was not
questioned. The nonlocality of the conformational energy
naturally stems from the structure of long polymer chains.

Effective interactions between solid plates or spheres in
the polymer system can be also interpreted in terms of the
nonlocal effective Hamiltonian. For parallel plates we thus
get the result consistent with Eqs. (2) and (3). The effective
energy of interaction of two solid spheres is Fint ’

5
6R

6
s=D6

for D� Rs � %; Rs, the radius of spheres, and D, the
distance between their centers (the 1=D6 repulsion is also
valid for Rs 	 %). This interaction is remarkably univer-
sal: it does not depend on any polymeric parameters. Note
the same power law as for the correlation function G�r�
[see Eq. (5)]. This power law (1=r6) is also involved in the
nonlocal Hamiltonian �H.

(III) The approach outlined above can be used to find the
effective interaction between arbitrary objects (solid parti-
cles) in the polymer system:

Fint ’
1

2

Z
ddr

Z 1

0

dN
N
GN�r; r� � const (6)

where GN�r; r0� is the partition function of a chain of N
monomers with ends at r and r0; GN satisfies the well-
known Edwards equation @GN

@N � a2r2
rGN � 1

�N GN with the
‘‘initial‘‘ condition G0�r; r

0� �  �r� r0� and boundary
conditions n � rGN � 0 at the solid surfaces (n is unit
vector normal to the surface).

Interestingly, the long-range energy, Eq. (6), involves
only one ‘‘polymeric‘‘ quantity GN�r; r� which is actually
the partition function of anN cycle. Why do cycles seem to
play a crucial role for the system of linear chains? The
interpretation is given below. Consider a living melt of
bifunctional monomer units. The bond energy is high, so
the units form either long linear chains or rings. The
fraction of rings is proportional to the probability p that
a growing chain meets its first unit, p� 1=c0bd, where c0
is concentration of units. Let us assume that c0bd � 1,
hence p 	 1; i.e., nearly all units belong to linear chains,
and just a small fraction to rings. This living system may be
considered as a weak, nearly ideal ‘‘solution‘‘ of rings in
the linear matrix. Its free energy is Fliv � F� Fring, where
F is the free energy of linear chains, Fring � � lnZring,
Zring � exp��NZN� is the grand partition function of the
ideal system of living rings, and ZN is the statistical weight
of a ring of N units: ZN � 1

2N

R
GN�r; r�d3r ( 1

2N is the
symmetry factor reflecting the equivalence of all N units
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in a cycle, and also of the two ways of their counting,
forward and backward).

The central notion is that there are no long-range inter-
actions in the living system since its effective Hamiltonian
is a local functional of the monomer distribution c�r� (local
monomer interactions plus local bonds between mono-
mers), and it does not show any Goldstone fluctuation
modes. (This conclusion can be also derived from the
polymer-magnetic analogy: the weight of a cycle is pro-
portional to the number of ‘‘spin components‘‘ n, and the
amplitude of long-range interactions is proportional to n�
1. Therefore the interactions must be absent when the
cycles are allowed with the natural weight, n � 1.)
Hence Fliv � const in the long-range sense, and so F �

const� Fring � const� �NZN , i.e., we arrive at exactly
Eq. (6) for F � Fint. We observe that Fint is proportional to
the number of cycles in the corresponding living polymer
system (neglecting the constant term). Thus the long-range
interaction can be viewed as being due to subtracted living
cycles. The probability of cyclization in a narrow gap
between two solid plates is higher than in the bulk.
Therefore elimination of cycles results in a more signifi-
cant decrease of the statistical weight in the case when the
plates are close to each other. An effective repulsion of the
plates is thus explained. On the scaling level, the interac-
tion energy is proportional to the number of relevant cycles
(of size �D). Concentration of such cycles is �1=Dd, so
Fint per unit area is proportional to 1=Dd�1, in agreement
with the results considered above.

In summary, we show that the effective interactions
between monomer units in polymer melts are not totally
screened even at large length scales: concentration pertur-
bations in dense polymers show a power law rather than an
exponential decay at large distances. The total energy of
polymer-induced (PI) interactions between solid objects in
a polymer system involves two basic contributions: the
mean-field (depletion) attraction that dominates at short
distances, and the fluctuation-induced repulsion that domi-
nates at long distances. The latter follows a power law for
separations smaller than the polymer size R. The correla-
tion function of concentrations fluctuationsG�r� (or, equiv-
alently, the correlation function of vacancies) shows a
similar behavior: it is positive and decreasing with r at
short distances r & % and negative and increasing for large
distances, r � %, with a depletion minimum at an inter-
mediate r.

The predicted long-range interactions are due to the
linear-chain structure of polymers. Yet they are insensitive
to any details of this structure showing remarkable univer-
sality. For example, the interaction nearly does not depend
on concentration, i.e., nearly the same effect in a polymer
melt and in a semidilute solution. We thus introduce a
major new concept expanding the theoretical understand-
ing of polymer statistical physics.
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The following qualitative interpretations of these long-
range effects are proposed: Employing the polymer-
magnetic analogy we relate the long-range interactions to
the Casimir effect due to n� 1 transverse Goldstone
modes of the relevant fluctuations of an n-vector order
parameter with n � 0. The number of Goldstone modes
is negative hence repulsive interaction is predicted, i.e., an
‘‘anti-Casimir’’ effect. This long-range effective repulsion
can be also interpreted as a specific polymeric interaction
which is exactly balanced by the Casimir force induced by
soft modes of concentration fluctuations in the reference
system of noninteracting polymers. In the melts the soft
modes are suppressed by excluded-volume interactions,
hence the anti-Casimir repulsion is unmasked. Finally we
interpret the long-range forces as being due to living large-
scale polymer rings, but with the opposite sign (subtracted
loops). This hints at a relation between the fluctuation-
induced Casimir forces and large-scale geometrical loops.

It is remarkable that the PI repulsion is rather similar to
the van der Waals (VdW) interaction: the same power law
and comparable magnitudes in the case of thermal VdW
forces. This notion opens up an exciting possibility of
reversing the sign of the effective long-range interaction
(i.e., net repulsion instead of the usual VdW attraction).
Such a repulsion may serve to stabilize colloidal suspen-
sions, or it may arrest phase separation in binary polymer
systems at an intermediate stage (yielding kinetically sta-
ble emulsions). The predicted long-range polymer effect is
rather subtle, and as such provides an experimental chal-
lenge likewise the original Casimir effect. The following
systems seem to be favorable for observation of that sort of
effects: (a) Emulsion of one polymer in an immiscible
polymer with low dielectric contrast (the ratio of VdW to
PI forces may be further decreased by adding a nonselec-
tive solvent: VdW interactions can be suppressed by dilu-
tion that, however, nearly does not affect the PI forces).
(b) Thin polymer film (the PI repulsion in the 2-
dimensional system scales as 1=r4, hence it can dominate
over the VdW attraction that is proportional to 1=r6). Two-
dimensional polymer systems also seem to be ideal candi-
dates for computer investigations of the predicted long-
range effects, in particular, (i) of the correlation function of
either monomer units or vacancies, and (ii) of interaction
between two solid lines in a 2d melt (in order to improve
03830
the resolution for the force it may help to consider free
rather than fixed parallel lines and living polymer chains
with a free exchange of monomer units between the re-
gions inside and outside the gap).
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