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Advection-Induced Spectrotemporal Defects in a Free-Electron Laser
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We evidence numerically and experimentally that advection can induce spectrotemporal defects in a
system presenting a localized structure. Those defects in the spectrum are associated with the breakings
induced by the drift of the localized solution. The results are based on simulations and experiments
performed on the super-ACO free-electron laser. However, we show that this instability can be generalized
using a real Ginzburg-Landau equation with (i) advection and (ii) a finite-size supercritical region.
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FIG. 1. (a) Experimental setup for a storage-ring FEL. The
wave is constituted of the optical pulse (several picoseconds
duration) that experiences round-trips between two mirrors M1

and M2. At each passage the pulse is amplified by the interaction
with the relativistic electron bunch of a storage ring (several tens
of picoseconds, energy in the GeV domain) in an optical klystron
(OK), see Refs. [22,23] for details. (b) Illustration of the theo-
retical framework: One considers the complex envelope profile
en��� of the field pattern at each electron passage, and takes the
continuous limit n! T.
Stationary wave formation is generically subjected to
drift phenomena when the reflection symmetry is broken.
Increasing a parameter v, controlling the drift velocity
from zero, leads to phenomena associated with known
subtle issues, such as pinning at the boundaries [1], the
distinction between convective and absolute instabilities
[2], and the so-called noise-sustained structures [3]. These
behaviors have been extensively studied in pattern-forming
systems [4–6] with local coupling (diffusion and disper-
sion), and when the wave solution is not localized.

However, less is known on drift effects in slightly more
complex situations, in particular, when the wave formation
is localized in a region of space because of spatial ramps
and/or when the coupling is different from the elementary
diffusion and dispersion, e.g., global coupling. Such situ-
ations appear in different contexts such as in hydrodynam-
ics [7], chemistry [8], gas discharge physics [9], optics
[10–12], or biology [13].

In this Letter, we consider the effect of advection in a
system with a localized solution, and focus on the first
regimes appearing when the drift velocity parameter is
increased. We start with the numerical and experimental
study of a free-electron laser (FEL) [14,15], in which the
relevant wave pattern is the longitudinal field distribution
of a picosecond optical pulse that experiences round-trips
between two mirrors. We first show numerically that a
representation of the dynamics in Fourier space reveals
hidden aspects of the dynamics: While in direct space we
observe the classical drifts and noise-sustained structures, a
representation of the dynamics in Fourier space reveals
spatiotemporal dislocations similar to the ones observed in
the Eckhaus instability [5,16]. Then we support these
predictions with experiments on the super-ACO storage-
ring FEL [17]. Finally, we study two elementary model
equations to show that these phenomena can appear in a
large class of systems.
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A FEL oscillator is a pulsed laser source whose amplify-
ing media is a relativistic electron beam traveling through a
region of periodic permanent magnetic field [15]. Besides
their present and potential applications at various wave-
lengths (from infrared to UV/X), FELs display a rich
variety of spatiotemporal instabilities [17,18]. The dynam-
ics is strongly affected by the synchronism between the
round-trips of the laser pulse and the electron bunch
[Fig. 1(a)]. The evolution of a pulse in such a cavity obeys
the well-known Haus master equation commonly used for
mode-locked lasers [11,19–21], and established indepen-
dently for FELs [22,23]. Haus-type models basically de-
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scribe the evolution of the successive complex envelopes of
field profiles en��� (with � defined by � � z=c and z the
longitudinal coordinate of the pulse) at each round-trip n.
Here, the series en��� is taken in synchrony with the
electron bunch passage [see Fig. 1(b)]. We are thus in the
presence of a spatiotemporal system for which the relevant
space is �, and the relevant time is the round-trip number n.
The continuous limit is taken, so that we transform the
discrete time n into a continuous ‘‘slow time’’ T [19]. The
evolution of e��; T� obeys the adimensional equation

eT � ve� � �e� g�T�f����e� e��� �
����


p
�; (1)

where the slow time T associated with the round-trips is
expressed in units of the field cavity lifetime �c (typically
in the microsecond range). The fast time � resolving the
pulse shape is expressed in units of tu � �=�

���
2

p
�!g� (in

the subpicosecond range) with �!g the gain width of the
operating line [24]. Physically the diffusion operator ac-
counts for the finite linewidth of the gain [19], and a first
derivative operator (not essential for our purpose) can also
be taken into account [25]. v expresses the mismatch
between the period of the electron bunch passages Te and
the laser cavity round-trip time TL: v � TL�Te

TL
�c
tU

. v plays
the role of an advection velocity (in units of tU=�c) and is
the main control parameter of the FEL. f��� �
exp���2=2�2

b� characterizes the gain shape due to the
electron bunch longitudinal distribution, where �b is the
bunch duration in units of tu. The effect of spontaneous
emission is taken into account by the white noise term
���; T� with h�	��0; T0����; T�i � ���� �0���T � T0�.
The level of noise is controlled by the parameter , which
is purely phenomenological. The gain dynamics g�T� de-
pends on the precise accelerator and insertion device. A
simple expression for a storage ring can be written in
adimensional units as [18,26]
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g�T� �
A

��T�
exp����2�T� � 1�=2; (2)
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�
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Equation (2) links the gain g to the heating variable �,
which is the rms width of the electron energy distribution
in units of its value without laser emission. A is the maxi-
mum gain in units of the cavity losses (laser operation
requires A> 1). Equation (3) accounts for the relaxation
of �2, and the bunch heating by the laser which provides
the gain saturation process. The heating relaxation time Ts
is equal to the synchrotron damping time in units of the
field cavity lifetime (Ts � 1). L is the round-trip time in
units of tu. In the following, we use typical parameters
corresponding to the super-ACO FEL: 1=Ts � 0:0047,
�b � 862, A � 4:5, tu � 80 fs,  � 3:3� 10�10. The
unit of T is �c � 40 �s.

The different regimes observed when the drift parameter
v is increased are represented in Fig. 2. In a small range
near v � 0, the solution is a stable pulse [Fig. 2(a)]. The
first instability occurs for v � �0:15 here. Beyond this
value the solution is a localized structure that drifts slowly,
breaks, and is replaced recurrently by another one
[Fig. 2(d)]. The breakings appear more frequently with
increasing value of v [Fig. 2(g)]. At large values
[Fig. 2(j)], the solution is a noise-sustained structure,
similar to the one studied by Morgner and Mitschke and
by Geddes et al. in actively mode-locked lasers [10,11],
and characterized by an extreme sensitivity to noise.

We concentrate here on the regimes occurring just above
the first transition in order to find the instability mecha-
nism. In our approach, we take a different point of view and
examine the pattern in Fourier space ~e�k; T�. Indeed, in-
tegration of the FEL model with various parameters reveals
that the drift instability induced by the advection term (the
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breaking of the localized solution) is systematically asso-
ciated with the appearance of defects in the spectrotempo-
ral evolution. These are characterized by holes in the
amplitude distribution j~e�k; T�j [Figs. 2(e), 2(h), and
2(k)], associated with phase singularities [Figs. 2(f), 2(i),
and 2(l)]. These regimes seem similar to the phase-slips
regimes occurring, e.g., in the ramp-induced Eckhaus in-
stabilities [16,27]; i.e., however, at this point, no conclu-
sion can be inferred. In addition, the presence of this
instability could explain the fact that the mean value of
the width of both the pulse and its spectrum increase with
the drift v, as it has been reported in FEL experiments [28].

In order to verify that these predictions correspond to
observable experimental behaviors, we have performed a
spectrotemporal analysis of the super-ACO UV FEL
(350 nm) at Orsay. The recordings in direct space of
je��; T�j2 have been performed using a double sweep
streak camera (Hamamatsu C5680). The spectrochrono-
grams j~e�k; T�j2 are obtained using a plane Fabry-Perot
etalon (finesse 60, free spectral range 300 GHz) in con-
vergent light followed by a CCD LineScan camera (128
pixels, 33 000 lines=s). The streak camera and spectrum
recordings are presented in Fig. 3 for four typical parame-
ters. The drift parameter v is directly controlled by the
fundamental frequency of the rf accelerating fields
(�100 MHz). The storage ring operated with two 80 ps
long bunches (rms) at 800 MeV, with a current in the 30–
50 mA range.

First, as usual in FEL oscillators [29], we observe in a
small region near zero detuning a regime associated with a
single stable pulse [Fig. 3(a)]. When the detuning exceeds
a threshold value (in the Hertz range), we observe a tran-
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FIG. 3. Experimental results. (a)–(d): Pulse shape evolutions
je��; T�j2 recorded with a streak camera. (e)–(g): Optical spec-
trum evolutions j~e�k; T�j2 associated with (b)–(d) (the parame-
ters are identical, but spectra and streak recordings are not
synchronized). (a): case of rf frequency #0 associated to almost
perfect synchronism (i.e., v � 0); (b),(e): case of rf frequency
slightly just beyond the lower instability threshold (#0 �
0:5 Hz); (c),(f): case of rf frequency well beyond the upper
instability threshold (#0 � 1:5 Hz); (d),(g): noise-sustained
structure observed far from the instability threshold (#0 � 3 Hz).
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sition leading to a drift of the structure [Figs. 3(b) and 3(c)]
in either direction, depending on the sign of the detuning.
For large detuning values, the system exhibits noise-
sustained structures [Fig. 3(d)]. We find that the spectro-
chronograms display the appearance of zero-intensity
holes [Figs. 3(e)–3(g)] as predicted numerically.

At this point, numerical and experimental results reveal
that the present behavior has a dual character. Indeed, (i) it
appears in direct space in the form of an advection-induced
drift instability, (ii) it is characterized in Fourier space by
the presence of defects and presents the characteristic
features of a ramp-induced Eckhaus instability. In a next
step, one may wonder whether this phenomenon is likely to
occur in other systems, or is a unique consequence of the
FELs’ physical details. To know more precisely the con-
ditions required, we have studied the real Ginzburg-
Landau with a slow parabolic spatial gain dependence
that ensures the occurrence of a localized solution. We
have considered both cases of gain saturation by local
and global coupling:

eT � vez � ezz � R�1� !2z2�e� S�
����


p
�; (4)

with

S � jej2e (5)

or

S � e
Z �1

�1
jej2dz; (6)

and !� 1. The value of ! has been varied in a wide range
keeping an order of magnitude leading to the same typical
pulse width as in the FEL case.

These model equations have been integrated for various
values of the control parameters (v, !, R). We found that all
the features discussed below are reproduced beyond some
threshold for v (see Fig. 4). This shows that we can expect
the present phenomenon to occur in a range of systems
either with global and local saturation coupling, provided
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FIG. 4. Numerical integration of the Ginzburg-Landau equa-
tion with ramps and advection (4). (a)–(c): case of global
coupling [S given by Eq. (6)], v�0:6, !� :0012, R�4. (d)–
(f): case of local coupling [S given by Eq. (5)], v�0:6, !�0:01,
R�0:04. (a),(d) represent je�z; T�j, (b),(e): j~e�k;T�j, (c),(f ):
arg�~e�k; T�.
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they display advection and a solution localized by the
presence of parameter ramps. Let us finally emphasize
that the other features very peculiar to FELs and lasers in
general (as the slow time scale Ts of the saturation dynam-
ics), though complicating the modeling, do not appear to be
essential.

Finally, let us remark that we can obtain insights on the
origin of the spectrotemporal dislocations by examining
the evolution equation for the Fourier transform ~e�k; T� of
e�z; T� in the case of global coupling. The Fourier trans-
form of Eqs. (4) and (6) is:

~e T � $�k�~e� !2R~ekk � ~e
Z �1

�1
j~ej2dk�

����


p
%; (7)

with h%	�k0; T0�%�k; T�i � ��k� k0���T � T0� and $�k� �
�R� k2 � ivk�. This is a Ginzburg-Landau equation with-
out advection, and with a control parameter $�k� that varies
slowly in space (with respect to the small diffusion length
!

����
R

p
).

Equation (7) can be viewed as describing a chain of
oscillators with natural frequencies !�k� � �vk. This
dependence of ! on k causes a frustration that is expected
to lead to a desynchronization of the chain through the
appearance of phase slips at a threshold value of v. In
addition, the situation presents similarities with the so-
called ramp-induced Eckhaus instability [16] observed in
hydrodynamics [16,30] and in lasers [27]. In both cases,
the dynamics is governed by the spatial evolution of a
control parameter $�k�, and the instability is characterized
by the occurrence of phase slips. However, further work is
needed to conclude on the precise links between the insta-
bility mechanism considered here and the ramp-induced
Eckhaus instability. Since the nonlocal saturation notably
complicates the required perturbative analysis, we leave
the detailed analytical work and analytical determination
of the transition point (through, e.g., the derivation of a
phase-diffusion equation [16,30]) to further studies.

In conclusion, localized systems with advection can
display an instability characterized simultaneously by a
drift instability in direct space and a defect instability in
Fourier space, similar to the Eckhaus instability. The in-
stability occurs at advection velocities much smaller that
the ones leading to noise-sustained structures. The signa-
ture in the FEL experiment performed here is the presence
of holes (intensity zeros) in the spectrotemporal diagrams.
Preliminary studies of the modified Ginzburg-Landau
equation (4) shows that this phenomenon is expected to
affect a range of systems displaying localized solutions
with either local or global coupling. Future works concerns
the study of the precise respective roles of the steady-state
instabilities (in the sense of bifurcations) and the hyper-
sensitivity to noise due to the non-normal operators in-
volved in the dynamics [10,11,31].
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