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Experimental Study of Granular Compaction Dynamics at Different Scales:
Grain Mobility, Hexagonal Domains, and Packing Fraction
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We present an original experimental study of the compaction dynamics for two-dimensional granular
systems. Compaction dynamics is measured at three different scales: the macroscopic scale through the
normalized packing fraction ~�, the mesoscopic scale through the normalized fraction ~� of hexagonal
domains in the system, and the microscopic scale through the grain mobility �. Moreover, the hexagonal
domains are found to obey a growth process dominated by the displacement of domain boundaries. A
global picture of compaction dynamics relevant at each scale is proposed.
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Granular matter has been the subject of numerous stud-
ies since the last decade [1–3]. The packing fraction of
those materials is a relevant parameter for a broad range of
applications. A way to reduce the costs for the manipula-
tion of such granular materials is to increase the packing
fraction �. This can be achieved by tapping or vibrating the
vessel containing the grains.

Various experimental studies [4–7] have emphasized the
complexity of the slow compaction dynamics. Different
laws have been proposed for the increasing packing frac-
tion � of a granular material with the number n of taps.
Since both initial �0 and final �1 packing fractions depend
on experimental conditions, a normalized parameter is
defined as ~� � ��� �0�=��1 � �0�, with 0 � ~� � 1.

It has been proposed in Ref. [8], among others, that the
packing fraction obeys an inverse logarithmic law

~��n� � 1�
1

1� B ln�1� n
��
; (1)

where B and � are dimensionless parameters. Opposite to
the inverse logarithmic law, the Kohlrausch-Williams-
Watts (KWW)’s law ~��n� � 1� exp�� �n=��	� has the
advantage to fit an observed saturation of the density
[9,10]. The parameters � and 	 correspond, respectively,
to a characteristic tap number and to the stretching of the
exponential.

Some theoretical models of compaction dynamics [11]
are based on a relationship between the mobility � of the
grains and the packing fraction �. The mobility is a local
property of each grain that corresponds to the grain ability
to move in its nearest neighborhood inside the packing.
The mobility is assumed to vanish when the packing
fraction � reaches its asymptotical value �1. For highly
packed hard-sphere suspensions, theoretical and experi-
mental studies [12] suggested that the average mobility
vanishes as a power law. However, Boutreux and
de Gennes [13] argued that the logarithmic compaction
dynamics [Eq. (1)] is related to the Vogel-Fulcher law
05=95(2)=028002(4)$23.00 02800
� � �0 exp
�
�

c
1� ~�

�
; (2)

where c represents some decay rate of the grain mobility
near �1. The Vogel-Fulcher (2) law is derived from a
Poisson distribution of voids in the system.

The slow dynamics of granular compaction has also
been described by a cluster model [14]. A cluster is defined
by grains that are ideally packed. The granular material is
considered as a system of various clusters competing with
a random environment. Vibrations cause the slow growth
of the clusters. The relevant parameter is the fraction � of
grains ideally packed. As for the packing fraction �, this
cluster parameter could also be normalized to vary between
0 to 1.

Therefore, compaction dynamics could be viewed
through three different scales: the macroscopic scale (~�),
the mescoscopic scale ( ~�), and the microscopic scale (�).
The relevant questions are thus the following: Is it possible
to measure the grain mobility and the cluster formation?
What are the experimental dynamical laws for ~� and �?
What are the relationships between the different parame-
ters describing compaction at different scales?

In this Letter, we present an experimental study of
compaction for spherical particles confined between two
parallel plates. This 2D granular system allows mobility
and cluster measurements by tracking the grain position or
motion during successive taps. Our experimental results
relate the characteristics of granular packings at various
scales. One should note that, to our knowledge, our work is
the first experimental study of compaction focusing on
both grain mobilities and clusters.

Let us describe the experimental setup. Spherical metal-
lic particles are placed between two parallel plates. The
number of particles is typically N � 2000. The mean bead
diameter is D � 2:4 mm, with a polydispersity smaller
than 3.6%. The distance between both plates is slightly
greater than the particle diameter. The width of the pile is
58 mm (�25D) and the mean height is 170 mm (�70D). A
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FIG. 1. A sketch (left) and a picture (right) of our experimental
setup. Approximately 2000 beads are placed between two par-
allel plates. An electromechanic hammer is placed below the pile
and is tuned by a microcontroller. An accelerometer is placed on
the vessel to measure the acceleration experienced by the whole
system.

n=64n=0 n=4096 n=65536

FIG. 2. A part of the pile after image analysis. Different values
of the tap number n are illustrated. For n � 0, disorder is
observed. When n increases, some hexagonal domains appear
and grow thereafter. One should note that after n � 65 536 taps,
a few defects are still observed in the hexagonal structure.
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FIG. 3. Four typical curves (squares, circles, triangles, and
crosses) giving the normalized packing fraction ~� as a function
of the tap number n. The solid curve is a fit using Eq. (1). The
dashed curve is a fit using Eq. (7).
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sketch and a picture of the setup are given in Fig. 1. To
produce the successive taps, an electro-mechanic hammer
is placed below the container. The hammer is tuned by a
micro-controller that can adjust the intensity, the number
and the frequency of the taps. The acceleration experienced
by the system at each tap is measured with the help of an
accelerometer connected to an oscilloscope. During one
tap, the system undergoes a short peak of acceleration (the
width of the peak is 0.25 ms and the maximum intensity is
15 g) and some damped oscillations during 2 ms. Two
successive taps are separated by 500 ms. This time is
longer than the relaxation time of the system after each
acceleration peak.

The pile is illuminated with a single light source. In such
a way, the center of each particle appears bright on the
pictures taken by a high-resolution CCD camera. The area
of a grain corresponds to about 150 pixels on a picture. The
camera can record an image of the packing after each tap.
The position of each grain in the packing is later deter-
mined by image analysis. All grain positions are tracked by
studying the correlations between successive images [15].
Figure 2 presents a part of the pile after numerical treat-
ment of the pictures and for different values of the tap
number n. The global packing fraction � of the pile is the
ratio between the total area of the grains (N�D2=4) and the
total area of the packing. The latter area is evaluated by
determining the positions of the particles being placed on
the top of the heap.

Since the dynamics of the system slows down with the
number of taps n, we recorded images of the system only
for n � 2i with i � 1; 2; . . . ; 16. The maximum number of
taps in our experiments is n � 65 536.
02800
We have repeated the experiment many times for statis-
tical reasons. Obviously, small changes in the initial con-
figurations of the packing give different values for �0 and
�1. Nevertheless, measurements of �0 � 0:825	 0:002
are reproducible. The last measurement ��65 536� of
each series is assumed to be the asymptotic value �1 �
0:862	 0:004. This value is slightly smaller than the 2D
hexagonal packing fraction �h ’ 0:91. This difference can
be explained by the presence of defects due to edge effects,
by the presence of trapped defects, and by the small
polydispersity of the grains. It is important to note that,
in this experiment, we do not observe any convection,
contrary to others [9,10].

The evolution of the normalized packing fraction ~� as a
function of the tap number n is presented in Fig. 3. Four
different experiments are represented. After 65 536 taps,
the saturation of the packing fraction is clearly obtained.
One should note the collapse of all data sets when consid-
ering ~� instead of �.

Since all the grain positions (xi; yi) are determined, it is
possible to measure the displacement �i of the grain i

during a tap: �i �
����������������������
�x2i � �y2i

q
=Ntap, Ntap being the num-

ber of taps realized between two successive pictures. A
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FIG. 4. Grain mobility � as a function of the normalized
packing fraction ~�. These results come from an average over
various experiments. Error bars are indicated. The continuous
curve is a fit of the Volger-Fulcher law [Eq. (2)]. The dashed
curve is a fit with the Avrami law [Eq. (8)].
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FIG. 5. Pictures of the pile for n � 0, 24, 4096, and 65 536.
Only grains belonging to hexagonal domains are represented.
The growth and fusion of domains are clearly seen.
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FIG. 6. Evolution of the normalized fraction ~� of hexagonal
domains as a function of the tap number n. The continuous curve
is a fit using Eq. (5).
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dimensionless average mobility � can be defined from the
ratio between particle displacements �i and particle diam-
eters D. One has

� �
1

N

XN
i�1

�i

D
; (3)

which can be easily computed. Figure 4 shows the decrease
of the mobility � according to the normalized packing
fraction ~�. The nonzero value of the mobility for ~� � 1
is due to the finite spatial resolution of the camera and
uncertainties on grain positions. These experimental re-
sults can be fitted by the Vogel-Fulcher law with �0 �
0:015	 0:008 and c � 2:1	 0:3. The agreement is good
for high values of the normalized packing fraction (~� >
0:3). By considering that the variation of the packing
fraction induced by a tap is proportional to the grain
mobility, one has

@~�
@n

� k�; (4)

where k is a constant. Injecting the Volger-Fulcher law in
this equation leads to a solution [13] that corresponds to the
inverse logarithmic law (1). The latter law correctly fits the
data of Fig. 3, except at the end of the process when a
saturation is observed.

Our image analysis allows us to determine the number of
neighbors for each grain. Two grains are neighbors if their
centers are separated by less than D� � with � � D. The
slight parameter � is required because of the small poly-
dispersity of the grains and because of the uncertainties on
the grains’ position. Typically, � � D=15. Grains belong-
ing to hexagonal domains, i.e., being in contact with six
neighbors, are shown in Fig. 5. One should note that the
grains located along the domain boundaries are not con-
sidered. As we can see in Fig. 5, the pile is initially
02800
disordered: the average coordination number is low.
After a few taps, small hexagonal domains appear and start
to grow. At the end of the compaction process, some
defects still remain and create domain boundaries in the
system. We have measured the number of hexagonal do-
mains and their mean area. The normalized fraction ~� of
grains belonging to hexagonal domains in the system has
been determined.

Figure 6 presents the normalized fraction ~� of hexago-
nal domains as a function of the number of taps n. This
growth is well described by the theoretical Avrami model

~� � 1� exp
�

�

�
n
�

�
�
�

; (5)

where � is a characteristic time [16]. The Avrami model
describes the crystallization kinetics of various coexisting
growing domains. The value of the parameter � depends
on the nature of the growth. The experimental data are well
fitted by this equation with an exponent � � 0:42	 0:09.
In Avrami’s theory, the value � � 1=2 is a clear signature
of a diffusion-controlled growth of hexagonal domains.
This diffusive character could be understood as originating
from the diffusion of defects along the borders of hexago-
2-3
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FIG. 7. Evolution of the normalized packing fraction ~� accord-
ing to the normalized hexagonal domains fraction ~�.
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nal domains. Indeed, the grains not belonging to hexagonal
domains are supposed to have a higher mobility than others
as demonstrated in our experimental measurements.

In order to relate this mesoscopic view of compaction to
the macroscopic measurements, we have drawn in Fig. 7
the fraction ~� as a function of the fraction ~�. We have

~� �

����
~�

q
; (6)

which is illustrated by the continuous curve on the Fig. 7.
This square root behavior means that the defects (leading
to a lower density) are located only along the perimeter of
the clusters. This relationship allows us to propose a new
law for compaction dynamics

~� �

��������������������������������
1� exp

�
�

���
n
�

r �s
; (7)

which is an alternative to the inverse logarithmic law (1) in
2D. This law could be adjusted to experimental data as
seen in Fig. 3. The agreement is good. Furthermore, this
law has the advantage to present a clear saturation for large
n values, a saturation that was not accurately fitted by the
law (1). The validity of this law has been checked with
other tap intensities. If we assume that the normalized
packing fraction ~� increases linearly with the fraction of
hexagonal domains ~� (this assumption becomes reason-
able when 0:3< ~� < 1), we recover KWW’s law [9,10] for
the evolution of ~�.

In order to obtain a compatible view of the crystalliza-
tion phenomena with the grain motions, the law for the
mobility becomes
02800
� � �
1

k
1� ~�2

~� ln�1� ~�2�
: (8)

The results are fitted by this law in Fig. 4.
In summary, we have measured three physical quantities

during granular compaction. They correspond to three
different scales in the system. To our knowledge, it is the
first time that such measurements have been performed.
First, we have confirmed that the Vogel-Fulcher law (2) is a
good candidate for describing grain mobilities in dense
granular materials. Moreover, we have shown that granular
compaction dynamics could be viewed as a slow process of
crystallization driven by the diffusion of defects. The
resulting laws (5), (7), and (8) are consistent with experi-
mental data.
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