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We provide definitive theoretical evidence for the onset of superfluidity in small helium clusters doped
with molecules at less than one solvation shell, with quantitative analysis of spectroscopic constants for
CO2 in 4HeN in terms of nonclassical rotational inertia and helium superfluidity calculated by path integral
methods. We find a significant superfluid response for N � 5, with essentially unit response to rotations
around the CO2 axis and partial response to rotations about an axis perpendicular to the CO2 axis for
N � 6. This anisotropic superfluid response is shown to be responsible for the N dependence of measured
CO2 rotational spectra in 4HeN .

DOI: 10.1103/PhysRevLett.94.153401 PACS numbers: 36.40.2c, 05.30.Jp, 61.46.+w, 67.40.Yv
Feynman path integrals provide a microscopic analysis
of superfluidity in Bose systems that allows the superfluid
response to be quantified in terms of exchange-coupled
imaginary-time paths of the Bose particles at finite tem-
peratures. Such analysis has revealed that, independent of
the number of Bose particles, superfluidity arises when
these paths enclose an area comparable to the system
size [1] and path integral Monte Carlo calculations have
shown that significant superfluid fractions are present in
4He clusters with a few tens of atoms [2,3] as well as in
para-hydrogen clusters small enough to be liquid [4–6]. In
the last several years, the spectroscopy of molecules em-
bedded in helium droplets has been shown to offer a unique
possibility of studying the superfluid properties of 4He in
finite systems ranging from a few atoms via nanoscale
clusters to large droplets [7].

One of the most striking features emerging from these
spectroscopic studies is the phenomenon of free rotation of
a dopant molecule in large 4He droplets, which is generally
accompanied by some renormalization of its effective rota-
tional constant, B (see, e.g., Table III in Ref. [7]).
Evolution of the effective molecular spectroscopic con-
stants with the number N of helium atoms has also become
a subject of much interest following an early theoretical
analysis made for SF6 in small 4He clusters that showed a
monotonic decrease of B from the gas phase value as N
increases up to � 8, at which size saturation to the large
droplet value was seen [8]. Recently, infrared and micro-
wave spectra of molecules have been observed also in
small clusters as 4He atoms are added one by one.
Measurements for the carbonyl sulfide (OCS) molecule
have revealed the predicted monotonic decrease of B [9]
although for this linear molecule the experimental value is
seen to undershoot the droplet value, implying a turn-
around at larger cluster sizes. Quantum calculations of
rotational excitations for OCS�4He�N clusters have subse-
quently demonstrated that this initial decrease of B is in-
deed followed by a slow increase to values approaching the
droplet limit for N less than one solvation shell [10,11].
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Recent measurements of the spectra of N2O [12] and of
CO2 [13] in small 4He clusters have validated these theo-
retical predictions, showing an initial decrease of B that is
followed by a turnaround (at N � 7–8 for N2O and at N �
5–6 for CO2) to saturation to an approximately constant
value for larger sizes. In both experimental studies [12,13]
the nonuniform decrease of B for N2O and CO2 has been
explained by invoking the decoupling of a fraction of the
helium density from the rotational motion of the molecule
predicted in [8,14]. Theoretical and experimental studies
have called for investigations to determine whether this
behavior is the result of the onset of permutation exchanges
among 4He atoms and therefore a manifestation of incipi-
ent superfluid behavior. However, no definitive analysis in
terms of superfluid properties has been made to date for the
characteristic turnaround of the effective rotational con-
stant for molecules inside helium clusters. This Letter
provides such a theoretical analysis for CO2�

4He�N clus-
ters, showing that the size dependence of anisotropic su-
perfluid response of helium accounts quantitatvely for the
evolution of the rotational spectrum of CO2 in small clus-
ters containing up to one solvation shell of helium.

Within the path integral representation the quantum
inertia tensor of an anisotropic Bose liquid can be written
in terms of the projected area Ai of the Feynman paths [1]:

Iij � I
cl
ij �

4mkBThAiAji

�h2
; (1)

where Iclij is the classical inertia tensor and the average is
taken over the paths of the nonrotating system. Because of
the cylindrical symmetry of CO2�

4He�N , the inertia tensor
Iij of the helium component has only two distinguishable
principal values, namely, parallel Ik and perpendicular I?
components. In linear response, the two effective rotational
inertia components of CO2�

4He�N are then given by Ieff
k

�

Ik and Ieff? � ICO2 � I?. Since Ik�?� defines the response of
the 4He density to rotations around an axis coincident with
(perpendicular to) the CO2 axis, Ieff? determines the effec-
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tive molecular rotational constant B � 1=2Ieff? . For CO2,
unlike the other linear molecules OCS [15] and N2O [16],
the helium density distribution is quite insensitive to the
molecular rotations, implying that the superfluid density is
also insensitive to these. Therefore, the linear response
approach is used here, for the first time, to calculate the
effective rotational constant of a molecular impurity in
4HeN clusters as a function of N.

Path integral Monte Carlo calculations are performed
here at a temperature T � 0:15 K [17]. The low tempera-
ture density matrix is factorized as usual into M high
temperature density matrices with imaginary-time step
� � �MkBT��1 and the high temperature terms approxi-
mated by a product of the free particle propagator and an
interaction term [1]. The free particle propagator includes
here all translational degrees of freedom but no rotational
motions, consistent with Eq. (1). The total interaction
potential energy is obtained as a sum of all pairwise con-
tributions. In the present implementation, both isotropic
He-He [18] and anisotropic CO2-He [19] interactions are
incorporated using the pair-product form of the exact two-
body density matrices that result when the CO2-He poten-
tial energy surface is fitted with a sum of spherical
Lennard-Jones interactions [20]:

VCO2�He�R;#� �
X

n

Vn�j R� rn j� � �V�R;#�: (2)

Here, Vn�j R� rn j� is the nth Lennard-Jones potential
and �V�R;#� is the ‘‘residual’’ potential energy surface
correction. From symmetry considerations rn  zn. The
spherical expansion of Eq. (2) allows an exact two-body
density matrix to be used for each Lennard-Jones potential,
while the residual small contribution �V�R;#� is treated
within the primitive approximation [1]. This approach can
greatly reduce the imaginary-time step dependence of all
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FIG. 1. Spectroscopic constants B and D for CO2�
4He�N clus-

ters. Stars: linear response estimate B � 1=2Ieff? obtained from
nonclassical rotational inertia; filled circles: POITSE results
from Eq. (3); open squares: experimental values [13]; dashed
line: experimental droplet value [26].
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expectation values [21], allowing use of larger � than
otherwise possible. For CO2, it allows ��1 � 40 K, con-
siderably larger than the typical values required when
molecule-He interactions are treated entirely within the
primitive approximation [22]. The parameters in Eq. (2)
were obtained from minimization of �V�R;#� using the
simulated annealing algorithm. We find that five Lennard-
Jones potentials suffice to reproduce the full CO2-He in-
teraction with great accuracy and minimal �V�R;#�.

Figure 1 shows the linear response estimates B �

1=2Ieff? (stars) for CO2�
4He�N , together with the effective

spectroscopic constants (solid circles) obtained by calcu-
lating rotational excited states and then fitting these to the
linear rotor Hamiltonian

E�J� � BJ�J� 1� �DJ2�J� 1�2; (3)

where B and D are the effective rotational and distortion
constants, respectively. The rotational excited states are
computed with the projection operator imaginary-time
spectral evolution (POITSE) method that has been success-
fully employed for calculation of the rotational excitations
of OCS in 4HeN [10] and in �para-H2�N [23]. Also reported
in the figure are the available experimental values (open
squares) [13]. All three data sets for the effective rotational
constant (bottom panel) show identical nonmonotonic be-
havior with N. In fact, B first monotonically decreases up
to N � 5, while a subsequent increase is seen from N � 6
to N � 12, after which B remains approximately constant.
The distortion constant D (top panel) also decreases up to
N � 5, indicating that the structure of the CO2�

4He�5
cluster is quasirigid, similar to what has been previously
found for the analogous OCS�4He�5. A steep increase in
magnitude of D is then found from N � 6 to N � 10,
indicating that very floppy structures are obtained for these
sizes. For larger clusters D decreases again, reaching an
approximately constant value at N � 15 [24]. Remarkably
good agreement with experimental values is obtained for
both B and D constants at all sizes.

The nonmonotonic behavior of the linear response esti-
mate of B as a function of N suggests that the rotational
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FIG. 2. 4He superfluid fraction for CO2�
4He�N clusters. Open

circles: parallel component fs
k
; solid circles: perpendicular com-

ponent fs?.
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FIG. 3 (color online). 4He density distributions for CO2�
4He�N

clusters. The CO2 molecule is located on the z axis with the
carbon atom at z � 0:0 �A, and the two oxygen atoms at z �
�1:1615 �A, respectively. Left column: total density ��z; r�,
central column: parallel superfluid density �s

k
�z; r�, right column:

perpendicular superfluid density �s?�z; r�. All densities in �A�3.
Color scale goes from 0:0 �A�3 (blue; black background outside
the grey) to 0:1 �A�3 (red; darkest regions inside the grey).
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inertia of the helium solvation density is nonclassical for
N � 5–6, which implies finite superfluidity. In linear re-
sponse theory, the global superfluid fraction of a Bose
system can be defined by the ratio between the quantum
and classical moments of inertia [1]:

fs
k�?�

� 1�
Ik�?�

Icl
k�?�

: (4)

This relation, along with the computed values for the mo-
ments of inertia, enables us to estimate both parallel and
perpendicular superfluid fractions of the surrounding he-
lium, which are shown in Fig. 2 for the entire size range
N � 3–17. [Analysis of the 4He binding energy calculated
with diffusion Monte Carlo methods [22] indicates that the
first 4He solvation shell around CO2 is complete at N �
17.] Both parallel and perpendicular components of fs are
seen to be negligible forN � 4. The parallel component fs

k

then shows a steep increase at N � 5, after which it is
approximately constant at unit value for all sizes up toN �
17. In contrast, the perpendicular component fs? has its
first non-negligible value at N � 6, after which it shows a
monotonic increase up to N � 12. Beyond N � 12, fs? is
then also approximately constant, at a value of �0:9. The
general agreement in N dependence of the linear response
estimate of B with both POITSE and experimental values
shown in Fig. 1 provides for the first time clear evidence
that the size evolution of perpendicular superfluid fraction
fs? is directly responsible for the nonmonotonic behavior
observed in the experimentally measured B values.

In order to analyze how local contributions to the helium
superfluidity affect the size dependence of molecular rota-
tional properties evident in Fig. 1, we have also computed
local superfluid density distributions �s

k�?�
�R� using a local

decomposition of Eq. (1) recently proposed by Draeger and
Ceperley [20]. Such a local decomposition is not unique,
but nevertheless allows qualitative analysis of the relative
contributions from different regions in the inhomogeneous
solvation layer around the molecule. Density distributions
�s
k�?�

�R� are shown for several cluster sizes in Fig. 3,
together with the total helium solvation densities. The total
density shows formation of an initial equatorial ring around
the CO2 axis for N � 5 that is located at the global
minimum of the molecule-He potential energy surface, as
for the analogous OCS�4He�N clusters [15]. After this ring
is filled by five 4He atoms, the helium density begins to be
nonzero also at the two ends of CO2 and as a result the
molecule becomes completely solvated by helium.
Figures 2 and 3 show that the first nonzero value of fs

k
, at

N � 5, corresponds to an appreciable parallel superfluid
density �s

k
�R� in the global minimum region of the

CO2-He interaction where the helium atoms constitute an
annular ring about the molecular axis. In contrast, the
perpendicular superfluid density �s?�R� is nonzero first at
N � 6, corresponding to the first non-negligible value of
fs?, and is already extended along the molecular axis at this
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size. Analysis of the length of permutation exchanges
shows that the unit value of fs

k
for N � 5 is essentially

due to cyclic permutation exchanges of all five helium
atoms located in this ring. These permutations occur in
the imaginary-time dynamics and do not result in any
angular momentum along the molecular axis. They do
not correspond to real rotations of the ring around the
CO2 axis, which require significantly higher energy since
the first symmetry-allowed rotation around the CO2 axis
must have J � 5 and K � 5 [25], where J and K are the
total angular momentum and its projection on the CO2

axis, respectively. For larger cluster sizes, �s
k
�R� is clearly

still primarily localized in the equatorial ring, but now
extends increasingly towards the two ends of the CO2

molecule, while the intensity of �s?�R� increases uni-
formly along the entire molecular axis. This implies the
appearance of an increasing number of long permutation
exchanges involving 4He atoms located in different regions
around the molecule.

Comparison of Fig. 1 with Figs. 2 and 3 now shows how
the characteristic N dependence of B results from the onset
of anisotropic helium superfluidity. First, we note that a
large value of the parallel superfluid component fs

k
means

negligible response of the helium density to rotations
around the CO2 axis, and hence implies that a negligible
component of the total angular momentum is projected on
the CO2 axis. This results in the absence of any Q branch
(deriving from rovibrational transitions with selection rules
�J � 0, �K � 0, and K � 0) in the spectrum and conse-
quent appearance of a linear rotor spectrum for the
molecule-helium cluster. Figure 2 thus implies that all
but the very smallest clusters, N � 4 will show linear rotor
spectra, which is confirmed by the recent experimental
measurements of Tang et al. [13]. Next, we see that the
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decrease of B apparent in Fig. 1 for the smallest sizes up to
N � 5 coincides with a negligible value of fs? in Fig. 2,
while an increase for both B and fs? is seen to start at N �

6. For the largest sizes there is also a close correspondence
between B and fs?, with both quantities reaching a maxi-
mum at N � 12 after which they are approximately con-
stant. The less than unit value of fs? here implies existence
of a nonsuperfluid fraction fn? � 1� fs? that is consistent
with predictions of a local nonsuperfluid density compo-
nent in the first solvation shell of larger impurity-doped
helium clusters [3,14,20]. In fact, since I? � Icl?�1�
fs?� � I

cl
?f

n
?, the linear response value of B implies that

the molecular rotation is rigidly coupled to a nonsuperfluid
density component that is characterized on average by the
complementary nonsuperfluid fraction fn? in this first sol-
vation shell. This is strongly supported by the excellent
agreement of the linear response values with experiment
forN > 12. (Increased packing of the first helium solvation
shell in larger droplets may account for the somewhat
smaller asymptotic B value.)

Further insights are gained from examination of the local
superfluid and total 4He density distributions in Fig. 3.
With rigid attachment of helium as CO2 rotates, the density
close to the molecular axis and, therefore, located in re-
gions far away from the rotation axis should be more
effective in reducing the rotational constant B below its
gas phase value. For N � 6, the increasing helium density
located here is predominantly superfluid to rotation around
an axis perpendicular to the CO2 axis and therefore results
in a large decrease in the nonclassical rotational inertia I?.
In contrast, complete rigid coupling to the molecular rota-
tion is the situation for N � 5, for which �s?�R� is essen-
tially zero. The appearance of significant perpendicular
superfluid density at the two ends of the molecule thus
constitutes the reason why B turns around at N � 6.
Conversely, when coming from the large N droplet limit,
the turnaround is now seen to correspond directly to the
point at which the molecular-interaction induced local
nonsuperfluid helium density that constitutes only part of
the solvation density in a large cluster [3] becomes equiva-
lent in a small cluster to the total solvation density.

In summary, the present results provide the first direct
and quantitative evidence that the onset of superfluidity in
doped helium clusters is responsible for the nonmonotonic
behavior of effective rotational constants seen at small N,
causing a turnaround in B when the rotational inertia
becomes nonclassical due to helium superfluidity.
Already at less than one solvation layer, the helium con-
stitutes a nanoscale superfluid characterized by a highly
anisotropic response to rotation. For rotation around axes
perpendicular to the molecular axis the superfluid response
saturates at a partial, less than unit value which determines
the saturation value of the effective molecular rotation
constant, while the parallel superfluid response is essen-
tially unity for N � 5.
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