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Generalized Anisotropic Scaling Theory and the Transverse Meissner Transition

Anders Vestergren, Jack Lidmar, and Mats Wallin
Condensed Matter Theory, Royal Institute of Technology, SE-106 91 Stockholm, Sweden

(Received 10 May 2004; published 3 March 2005)
0031-9007=
We consider a depinning transition in vortex systems with columnar disorder and tilted applied
magnetic fields. From scaling arguments and Monte Carlo simulations, we find that this transverse
Meissner transition is governed by a fixed point which is anisotropic in all three directions. This
generalization of conventional anisotropic scaling means that the correlation length in different directions
diverges with different rates, and we derive exact results for the anisotropy exponents. We make
predictions which can be tested in experiments on superconductors with columnar disorder.
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FIG. 1 (color online). (a) Vortex lines localized at the colum-
nar defects in the transverse Meissner phase. (b) The vortex
liquid phase, where the vortex lines follow the field direction.
Correlated disorder often leads to phase transitions of
new universality classes with anisotropic scaling proper-
ties. On approaching the phase transition, the correlation
length in one certain direction might diverge with a differ-
ent exponent than in the perpendicular directions [1–3].
Here we present a generalization of anisotropic scaling
where all three directions acquire different scaling dimen-
sions, and apply it to the transverse Meissner (TM) tran-
sition in superconductors with columnar defects and a
magnetic field applied at a finite angle with respect to the
columns.

Phase transitions with anisotropic scaling may occur in
systems where one direction is singled out, either by
applied fields or by correlated disorder. This is, for ex-
ample, the case for disordered quantum phase transitions
since, in a path integral representation of the partition
function, static point-correlated disorder maps to perfectly
correlated disorder in the imaginary time direction [3].
Another example is given by the Bose glass transitions in
superconductors with columnar defects parallel to a mag-
netic field, where the correlation length along the columns
diverges as �z � �2 [1,4]. The corresponding quantum
phase transition is the well known dirty boson localization
transition [2,5].

This Letter studies the TM transition that takes place in
superconductors with columnar disorder and a magnetic
field applied at a finite tilt angle with respect to the col-
umns. Very little is known about the critical properties at
the TM transition in three dimensions, which we demon-
strate below to be very different from those of the Bose
glass transition that occurs at zero tilt. When the applied
magnetic field is slightly tilted away from the columns, the
vortex lines stick to the columns until a higher transverse
field, i.e., larger tilt angle, is reached at which they depin
and become collinear with the magnetic field. In the boson
analogy, the transverse field maps to an imaginary vector
potential, leading to a localization problem in non-
Hermitian quantum mechanics [6].

The TM effect has been studied experimentally [7–14].
The phase diagram for small tilt angles has been deter-
mined and shows a characteristic cusp around zero tilt
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[4,15,16]. However, analysis of experimental results for
the critical behavior has been seriously hampered by the
lack of a correct scaling ansatz for the transition. In this
Letter we derive scaling properties for the TM transition
and obtain a correlation length behaving differently in all
three directions, resulting in a correlation volume with
shape �2 � �� �3. This scaling behavior is independently
confirmed using Monte Carlo simulations. Our results have
striking experimental consequences for the scaling of vari-
ous physical quantities at the transition that are described
below.

Scaling analysis.—Our scaling analysis applies to a
class of Bose glass models with correlated disorder and
finite range interactions between the vortices. We assume
that the columnar defects and a strong magnetic fieldHz �

Hk are in the z direction, and a weaker transverse field
Hx � H? is in the x direction; see Fig. 1.

The presence of a transverse field makes all three direc-
tions inequivalent and thus opens the possibility that the
correlation length in different directions diverges with
different rates as the transition is approached. We therefore
make the ansatz �y � �� jT � Tcj

��, �x � �	, �z � �
 .
The diverging correlations also lead to critical slowing
down with a correlation time �� �z. Accordingly, we
make an anisotropic scaling ansatz for the singular part
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of the disorder-averaged free energy density,

fs�t;hx;Hy;Hz	� l��	
1

	fs�l
1=�t;l	hx;lHy;l


Hz	; (1)

where l is an arbitrary scale factor, t � T � Tc and hx �
Hx �H?

c �T	. The scaling of the magnetic field as the
inverse of length, Hi � 1=li, in Eq. (1) follows from gauge
invariance, since it enters as an imaginary vector potential
for the bosons [15]. Differentiating Eq. (1) immediately
leads to scaling laws for the flux density Bi � �@f=@Hi
and the magnetic permeability �i � @Bi=@Hi,

Bx � l��1

	; �x � l	�1�
 ; (2)
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By � l��	

	; �y � l1�	�
 ; (3)

Bz � l��	
1	; �z � l
�	�1: (4)

At the Bose glass transition in a parallel field 	 � 1 and

 � 2, but with a tilted field this is no longer true.

Although the system is not rotationally invariant in the
presence of disorder, there is a statistical rotation invari-
ance; i.e., a rotation of the transverse field in the xy plane
should leave the disorder-averaged free energy unchanged.
Imagine therefore doing an infinitesimal rotation Hx !
H?�1� �2=2	, Hy ! H?�, leading to
�f � f
�
hx �

�2H?

2
; �H?

�
� f�hx; 0	 � �

�2H?

2

@f
@Hx


 �H?

@f
@Hy



�2H2

?

2

@2f

@H2
y

O��3	: (5)
Equating this to zero and identifying the coefficients of �
and �2 gives By � 0 and

Bx � �yH?: (6)

This identity together with Eqs. (2) and (3) gives 	 � 2.
Following Ref. [2] we argue that the magnetic perme-

ability in the z direction �z (compressibility in the bosonic
language) remains finite at the transition, i.e., �z � �0.
This is the case for an ordinary Bose glass transition
[2,5] and our Monte Carlo (MC) data support that it is
finite also on the tilted transition. Comparing with Eq. (4)
then gives the exponent identity 
 � 	� 1 � 0. With 	 �
2 we then obtain 
 � 3. We call this result 1-2-3 scaling.
We continue by studying the critical exponent �. The
Harris criterion and the Chayes inequality put certain
bounds on � [17]. As a consequence of the highly aniso-
tropic 1-2-3 scaling calculated above, the Harris criterion
has to be modified. Assume that there is a local critical
temperature Tc�r	 in the sample. In order for the transition
to be well defined, the variations in �Tc�r	 � �Tc�r	 � Tc�
averaged over a correlation volume �� �	
1

 have to be
smaller than �T � Tc	 when T ! Tc. (Tc is the global
critical temperature).

If the disorder is correlated in the z direction but un-
correlated (over large enough distances) in the xy plane the
condition becomes
�
1

�2

Z
�
d3r

Z
�
d3r0�Tc�r	�Tc�r0	

�
1=2

�
1

��	
1	=2
 jT � Tcj � ��1=�: (7)
Close to Tc this is true if � � 2=�	
 1	 � 2=3.
Model and Monte Carlo simulations.—To calculate �

and to test the scaling predictions we perform MC simu-
lations. We use the Bose glass model with an applied
transverse magnetic field. The Bose glass partition function
is analogous to a path integral for disordered two-
dimensional bosons in imaginary time [1,2,5,18]. We use
the superconductor language and call the line degrees of
freedom a vorticity. This model is relevant for disordered
high temperature superconductors far from the upper criti-
cal field Hc2 [18,19]. The partition function and the
Hamiltonian of the short range interaction, lattice version
of the model described in Refs. [1,2,18] is Z �
Tr exp��H=T	 with Hamiltonian

H � J
X

r;i�x;y;z

mi�r	2 �
X
r
���x; y	mz�r	 
H?mx�r	�; (8)

where we take J � 1, T is the temperature, and mi�r	 is an
integer describing the vorticity on the link in direction i at
position r. Tr denotes the sum over all possible configura-
tions of integers mi�r	 on the links of the lattice, which
satisfy @imi � 0, i.e., form closed loops. ��x; y	 is a ran-
dom number in the interval �0; 1� that models a strong
magnetic field and columnar disorder in the z direction.

In the MC simulations we mainly study two quantities:
the magnetic permeability � and magnetic flux density Bx
in the x direction, defined as

�hBii� � �
@f
@Hi

�
1

LxLyLz

��X
r
mi�r	

��
; (9)

�i � �
@2f

@H2
i

�
LxLyLz
T

�hB2
i i � hBii

2�; (10)

where h� � �i and �� � �� denote the ensemble average and the
disorder average, respectively. To avoid systematic errors
�hBii2� is calculated using two replicas of the system with
the same disorder. Equations (2)–(4) imply the finite size
scaling relation for �i of the form (similar results are
obtained for Bi):

�i�t; Lx; L; Lz	 � L2p��1
	

	 ~�i

�
L1=�t;

Lx
L	

;
Lz
L


�
; (11)

where ~�i is a scaling function and p depends on the
direction i: p � 	; 1; 
 for i � x; y; z. To extract the
critical exponents, we need to use system sizes of shape
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Lx � Ly � Lz � aL	 � L� bL
 , where a and b are con-
stants which can be chosen arbitrarily. If 	 and 
 are
chosen correctly, then TLyLz

Lx
�x,

TLxLz
Ly

�y, and LyLzBx be-
come independent of system size at the critical point, since
all the arguments in Eq. (11) are then independent of
system size. 	 and 
 are calculated by testing many values
and checking for which combination a well defined cross-
ing is obtained for all quantities in all directions. Note that,
according to Eq. (4), �z is expected to be a smooth
function at Tc. This is confirmed in the simulations. Note
also that Eq. (6) cannot be expected to hold in detail, since
the lattice in the simulated model breaks rotation invari-
ance. However, the exponent 	 � 2 is still expected to hold
since the critical fixed point is still expected to scale
according to Eq. (5).

In order to overcome critical slowing down and to
equilibrate the systems close to the transition, we use a
‘‘worm’’ cluster update algorithm [20,21]. We also use the
parallel tempering [22] method. We start from an empty
system and use 45 000 worm updates for equilibration,
followed by equally many updates for measurements. We
perform averages over approximately 1000–1500 disorder
realizations.

Figure 2 shows the permeability scaling using the 1-2-3
scaling result. It is only when 	 and 
 are very close to the
1-2-3 result that well defined crossings at the same tem-
perature in both the x and the y directions are obtained. The
critical temperature has also been determined from the
magnetic flux with the same results. To test universality:
Simulations have been performed for both Hx � 0:1 and
Hx � 0:2. A second, weaker, disorder distribution has also
been tested. Identical critical exponents, within error bars,
are obtained for both values of the transverse field and for
both disorder distributions.
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FIG. 2. MC data for the magnetic permeability scaled accord-
ing to Eq. (11) in the x and the y directions for H? � 0:1. The
aspect ratio of the system sizes are chosen according to the 1-2-3
scaling. The quantity shown is equal to the winding number
fluctuations in the boson language.
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We proceed by using Eq. (11) to calculate �. We note
that TLyLzLx

�x,
TLxLz
Ly

�y, or LyLzBx for different system sizes

can be collapsed onto single curves close to Tc, if the
correct value of � and Tc are used. The values of � and
Tc are best found by a multiparameter minimization of

X
L

Z
�OL�x	 � O�x	�2dx; (12)

where OL �
TLyLz
Lx

�x,
TLxLz
Ly

�y, or LyLzBx, and x �

�T � Tc	L
1=�. Here O�x	 is obtained by linear interpolation

of the data points for a given system size, and O�x	is its
mean value. We have tested various other interpolation
methods, all giving the same values for Tc and �, within
error bars. Figure 3 displays the collapse resulting from
minimization of Eq. (12) with O �

TLyLz
Lx

�x and TLxLz
Ly

�y

forH? � 0:1. The best fit is obtained for � � 0:7� 0:1 for
both the magnetic fields that we tried (H? � 0:1; 0:2) in
both the x and the y directions. The error bars are estimated
using the bootstrap method [23], by varying the range of
system sizes included in the fit and by varying the tem-
perature interval in which the fit is made. In Fig. 4 the same
method is used to collapse the total flux curves. The result
for Tc is within error bars the same as Tc estimated above.
The value of � is estimated to � � 0:68� 0:06. This value
of � is very close to the Harris criterion bound, given above
(� � 2=3).

Implications for experiments.—The anisotropic 1-2-3
scaling predicts a number of experimental testable results
for the transverse Meissner transition. The magnetic re-
sponse of the system at the transition is summarized in the
scaling relations for the magnetic permeability in Eqs. (2)
and (3).

We also derive scaling relations for the resistivity and
the I-V characteristics. We assume that the transition is
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FIG. 3. Finite size scaling of MC data for the magnetic per-
meability for H? � 0:1. The best collapse is obtained for Tc �
0:228� 0:003 and � � 0:7� 0:1. The quantity plotted is equal
to the winding number fluctuations in the boson language.
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FIG. 4. Finite size scaling of MC data for the total magnetic
flux in the x direction for H? � 0:1 and H? � 0:2. In the H? �
0:2 case the best collapse is obtained for Tc � 0:201� 0:003
and � � 0:68� 0:05. For H? � 0:1, Tc � 0:227� 0:003 and
� � 0:67� 0:06. The quantity plotted is equal to the net wind-
ing number in the boson language.

PRL 94, 087002 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
4 MARCH 2005
directly from the transverse Meissner phase to the vortex
liquid phase. This should be the case at small tilt angles. At
larger tilt angles there are indications for a transition from a
transverse Meissner phase to vortex solid [9]. The vector
potential scales as Ai � ��1

i , which follows from gauge
invariance. We make the dynamic scaling ansatz for the
correlation time �� �z, where z is theoretically unknown.
This implies that the electric field and the current density
scale as Ei � � 1

c
@Ai
@t � ��1

i ��z, Ji �
@f
@Ai

� �i
�x�y�z

. We thus

obtain the scaling form of the electric field, Ei�i�z �
~Ei�J�x�y�z=�i	, which is different in different directions
i � x; y; z.

Consider the linear resistivity (ij �
@Ei
@Jj

. According to

the scaling relations above and 1-2-3 scaling, the z inde-
pendent resistivity ratios scale as (xx

(zz
� �2 � �T � Tc	

�2�,
(yy
(zz

� �4 � �T � Tc	�4�, and (xx
(yy

� ��2 � �T � Tc	2�. The

I-V characteristics, right at the critical temperature, is
predicted to be Ex � J�z
		=�

1	, Ey � J�z
1	=�

		, and
Ez � J�z

	=�1
		 in the respective direction. Note that all
these relations, which apply at finite tilt, are different from
the corresponding relations for the Bose glass transition at
zero tilt.

In summary, we determine the critical properties of the
TM transition from exact scaling arguments, and from
numerical Monte Carlo simulations. The divergence of
the correlation volume at the TM transition is anisotropic
in all three directions, given by �2 � �� �3, with ��
jT � Tcj��, � � 0:68� 0:06. This is very different from
the Bose glass transition, where the correlation length is
anisotropic in one direction only. Our theory makes distinct
08700
predictions that would be interesting to test experimentally
on superconductors with columnar defects.
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