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Significant evidence is presented in favor of the holographic conjecture that ‘‘4D black holes localized
on the brane found by solving the classical bulk equations in AdS5 are quantum corrected black holes and
not classical ones.’’ The quantum correction to the Newtonian potential is computed using a numerical
computation of hTabi in Schwarzschild spacetime for matter fields in the zero-temperature Boulware
vacuum state. For the conformally invariant scalar field the leading order term is equivalent to that previ-
ously obtained in the weak-field approximation using Feynman diagrams and which has been shown to be
equivalent, via the anti–de Sitter space/conformal-field-theory (AdS/CFT) duality, to the analogous calcu-
lation in Randall-Sundrum braneworlds. The 4D backreaction equations are used to make a prediction
about the existence and the possible spacetime structure of macroscopic static braneworld black holes.
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The possibility of relating seemingly different theories
via duality relations is a powerful tool which allows known
results in one theory to be used to predict the outcome of
difficult computations in the other. In recent years growing
attention has been devoted to the so-called AdS/CFT cor-
respondence [1], which predicts a one-to-one correspon-
dence between a quantum gravity theory in anti–de Sitter
(AdS) space and a conformal field theory (CFT) living in
its boundary at infinity. A variant of this duality was
proposed in [2,3] to allow for the possibility that AdS
space is cut off at some finite distance L (the AdS length).
This happens in the RS2 braneworld model [4] where our
Universe is seen as a hypersurface, the boundary brane,
which is immersed in AdS5 space, the bulk. The presence
of the brane has two primary consequences: (i) the dual
CFT is cut off at the scale 1=L and (ii) the zero mode of 5D
gravity gets trapped on the brane reproducing 4D gravity,
which is then added to the dual CFT. The holographic
interpretation of the Randall-Sundrum braneworlds states
that the dual of the classical bulk theory is a CFT, more
specifically, N � 4 SU�N� super Yang-Mills theory in the
large N planar limit, coupled to 4D gravity. In the study of
quantum properties of matter-gravity systems, a widely
used approach (semiclassical gravity) consists of treating
gravity classically using general relativity and coupling it
to quantum matter fields via the expectation value of the
stress-energy tensor operator for the fields. It appears then
very natural to compare 4D semiclassical results with 5D
braneworld results and vice versa.

It was conjectured in [5] that for large mass black holes
4D black holes localized on the brane found by solving the
classical bulk equations in AdS5 are quantum corrected
black holes and not classical ones. If correct, this holo-
graphic conjecture opens a new perspective for the study
of quantum effects in black hole spacetimes (for instance,
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the information loss problem) using 5D classical bulk
physics.

The holographic conjecture explains the results of [6],
where it was shown that it is not possible to match a
collapsing sphere of dust on the brane with a static exterior.
According to the conjecture, the deviations from staticity
can be explained in terms of the Hawking radiation, which
introduces time dependence into the system. It is important
to mention that the conjecture is in excellent agreement
with the exact solutions found for black holes localized in a
2� 1 brane in AdS4 [7]. However, in AdS5, where, despite
much effort [8], black hole solutions have not been found,
no actual proof of the holographic conjecture has been
provided so far.

We give here a new and important check of this con-
jecture by using the semiclassical backreaction equations
to compute the quantum corrected 4D Newtonian potential,
and showing that to leading order it is equivalent to that
obtained classically in the AdS5 bulk in the weak-field
limit. We then use the conjecture along with the well-
known properties of the stress-energy tensor for quantized
free fields in the zero-temperature Boulware state to make
a prediction regarding the existence of static black hole
solutions to the bulk equations.

In the weak-field limit it has been shown in [3] that the
Randall-Sundrum result for the gravitational potential [9],
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is equivalent to the 4D computation based on the one-loop
quantum corrections to the graviton propagator [10] due to
conformally invariant fields, which gives
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The value of 
 depends on the specific numbers and types
of fields considered:
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Here subscripts correspond to the spin of the field. The
matching between the two expressions for the potential
requires a specification of the number of degrees of free-
dom for each matter field species of the particular dual
CFT theory; i.e., N1 � N2, N1=2 � 4N2, N0 � 6N2, along
with the relation N2 � �L2, which is derived from the
AdS/CFT correspondence combined with the Randall-
Sundrum formula involving 5D and 4D Newton’s constants
(see [3] for more details).

In this Letter, using semiclassical gravity, we derive the
four dimensional gravitational potential by first computing
the stress-energy tensor for a conformally invariant scalar
field in the Boulware state [11] in Schwarzschild space-
time. The leading order behavior of this stress-energy
tensor is obtained in the region far from the event horizon.
Then the linearized semiclassical backreaction equations
are integrated to obtain the quantum corrected Newtonian
potential. The end result is then compared to Eq. (2) to
check the conjecture.

The stress-energy tensor for the conformally coupled
massless scalar field in the Boulware state has previously
been numerically computed in [12] and in [13] analytic
approximations have been computed. Moreover, in [14] an
analytic approximation has been derived that can be used
to obtain an approximation for the stress-energy tensor for
arbitrarily coupled massless scalar fields in the Boulware
state.

The analytic approximations predict that at large values
of the radial coordinate r the nonzero components of the
stress-energy tensor have leading order behaviors that are
proportional to M2=r6, with M the mass of the black hole.
It is clear that such a term cannot reproduce the correction
in Eq. (2) (in fact, it generates a quantum correction to 	 of
the order M2=r4). This presents a serious challenge for the
holographic conjecture. One way to resolve this issue is to
compute the stress-energy tensor numerically. As men-
tioned above, this has been done in Ref. [12]. However,
it is not possible to deduce the large r behavior from the
plots of the numerical results in that paper.

We have numerically computed the stress-energy tensor
for massless scalar fields with arbitrary coupling to the
scalar curvature in the Boulware state in Schwarzschild
spacetime. The method used is the same as that given in
Ref. [14], which in turn is an adaptation and generalization
of the method originally used in [15–17] for the conformal
scalar field in Schwarzschild spacetime. Renormalization
is accomplished through the use of point splitting. In
principle, one can subtract the point splitting counterterms
computed in [18] from the unrenormalized stress-energy
tensor and then take the limit as the points come together.
In practice, it is easier to add and subtract terms using the
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WKB approximation for the radial modes. As shown in
Ref. [14] it is possible to use the high frequency limit of the
WKB approximation to write the stress-energy tensor in
terms of two finite tensors hTabinumerical and hTabianalytic that
are separately conserved. The result is

hTabiren � hTabinumerical � hTabianalytic;

hTabinumerical � hTabiunren � hTabiWKBdiv;

hTabianalytic � hTabiWKBdiv � hTabips:

(4)

The second term can be computed analytically in any static
spherically symmetric spacetime and for massless fields is
the analytic approximation derived in [14] which is men-
tioned above.

To actually compute the stress-energy tensor numeri-
cally it is useful to add and subtract the full WKB approxi-
mation with the result that

hTabinumerical � hTabimodes � hTabiWKBfin;

hTabimodes � hTabiunren � hTabiWKB;

hTabiWKBfin � hTabiWKB � hTabiWKBdiv:

(5)

It turns out that hTabimodes and hTabiWKFfin are not sepa-
rately conserved. However, for a zero-temperature mass-
less scalar field it is possible to compute the latter
analytically (except for a few integrals that must be com-
puted numerically) for an arbitrary static spherically sym-
metric spacetime. Further, the mode sums converge much
more rapidly than they do if one computed the quantity
hTabinumerical directly. The higher the order of the WKB
approximation the faster the mode sums converge. In the
calculations below an eighth order WKB expansion was
used in hTabiWKB.

Because the scalar curvature is zero in Schwarzschild
spacetime, it is possible to write the stress-energy tensor
for arbitrary coupling in the general form [14]

hTabi � Cab � ��� 1
6�Dab; (6)

with � the coupling to the scalar curvature. The numerical
results for the components of the tensors Cab and Dab are
shown in Figs. 1 and 2. In the figures each component of
the stress-energy tensor is multiplied by a factor of r5=M. It
is clear from the plots that the leading order behavior of the
stress-energy tensor at large r is proportional to M=r5 and
not M2=r6 as predicted by the analytical approximations.
We find that to leading order the stress-energy tensor is
[19]
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This tensor is conserved to leading order in 1=r and for the
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FIG. 1. The curves from top to bottom at the right of the plot
correspond to Ct

t, Cr
r, and C�

�, respectively.
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conformal case, � � 1=6, is correctly traceless (the trace
anomaly being of the order M2=r6).

The next step is to determine the quantum corrections to
the Schwarzschild metric and to the Newtonian potential.
These can be computed by solving the semiclassical
Einstein equations (backreaction equations), which, by
writing the metric as

ds2 � ��1� 2M�r�=r	e2��r�dt2 �
dr2

�1� 2M�r�
r �

� r2d"2;

(8)

take the simple form

@rM � �4�r2hTt
ti; (9)

@r� � �4�r
hTt

ti � hTr
ri

�1� 2M=r�
: (10)

At linear order, using the results (7) we find that
FIG. 2. The curves from top to bottom at the right of the plot
correspond to D�

�, Dt
t, and Dr

r respectively.
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The quantum correction to the Newtonian potential takes
the form of Eq. (2) with 
 given in Eq. (12). For the
conformal case � � 1=6we exactly reproduce the effective
potential calculation in Eq. (2). For the minimally coupled
case, � � 0, Eq. (12) gives 
 � 1=20 which reproduces
the analogous computation with Feynman diagrams per-
formed in [20]. To complete the proof that the classical
bulk Newtonian potential is equivalent to the 4D quantum
corrected potential, one should also show the matching of
the results for massless spin 1=2 and spin 1 fields.
However, the agreement found for the conformal and
minimally coupled scalar fields makes it reasonable to
suppose that the agreement will extend to nonzero spin
fields as well [21]. It would be interesting to improve the
existing analytic approximations for the stress-energy ten-
sor in the Boulware state in order to reproduce the results in
Eq. (7).

The importance of our result is twofold. On one hand, it
provides the first proof that calculations of the effective
potential which make use of Feynman diagrams to com-
pute corrections to the graviton propagator give the same
answer as that obtained by computing the stress-energy
tensor for the quantized fields and solving the linearized
semiclassical backreaction equations. In addition, and this
is the main focus of the present Letter, it provides a strong
check of the holographic interpretation for braneworld
black holes, which makes an identification between clas-
sical solutions of black holes localized on the brane and
solutions to the semiclassical backreaction equations in
4D black hole spacetimes.

The holographic interpretation is quite important be-
cause, in principle, the semiclassical Einstein equations
[(9) and (10)] allow one to determine not only the space-
time metric in the asymptotic region at large values of r,
Eq. (11), but also the possible spacetime structure at in-
termediate values of r. It is well known [22] that the
requirements that the stress tensor is static and vanishes
asymptotically (which are equivalent to demanding a zero-
temperature Boulware state for the matter fields) imply that
hTa

bi strongly diverges at the classical horizon of the
Schwarzschild spacetime as

hTa
bi 


�2N1 �
7
4N1=2 � N0�

30 212�2M4f2
�1;�1=3;�1=3;�1=3�;

(13)
1-3



PRL 94, 061301 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
18 FEBRUARY 2005
where f � 1� 2M=r. A naive insertion of these quantities
in the backreaction equations [(9) and (10)] gives divergent
values for M�r� and ��r� in the limit r ! 2M. One con-
sequence of this result is that in the linearized approxima-
tion we are considering the classical horizon gets destroyed
by the quantum corrections. On the other hand, our con-
firmation of the holographic conjecture in the weak-field
limit would seem to imply that some type of nontrivial,
static vacuum solution to the classical bulk equations exists
[23], although it is probably not a black hole. Both of these
properties can hold only if quantum effects are large near
r � 2M for solutions to the semiclassical backreaction
equations which have the asymptotic behavior (11). For
macroscopic black holes one would not expect quantum
effects to be large near the horizon. The usual interpreta-
tion of this result is that the Boulware state describes
matter fields around a static star and not a black hole. In
fact, the natural thing for a black hole is to evaporate via
the Hawking effect. The one possible exception would be if
the system has charges which allow the presence of zero-
temperature solutions. Indeed, it has been shown that the
stress-energy tensor of massless spin 0 and spin 1=2 fields
in the vacuum state is finite in 4D on the event horizon of
the (zero-temperature) extreme Reissner-Nordström black
hole [24,25].
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