
PRL 94, 057802 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
11 FEBRUARY 2005
Polar Anchoring Strength of a Tilted Nematic: Confirmation of the Dual Easy Axis Model
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The polar anchoring strength coefficient W and polar pretilt angle �0 were measured simultaneously for
the liquid crystal pentylcyanobiphenyl at a rubbed polyimide alignment layer that is ordinarily used for
vertical alignment. It was found that W / �2

0 over the range 0� � �0 & 35�. The results provide a
confirmation of the dual easy axis model, wherein the liquid crystal director adopts an equilibrium
orientation �0 at the substrate that is determined by competition between a pair of preferred orientation
directions.
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The interactions between liquid crystal (LC) molecules
and a solid substrate are of both fundamental and applied
interest: Orientational transitions and wetting behavior
long have occupied a prominent place in the physics of
soft materials, and nearly all liquid crystal-based technol-
ogies rely on control of interfacial behavior [1]. The vast
majority of scientific investigations and devices involves a
nematic director (n̂) that is oriented either perpendicular to
the substrate—this is referred to as ‘‘homeotropic’’ or
‘‘vertical’’ alignment—or approximately parallel to the
substrate, called ‘‘planar’’ alignment. Until recently it
had been difficult to achieve, in equilibrium, a large polar
angle �0 of the director at the substrate, where we define
the vertical direction as �0 � 0�. Recently, however, meth-
ods have been developed that permit the so-called ‘‘pretilt
angle’’ �0 to be controlled continuously up to many tens of
degrees from the surface normal, facilitating the discovery
of new scientific phenomena [2] and potential device de-
velopment. Scharf et al. [3] devised a method in which a
homeotropic alignment agent (silane) is printed in a grating
pattern onto a planar aligning substrate (SiOx), facilitating
the full range 0� � �0 � 90� of pretilt. Zhang et al. [4]
used alternating vertical and horizontal corrugations to
achieve a pretilt 50� � �0 � 90�. Yet another technique
involves rubbing a polyimide that has a relatively rigid
backbone but is designed for vertical alignment [5–7]. Our
group determined [7] that a controllable and robust pretilt
angle as large as 50� can be achieved using the polyamic
acid SE-1211 (Nissan Chemical Industries, Ltd.) and the
liquid crystal pentylcyanobiphenyl (5CB). This raises a
fundamental question: Is there a single preferred axis (a
so-called ‘‘easy axis’’) for orientation at an angle �0, or
does n̂ adopt an equilibrium orientation due to competition
between multiple easy axes? Several results to date [8–13]
point indirectly to the dual easy axis model, where one axis
is approximately perpendicular to the substrate and the
other is approximately parallel to the substrate. In this
Letter we report on simultaneous measurements of the
effective polar anchoring strength coefficient W and polar
pretilt angle �0. In the Rapini-Papoular approximation [14]
05=94(5)=057802(4)$23.00 05780
W acts like a spring constant and is defined as
@2Fint=@��2

0j��0�0, where Fint is the interfacial energy
(per unit area) and ��0 is the deviation at the substrate
from the equilibrium polar angle �0. Our central result is
that the coefficient W / �2

0, vanishing as �0 ! 0. The
dependence of W on �0, moreover, provides a critical
confirmation of the dual easy axis model for liquid crystal
orientation.

Two indium-tin-oxide coated glass slides were spin
coated with the polyamic acid SE-1211. One of the sub-
strates was left unrubbed and baked according to the
manufacturer’s specifications to promote homeotropic
alignment of the LC; the other substrate was overbaked
and rubbed to produce a nonzero pretilt �0 [7]. Rubbing
was accomplished using the sharp silicon stylus of an
atomic force microscope over a square of size 100 �
100 �m, of which a circle 	60 �m in diameter was
probed optically; this method ensures that the LC-substrate
interaction is spatially homogeneous. The rubbing was
performed unidirectionally with a constant force, with
the rubbed lines having a periodicity of 167 nm. Several
force values between 1:2 and 4:8 �N were investigated,
with a larger pretilt angle �0 associated with increasing
force [7]. An unrubbed and a rubbed substrate were placed
together, separated by a 50 �m thick Mylar spacer, and
cemented to create a cell. The thickness d of each cell was
measured by an interferometric technique [15] to within
0:2 �m, and then was filled with the LC pentylcyanobi-
phenyl (Merck). The optical retardation of the LC cell was
measured using an automatically compensated Pockels
cell, which is described elsewhere [8]. An ac voltage V
at frequency 2020 Hz was applied to the cell, generating an
electric field along the z axis, i.e., perpendicular to the
substrates. V was ramped from 0 to 30 V rms at a rate of
2 Vmin
1 and the optical retardation of the LC was com-
puter recorded; typical data are shown in Fig. 1. Note that
all measurements were performed at room temperature,
T � 23 �C.

Let us now turn to an analysis of the results. Defining
the rubbed substrate as z � 0 and the unrubbed substrate
2-1  2005 The American Physical Society
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FIG. 1. Typical raw retardation data vs applied voltage (the
data correspond to rubbing force 2:0 �N). Solid line represents
fitted curve, with �0 � �0:194 � 0:002� rad, W � �0:099 �
0:008� � 10
3 J m
2, and �offset � 0:0009.
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as z � d, the polar angle ��z� of the director varies
only along the z axis and is given by n̂ � x̂ sin�
ẑ cos�. The free energy density f can be written as f �
1
2K11�1  Tcos2���d�=dz�2 D2

z=�2"0"?�1  Rcos2���
1
2Wsin2��
 �0���z� 

1
2Whsin

2���z
 d�, where T �

�K33 
 K11�=K11, K11 and K33 are the splay and bend
elastic constants, W is the effective anchoring strength at
the rubbed surface (as defined above), Wh is the anchoring
strength at the unrubbed upper surface (with vertical LC
alignment), R � �"k 
 "?�="?, "? and "k are the dielec-
tric constants perpendicular and parallel to n̂, and Dz (the z
component of the electrical displacement vector, which is
constant over the range 0 � z � d) is given by

Dz � 
V"0"?

�Z d

0
�1  Rcos2��
1dz

�

1
: (1)

Applying the Euler-Lagrange equation to f we obtain

K11�1Tcos2��
sin�cos�

@2�

@z2 �K11T
�
@�
@z

�
2


D2
zR

"0"?�1Rcos2��2
;

(2)

or equivalently

1

2
K11�1  Tcos2��

�
d�
dz

�
2



D2
z

2"0"?�1  Rcos2��
� const:

(3)

The torque balance equation at the rubbed substrate is

K11�1Tcos2�S�
�
d�
dz

�
z�0

�W sin��S 
�0�cos��S 
�0�;

(4)

where �S � � (z � 0). For sufficiently large V (V * 2 V)
05780
the electric coherence length � [ � dfK=�"0�"k 

"?��g

1=2=V] of the nematic director is much smaller than
the cell thickness d; thus, the two surfaces are decoupled,
the variation of � with z occurs only over distances of order
� near the rubbed substrate, ��z � d� � 0, and
d�=dzz�d � 0. Here K is an elastic constant (more or
less K33), and Wh is no longer relevant to the problem for
V * 2 V. Additionally, note that �S decreases with in-
creasing V due to an increase in the elastic torque with
applied voltage. From the boundary conditions (zero pretilt
and its derivative) at z � d in the V * 2 V limit, we can
evaluate the constant in Eq. (3): const �

D2

z=�2"0"?�1  Rcos2���. We then find from Eqs. (3)
and (4) at the z � 0 (rubbed) surface

W2sin2�2��0 
 �S��

4K11�1  Tcos2�S�



D2
zRsin2�S

"0"?�1  R��1  Rcos2�S�
� 0:

(5)

The numerical solution of Eq. (2), together with Eq. (1)
for Dz and the boundary equation Eq. (5), provides the
profile ��z� for each set of values fV;W; �0g. We ap-
proached this problem in several iterative steps to max-
imize computational efficiency. In the first step the profile
��z� was assumed to be a single exponential decay of the
form ��z� � ~�S exp�
z=��, with ~�S � �0W=�W 
K33=��. This profile was used to evaluate the approximate
value ~Dz of the electric displacement Dz using Eq. (1). ~Dz
then was used to evaluate �S via Eq. (5), and a more
accurate profile ��z� was obtained by the numerical solu-
tion of Eq. (2). In the second iteration this new profile of
��z� was used to obtain more accurate values for Dz and �S,
which in turn were used to reevaluate the numerical solu-
tion ��z� of Eq. (2). We verified that only two iterations
were necessary to achieve convergence.

The profile ��z� allows us to calculate the optical retar-
dation �0 through the cell for any value of the applied
voltage and as a function of the two parameters W and �0:

�0 �
2�
�

n?
Z d

0
f�cos2� �njj=n?�2sin2��
1=2 
 1gdz;

(6)

where � � 632:8 nm is the wavelength of the He-Ne laser
beam and n? and njj are the ordinary and extraordinary
refractive indices of the LC. In principle, Eq. (6) could be
used to fit the measured retardation � in order to obtain the
two parameters W and �0. In practice, however, the mea-
sured retardation may not vanish as V ! 1, as would be
expected theoretically. For example, there could be small
misalignments or strain birefringence in the glass. This
requires us to introduce an additive constant �offset, i.e.,
an offset, into Eq. (6). Thus the experimentally measured
birefringence ��V� actually should be fitted to
�0��0; W; V�  �offset, where �0��0; W; V� is the theoreti-
cal value in Eq. (6). Unfortunately W is very sensitive to
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�offset, which can be measured directly only in the limit
V ! 1 because the extrapolation length K33=W tends to
be much smaller than the electric coherence length �
(except at very high voltage). Thus an accurate three
parameter ��0; W; �offset� fit is untenable. To circumvent
this problem we note that �offset can be eliminated by
considering the experimental quantity $��V� � ��V� 

�� $V�, which can be fitted to the theoretical form
�0��0; W; V� 
 �0��0; W; $V�. Here $V is a sufficiently
high voltage such that the retardation changes slowly
with V. We arbitrarily chose V � 28 V, and determined
�� $V� by performing a quadratic fit to the experimental
points over the range $V 
 1 < V < $V  1 V. This allowed
us to fit the data using Eq. (6) with only two fitting
parameters: W and �0. Additionally, to reduce the high
frequency noise, the experimental data were filtered nu-
merically by averaging both ��V� and V over five points.
Fits were performed over the range 3 < V < 30 V. We did
not include points for V < 3 V (where � is large) for two
reasons: First, our approximations that the pretilt angle and
its derivative vanish at z � d require that � � d. Second,
small values of � were needed to avoid border effects due
to the finite-sized (100 � 100 �m) rubbed regions. The fit
was performed by minimizing the error function �f �P

log10f1  j $��V� 
 ��0��0; W; V� 
 �0��0; W; $V��jg.
This form for �f was chosen to balance the weighting
between the points acquired at low voltages, where the
retardation is higher, and those acquired at higher voltages,
where the retardation is low. To be certain that we obtained
a global minimum for �f we mapped the error function vs
both �0 and W. We used the following physical parameters
at T � 23 �C: K11 � 6:51 pN, K33 � 9:04 pN, "? �
6:485, "jj � 19:965, n? � 1:539, and njj � 1:722, all
from Ref. [16]. An example of a fit is shown in Fig. 1,
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FIG. 2. Anchoring strength W vs polar tilt angle �0. Error bars
for both the abcissa and the ordinate are shown. The solid line
represents a one parameter fit to the data, W � 2C�2

0, where C �
�1:4 � 0:4� � 10
3 Jm
2. Inset: W vs �2

0.
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and results for W vs �0 are shown in Fig. 2. Although W
may appear to be unusually large for the more strongly
rubbed regions, these values are consistent with our earlier
measurements for weakly AFM-rubbed substrates [17],
and with other values for W in the literature [18–20].
Also, notice that the error bars for W increase significantly
when the anchoring coefficient is large, a consequence of
the fact that extrapolation length K33=W is small compared
to the electric coherence length �, even at these higher
voltages.

Let us now examine the results in terms of the dual easy
axis model. The total interfacial free energy at the rubbed
substrate in the absence of elastic torque can be written
fint � �12Asin2�0 

1
2Bcos2�0 

1
4Csin4�0���z� [8]. The

coefficient A corresponds to the usual Rapini-Papoular
quadratic anchoring strength coefficient for homeotropic
alignment [1,14]. Rubbing of the polyimide induces align-
ment of the backbone, which creates a second easy axis
(for planar alignment) having anchoring strength B that
increases with rubbing strength [8]. Because the two easy
axes (homeotropic and planar) compete, we need to intro-
duce a higher order term in the interfacial free energy,
Csin4�0 with C independent of rubbing strength, to estab-
lish an equilibrium polar angle �0 of the director. Clearly
this form for fint is only approximate, as higher order terms
undoubtedly are needed. Nevertheless, in the spirit of this
approximation, for small �0 we can write fint � �12 �A


B��2
0 

1
2B
 1

4C�
4
0���z�, which was minimized for �0 � 0

when B< A (weak rubbing) and for �0 �
�����������������������
�B
 A�=C

p
when B> A (strong rubbing); this threshold behavior is
borne out by experiment [7]. Now assume a small angular
deviation ��0 from equilibrium; this would correspond to
��0 � ��z � 0� 
 �0. The interfacial energy becomes
fint � �12 �A
B���0 ��0�

2  1
2B 1

4C��0 ��0�
4���z�.

Keeping terms to order �2
0, the effective anchoring strength

coefficient W, which is defined as @2Fint=@��2
0j��0�0, is

given by W � B
 A � 2C�2
0. Thus, for small �0 > 0 the

dual easy axis model to leading order predicts that W �
2C�2

0. The polar anchoring strength is expected to increase
quadratically with �0 (which, in turn, increases monotoni-
cally with rubbing strength), at least for sufficiently small
�0. Of course, for weak rubbing where the director remains
vertically oriented, i.e., �0 � 0, the anchoring strength
coefficient W is nonzero and is equal to A
 B.

Figure 2 clearly demonstrates that W is nonlinear in �0.
The inset of Fig. 2 shows W vs �2

0, indicating that the polar
tilt angle varies approximately quadratically with �0, with
C � �1:4 � 0:4� � 10
3 Jm
2. It is important to note that
if rubbing were to result in a single, but tilted, easy axis
there would be no reason to expect the anchoring strength
to display critical behavior as �0 ! 0. To be sure, the
anchoring strength coefficient would exhibit a dependence
on �0, but W would remain nonzero as �0 ! 0 with weaker
rubbing. But experimentally this is not the case. The fact
that W not only vanishes as �0 ! 0 but also that its
2-3
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dependence on �0 is quadratic is confirmation that the
rubbed polyimide possesses two easy axes, one oriented
approximately perpendicular (due to the polyimide side
chains) and the other parallel (due to the polyimide back-
bone) to the interface. We note that there exist a few reports
of both W and �0 for large �0, although these involve
separate measurements [21–23] and/or measurements
over large areas [24] of the two quantities, with no apparent
systematic trends. We also note that temperature-
dependent critical variations in W have been reported
[25–29]. The vanishing of the anchoring strength for ho-
meotropic orientation—this corresponds to a divergence
of the tilt susceptibility—and subsequent nonzero polar tilt
�0, all on cooling the temperature within the nematic
phase, usually goes under the moniker ‘‘tilt transition.’’ It
is likely that this temperature-dependent behavior results
from the presence of multiple easy axes. Returning to our
experiment, although our measurements were performed
only at room temperature, the fact that �0 for the 5CB–SE-
1211 interface is highly insensitive to temperature [7]
suggests that W also may be insensitive to temperature in
the nematic phase. As a result, some practical benefit may
accrue, since a temperature-insensitive value of W can be
controlled by means of surface preparation. For example,
very weak anchoring (obtained by rubbing for which B is
slightly less than A) may be used to reduce significantly the
threshold voltage and to alter the optical transmission
characteristics of a vertically aligned liquid crystal display.
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