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Coupled Ion-Nanomechanical Systems
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We study ions in a nanotrap, where the electrodes are nanomechanical resonators. The ions play the role
of a quantum optical system that acts as a probe and control, and allows entanglement with or between
nanomechanical resonators.
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FIG. 1 (color online). Setup. Left: ion trap with electrodes
made of nanomechanical resonators suspended above ground
and biased with ac voltage; right: arrays of nanomechanical
resonators and laser manipulation of the trapped ions.
Laser manipulated trapped ions are one of the prime
examples of a quantum system, where control of coherent
quantum dynamics, state preparation, and measurement
are achieved in the laboratory, while decoherence due to
coupling with the environment is strongly suppressed [1,2].
These achievements are illustrated by recent progresses in
developing ion traps for quantum computing and high
precision measurements [3]. A key step in the near future,
which is under intensive study at the moment, is the
realization and integration of ion traps with micro-
fabricated nanostructures, such as segmented traps, on-
chip ion traps, and mesoscopic electronic devices [4,5].
These nanostructures with their submicron size and well
controlled surface properties provide strong confinement
of the trapped ion and flexibility in trap design. Further-
more, the integration of ion traps with nanostructures
opens a novel way of studying the quantum properties of
the nanomechanical motions of the nanostructures; i.e., the
ions act as a powerful tool in probing and manipulating the
quantum modes of the mesoscopic systems. In addition,
this raises interesting questions concerning decoherence of
ion trap qubit in a solid state environment due to electrical
and mechanical noise on the electrodes, and provides a new
tool to study these interactions. The manipulation of quan-
tum states of motional degrees of freedom of nanomechan-
ical systems has been discussed previously in the context of
laser manipulated quantum dots embedded in cantilevers
[6], vibrations of mirrors via their interaction with photons
in a high finesse cavity [7], and via coupling with elec-
tronic devices such as single electron transistor [8] and
superconducting charge qubits [9].

In this Letter we study ions in a mesoscopic Paul trap,
where suspended nanomechanical resonators [10] play the
role of tiny trap electrodes and act as high-Q nanomechan-
ical resonators with their own quantum degrees of freedom.
Below we develop a model of the trapped ions coupled
with the flexural modes of these nanomechanical elec-
trodes. In particular, we investigate the possibility of ma-
nipulation, preparation, and measurement of quantum
states of the flexural modes via the laser driven ion in the
limit where the trapping frequency of the ion is resonant
with the frequency of the nanomechanical oscillator. This
setup can be generalized to ion trap and nanoelectrode
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arrays. Another application is quantum computing, where
mesoscopic traps not only promise very strong confine-
ment and an associated speed up of two-qubit quantum
gates, but also coupling via the nanomechanical electrodes
offers new ways of entangling internal states of ions. We
also study the decoherence mechanism for the trapped ions
due to the nanomechanical and electrical couplings which
introduce quantum Brownian motion of the electrodes and
limit the ability of manipulating the mechanical modes via
the ion.

Model of ion coupled to nanomechanical electrodes.—A
schematic setup is illustrated in Fig. 1, where an ion is
trapped between two parallel suspended electrodes repre-
sented by nanowires or nanotubes [10]. When a gate volt-
age V�t� � V0 cos!actwith frequency !ac is applied to the
electrodes via Ohmic contacts, the charge on the electrodes
oscillates with time and leads to oscillating forces on the
ion as well as between the electrodes. Averaging over the
fast driving frequency results in an effective harmonic
trapping potential for the ion centered between the elec-
trodes. In Fig. 1, the electrodes are separated by a distance
of 2d0 � 200 �m with 2d0 much shorter than their length
2L0 and are located a distance h0 (� L0) above the ground
plane. As a consequence, there will be tight trapping of the
motion of the ion along the x axis which is the motion
coupling to the high-Q flexural (bending) vibrations of the
electrodes. The confinement in the orthogonal directions is
much looser.

The flexural vibration ui�y� of the ith electrodes can be
expanded as ui�y� �

P
nX̂inuin�y� where X̂in is the quan-
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tized coordinate of the nth flexural modes with the con-
jugate momentum P̂in and uin�y� is the eigenfunction of the
nth flexural mode with wave vector qin and frequency
!in �

�������������
EI2=�

p
q2in. Here E is Young’s modulus, I2 the

moment of inertia, and � the mass density of the electrodes
[8,10,11]. Other acoustic phonons at long wavelength are
the longitudinal modes and the torsional modes which have
much higher frequencies than that of the flexural modes.
The lowest flexural mode, also called the fundamental
mode, has qi1 � �2�=L0�0:376. For nanowires with a
length of the order of �m the fundamental frequencies
are in the range of tens to a few hundred MHz; for a carbon
nanotube [10,12] with the Young’s modulus E � 1 TPa
and length 2L0 � 500 nm, the fundamental frequency is
!b � 1 GHz.

We study the coupling between the ion motion along the
x axis and that of the fundamental modes of the electrodes,
which is caused by the Coulomb interaction between the
ion and the charge distribution on the electrodes. As de-
rived below, the Hamiltonian of the combined ion-
nanomechanical system after adiabatically eliminating
the fast (micro-)motion at the drive frequency !ac has
the form of coupled harmonic oscillators,

Heff � �h!�âyâ�
X
i

�h!bib̂
y
i b̂i � i�

X
i

��ib̂
y
i â� H:c:�;

(1)

where b̂i (b̂yi ) and â (ây) are the lowering (raising)
operators of the fundamental mode X̂i1 with i � 1; 2 and
the motion of the ion, respectively, with !bi the frequency
of X̂i1 and !� the trapping frequency of the ion. When
!� �!b 	 !ac, the trapping frequency is !� � q0 eV0=���
2

p
d20m!ac, depending on the renormalized driving voltageeV0�t� � 2V�t�= ln�2h0

�����������������
h20 � d20

q
=r0d0� with r0 the radii of

the electrodes. The coupling is � � �h!�u0
��������������
m=Mp

q
, where

m and Mp are mass of the ion and the total mass of the two
electrodes, respectively, and u0 � ui1�y � 0�. For sym-
metric electrodes �1;2 � 1=2. The coupling is proportional
to the trapping frequency while reduced by the mass ratio
m=Mp, which shows that nanomechanical resonators with
light mass, e.g., a single wall carbon nanotube, have
stronger coupling. With the parameters V0 � 5 V,
!ac=2� � 3 GHz, d0 � 100 nm, h0 � 10d0, r0�2 nm,
m=Mp�10

�4, we have !�=2��1GHz and ��10MHz.
The Hamiltonian (1) is derived by expanding the

Coulomb interaction between the ion and the charge on
the electrodes, and Coulomb repulsion between the elec-
trodes, taking into account the displacement of the ion x̂
and the motion of the electrodes X̂i1 (i � 1; 2). The charge
distribution on the ith electrodes includes an (essentially
uniform) charge density �iv�t� � �iv cos!act induced by
the external voltage, and an ‘‘image charge’’ density �iq
due to the presence of the ion [13]. When h0 � d0, the
small correction to the trapping potential and the coupling
caused by the ‘‘image’’ charge can be neglected. Up to
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second-order expansion in the displacements, the Coulomb
energy of the electrodes includes a static force on the
electrodes with the form

P
g�1�in cos�!act�X̂in, the interac-

tion between modes of the same electrodesP
h�2�i;mn cos�!act�X̂imX̂in, and the interaction between

modes on different electrodes
P
$�2�ij;mncos

2�!act�X̂imX̂jn.
The Coulomb energy of the ion includes the trapping
potential q0 ~V0�t�x̂2=2d20, and the coupling between the
ion and the fundamental modes

P
gin�t�X̂inx̂. Explicit ex-

pression for the coefficients of the electrodes can be de-
rived from an expansion of the electrostatic energy
Em � � 1

2

P
i;jCij�fX̂ing�ViVj for given applied voltages

Vi�� V�t��, with Cij capacitances of the resonators as
functions of the displacements. For an array of electrodes,
as in Fig. 1, these coupling terms may (partially) compen-
sate each other due to symmetry considerations. It can be
shown that with the parameter given in this Letter, the
terms g�1�in , h�2�i;mn, and $�2�ij;mn are much smaller than the
elastic energy �h!bi and are neglected from Eq. (1). The
coupling gin has the form gin�t� � gin cos!act with

gin �
Z
i
dy
q0�iv�t��y

2 � 2d20�uin�y�

4�'0�d20 � y2�5=2

being a rapidly decreasing function of n.
Hence, when the trap frequency is near resonant with the

fundamental modes and the driving frequency!ac is far off
resonant with any elastic eigenmodes, the single mode
approximation for the vibration of the electrodes applies
with the Coulomb energy of the ion as q0 ~V0�t��
�x̂� u11�0�X̂p�2=2d20 where X̂p � �1X̂11 � �2X̂21. This
energy has the simple interpretation of a parametric oscil-
lator with the trap center located at the center-of-mass
(c.m.) displacement X̂p, providing a bilinear coupling of
the ion to the electrodes. Eliminating the micro-motion, we
obtain the Hamiltonian (1).

The coupled oscillator Hamiltonian (1) allows the ex-
change of phonons of the ion and nanomechanical motion.
Motional states of the ions can be manipulated by coupling
internal electronic states to a laser: HI � � 1

2()z �

�ei,�a�a
y�)� � H:c:, which can be added to Eq. (1).

Here )’s are the Pauli operators of the a two-state system,
( the laser detuning, � the Rabi frequency, and , �

k
������������������
�h=2m!�

p
the Lamb-Dick parameter describing the laser

recoil on the ion motion. A complete toolbox hence is
available on the ion [14] for (i) quantum state engineering
of the motional state, (ii) preparation of pure states (ground
state cooling), and (iii) state detection using the quantum
jump technique. Preparing and analyzing motional states
of the resonators are available via the transfer Hamiltonian
when the coupling time 1=� is faster than the decoherence
time. Below we show two examples of exploring the
quantum features of the nanomechanical modes of the
electrodes via laser manipulation of the ion.
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FIG. 2 (color online). Energy structure of the coupled system
of the ion and the electrodes. Left: cooling circles; right: heating
circles.
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Entanglement generation.—As an illustration of the
manipulation of nanomechanical modes, we give a proto-
col for the entanglement generation [1,2,9] between the
fundamental modes of the electrodes (as a continuous
variable system) via laser control of the ion and the bilinear
coupling in Eq. (1). Consider two electrodes that have dif-
ferent fundamental frequencies with j!b1 �!b2j � �.
The couplings between the ion and the fundamental modes
are �i � �i� respectively with i � 1; 2. Below we pre-
sent a scheme that generates the state j 1; /2i � j/1;  2i
for the two fundamental modes, where j ii and j/ii are
arbitrary states of the electrode. For coherent states with
h/ij 2i � 0, maximal entanglement is generated between
the fundamental modes.

We start with the initial state �j";  xi � j#; /xi�j01; 02i
where the index x refers to the motional mode of the ion
and 1; 2 refer to the modes of the electrodes. This state can
be prepared using standard protocols of the ion trap qubits
[15] so that the motional and the internal mode of the ion
are entangled while the modes of the electrodes are in their
ground state. In a first step we tune the trapping frequency
of the ion to be resonant with that of the first electrode:
!� � !b1 for a duration of�=2�1. This results in the swap
of the states of the motion of the ion and the first electrode:
jnx;m1i ! jmx; n1i, and the state is now �j"; 0x;  1i�
j#; 0x; /1i�j02i. Now prepare the ion state once more to
obtain the state �j"; /x;  1i � j#;  x; /1i�j02i. This can be
achieved by flipping each of the internal modes to a third
internal mode to hide this mode from the laser pulses while
preparing the motional state of the other internal mode
[15]. Then, tune the trapping frequency to !� � !b2 for a
duration of �=2�2, which results in the swap of the states
of the motion of the ion and the second electrode:
jnx;m2i ! jmx; n2i, and the state is now �j"; 0x;  1; /2i �
j#; 0x; /1;  2i�. Now, rotate the internal mode by a �=2
pulse that achieves the transformation: j"i ! j"i � j#i and
j#i ! j"i � j#i. Finally, detect the internal state which
generates the states j 1; /2i � j/1;  2i depending on the
detected internal mode. Hence entanglement is transferred
from the internal mode and the motional mode of the ion to
the modes of the electrodes.

This method can be applied to generate, for example,
j01; 12i � j11; 02i, an entangled state of the two electrode
modes. The entanglement can be achieved on a time scale
of �=�1;2 � 50 ns, which is much shorter than the deco-
herence time due to the quality factor, given the quality
factors approaching Q � 105 of the nanomechanical
modes measured in experiments [8]. With Q � 103 and
neglecting the voltage noise (see below), a fidelity of
exp��1=20� can be achieved for the entanglement.

Cooling of the nanomechanical modes via the ion.—A
crucial step in quantum state engineering is the preparation
of pure states, and hence laser cooling. Tuning a laser
below the optical resonance frequency of the ion will
excite the ion while absorbing a phonon from the ion
motion. In the subsequent spontaneous emission the ion
returns to the electronic ground state. Repeating this opti-
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cal pumping leads to ground state cooling of the ion,
provided that the spontaneous emission rate of the ion is
much less than the trap frequency (the sideband cooling
limit [14]). In the case of an ion coupled to a nanomechan-
ical electrode, phonons of the electrodes can be swapped to
the ion according to the Hamiltonian (1), and thus will be
cooled by the ion. For simplicity, we study the situation of
symmetric electrodes, !bi � !b, and the cooling of the
c.m. motion of the electrodes.

The cooling mechanism is illustrated in Fig. 2 where the
energy structure of the coupled ion and electrode system is
plotted. The states are labeled as js; n; mi, corresponding to
the internal state s, the number state n of the motion of the
ion, and the number state m of the electrode mode. Three
paths lead to the cooling of the electrodes. For example,
one cooling path in Fig. 2 starts with the laser pumping be-
tween the states js; n; mi and j �s; n� 1; mi, then the spon-
taneous emission from the state j �s; n� 1; mi to the state
js; n� 1; mi, and finally the transfer between the states
js; n� 1; mi and js; n; m� 1i, which reduced the phonon
number of the electrode. The three heating paths in the
laser cooling process are off resonance processes with a
much weaker effect than that of the cooling paths. In
addition, other heating effects can be induced by the me-
chanical and electrical noise on either the ion or the elec-
trodes. The mechanical noise on the electrodes is char-
acterized by the finite quality factor and induces a relaxa-
tion and heating of the electrodes towards the thermal
temperature with the rate �� � !b=Q. The electrical noise
is described as voltage fluctuations with the decoherence
rate 1m, where the dominate decoherence effect is induced
by a linear coupling of the fluctuations to the ion motion x̂.
The decoherence rate 1m of the linear coupling depends on
circuit resistances and the geometry of the electrodes, and
can be avoided as discussed below.

By solving the master equation of the laser cooling and
eliminating the internal modes of the ion [16], the final
phonon number of the electrode is:

hb̂yb̂i �
���1âeff�1

â
eff � ��� � 4���2�nB � 41âeff�

2nefff
��� � 1âeff��1

â
eff�� � 4�2�

with the assumption that the ion reaches its ground state by
the laser cooling in the absence of the electrodes. The
3-3



PRL 93, 266403 (2004) P H Y S I C A L R E V I E W L E T T E R S week ending
31 DECEMBER 2004
effective cooling rate of the electrodes is 1âeff � 1â! � 1m
with 1â! the rate of laser cooling of the ion, and the final
phonon number of the ion is nefff � nB1m=1âeff . It is ob-
vious when 1m � 1â! that the ion is not cooled and neither
is the electrode mode. When 1m � 0, avoiding the linear
coupling, the minimal stationary phonon number is

hb̂yb̂i �
kBT�4�� ���

Q�2�� ���
2 (2)

at 1â! � 2�. At a temperature of T � 4 K, the thermal
phonon number is 100 for !b � 1 GHz. With our parame-
ters: �e � 5 MHz, �r � 300 MHz, and 1â! � 2 MHz<
2�, we have hb̂yb̂if � 0:5 assuming Q � 105.

For the high trapping frequencies discussed above, the
Lamb-Dicke parameter is small with ,� 0:01. As a result,
1â! < � and the cooling rate of the ion becomes the bottle-
neck that limits the cooling of the electrodes. The problem
can be avoided by trapping the ion at low frequency !� 	
!b �!ac (and thus large ,). The ac driving field provides
a parametric up-conversion of the ion to the resonator pho-
nons, i.e., �! �h!�u1

���������������������������������
m!2ac=Mp!b!�

q
e�i!act in Eq. (1).

Decoherence.—The coupled ion and electrode system is
subject to both the mechanical noise [11] described by the
quality factor Q and the electrical noise represented as
voltage fluctuations in the circuit. The quality factor has
reached 103 in recent experiments [8], which at low tem-
perature of 40 mK gives kBT=Q<MHz. The electrical
noise includes the noise of the resistances in the circuit,
shot noise, and low frequency noise (1=f noise) [17]. In our
setup for a ballistic electrode such as single wall carbon
nanotube at !� � 1 GHz, the dominate noise is induced
by the contact resistances in the circuit.

Let (~v1;2�t� be the normalized voltage noise on the
electrodes defined the same way as ~V0. This generates
both parametric noise that couples with the ion as
q0�(~v1�t� � (~v2�t��x̂

2=4d20 and the linear noise as
q0�(~v1�t� � (~v2�t��x̂=4d0. For Ohmic contact, the con-
tact resistance is Rc � h=2N?e

2 with N? the number of
conducting channels. For single wall carbon nanotube,
N? � 4 and Rc � 3000 �. In this case, the parametric
noise generates a decoherence rate of 0.5 Hz for uncorre-
lated noise, which is a small effect as its spectrum is
proportional to �(x0=d0�4 and (x0=d0 	 1, where (x0 �������������������
�h=2m!�

p
. The linear noise, on the other hand, has a

much stronger effect as it is only proportional to
�(x0=d0�

2. Assuming the noise is uncorrelated, �(~v1 �
(~v2�

2�!� � (~v12�!� � (~v22�!�, which gives a decoher-
ence rate of 0.5 MHz. However, when (~v1 � (~v2, �(~v1 �
(~v2�2�!� � 0 where the linear noise disappears. To make
sure that the voltage fluctuations are correlated: ~v1 � ~v2,
we choose a geometry where the electrodes are built from
one piece of metal bent into two branches, e.g., a bent
nanotube where there is only one contact in the middle of
the metallic electrode.

Quantum Computing.—We have demonstrated with two
examples that the laser controlled trapped ions can be a
26640
powerful tool in studying the nanomechanical modes of
nanowires or nanotubes. At the same time, coupling the ion
with nanowires or nanotubes promises high speed ion trap
with frequencies significantly higher than those of present
ion traps and hence an associated speed up of two-qubit
gates in ion trap quantum computing (Fig. 1) [1]. The
standard two-qubit protocols based on, for example, en-
tanglement via a phonon data bus or a push gate [4] are
readily adapted to the present case. In the second case, gate
times of the order of nanoseconds seem possible for the
numbers above. An alternative is entanglement via ex-
change of phonons of one of the collective ion-electrode
modes of the system. Note additional noise is introduced
by the nanomechanical motion and its coupling with the
ion. The decoherence time can be significantly increased,
however, by tuning the trapping frequency off resonance
with that of the electrode modes.
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