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The relativistic generalization of the Landau criterion is obtained for the determination of threshold
conversion of medium elementary Bose-condensed excitation into Cherenkov’s photon unbremsstrah-
lung radiation. In contraposition to classic Vavilov-Cherenkov radiation (VCR) theory, the new VCR
theory admits the conditions for effective and direct VCR realization even for high-frequency
transverse electromagnetic waves in isotropic plasma.

DOI: 10.1103/PhysRevLett.93.254801 PACS numbers: 41.60.Bq
The Vavilov-Cherenkov radiation (VCR) phenomenon
has justly become an inherent part of modern physics [1].
The VCR in a refractive medium was experimentally
discovered by Cherenkov and Vavilov [2] more that half
a century ago. This was also the time when Tamm and
Frank developed the electromagnetic macroscopical the-
ory of this phenomenon, which, as well as the VCR
discovery, was marked later by a Nobel prize [2–4].
The Tamm-Frank theory appeared to be very similar to
the Heaviside theory, which had been forgotten for a
century [5].

The Heaviside-Tamm-Frank theory (HTF) demon-
strated that the cylindrically symmetrical electromag-
netic field, created in a medium by an electron, which
moves rectilinearly with the constant velocity v0, does
not exponentially reduce only in the case of superthres-
hold electron velocity v0 � c=n, where c is the light
speed in vacuum and n is the medium refractive index.
According to the HTF theory, this field must be identical
to the VCR field, observed in the experiment.

However, such direct identification is not in agreement
with the basic microscopical conception, that VCR pho-
tons are radiated by a medium, and not by an electron
itself [3,6]. The latter can serve only for the initiation of
such radiation by the medium. The phenomenological
quantum theory of the VCR, developed by Ginzburg
[1,7,8], as well as macroscopical HTF theory, still does
not take into consideration the changes of the radiating
medium energy state, which might be necessary for the
VCR realization. The quantum VCR theory [1,7,8] re-
flects only on the changes of some medium momentum
(but not in energy) state in an implicit, rather special and
debatable [9,10] form. This is due to the fact that the
quantum theory [1,7,8] uses the Minkovsky presentation
for the photon momentum in a medium: pm �

"pnk
c ,

where k �
vp
vp

, c is the light speed in vacuum, and "p
and vp are, respectively. the energy and velocity of a
photon in a medium with n > 1. From the other side,
indeed, pm � pa � pc, where pa �

"p
cnk is the Abraham
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form of the momentum of the photon itself and pc �
"p�n2�1�k

nc is the Abraham force impulse, which is on aver-
age transferred to the medium by a moving photon [8–
12].

Thus, the classic theory of theVCR phenomenon leaves
a question of the energy mechanism of the VCR effect
realization in a medium open. Indeed, to elaborate this
mechanism we need to find out the necessary possible
changes of the energy state of the medium itself, which
ensure the VCR effect realization.

On the basis of the statement of the relativistic general-
ization form of the Landau criterion [13], we obtained
here new necessary conditions of the realization of the
VCR phenomenon. In contraposition to classic VCR the-
ory, these conditions extend the region of possible man-
ifestations of theVCR effect, since we have a presentation
for the threshold velocity in the form of vth � c=n��n�,
where n� > n for any n and n� > 1 even when n < 1, as for
plasma. In this newVCR theory theVCR phenomenon has
the same nature as for numerous physical systems with
dissipative instability, in which the realization of corre-
sponding excitations in a medium becomes energetically
favorable [13–18], when some conditions become super-
threshold. The suggested theory is based on directly using
the Abraham momentum of photon pa in a medium with
n � 1 and on the consideration of nonzero real photon
rest mass mp, which is connected with this photon mo-

mentum pa by the relativistic equation [19] m2
pc

2 �
"2p
c2 �

p2
a. The energy mpc2 may correspond to the energy of the

extremely long wave (Bose-condensed) elementary exci-
tation of medium, which can transformed into a VCR
photon. In the last part of the work the comparison of the
new VCR theory with the results of Cherenkov’s (1959)
experiments [2] is made and it gives a better correspon-
dence, than for classic VCR theory [1,3,4,6–8] in the
describing of threshold edge of VCR cone of rays.

1. New quantum VCR theory.—In the laboratory coor-
dinate system, let us consider a resting unbounded me-
dium with the mass M and a particle (electron) with the
-1  2004 The American Physical Society
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mass me, which moves rectilinearly through this medium
with the constant velocity v0. Dissipation, which is due to
the polarization interaction between the fast moving
electron and the medium, affects the energy state of the
system and, thus, may give an energetically favorable
possibility of the birth of a photon in the medium, as
well as rotons born in superfluid helium [13], when it
moves through a capillary vessel with some superthres-
hold velocity.

To determine the analogous threshold value of v0 in the
modified quantum theory, we may use the following
equations of energy and momentum conservation laws:

mec2�0 �Mc2 � �M� �M�c2�2 � "p �mec2�1; (1)

mev0�0 � �M��M�v2�2 �
"pvp
c2

�mev1�1; (2)

where �� � 1=
��������������
1� v2

�

c2

q
(� � 0; 1; 2), �M � M, and �M

is the medium mass loss, connected with the energy of
Bose-condensed excitation of the medium which is due to
the emission just from the medium [3,6] of the photon
with its rest mass mp, energy "p � �h!, and momentum
pa �

"pvp
c2

. Here vp 	 jvpj � c
n for n > 1 and vp � cn if

n < 1, where vp is the magnitude of photon velocity in a
nondissipative medium with the refractive index n � 1.
Actually vector vp is the velocity of energy transfer and
for nondissipative media the meaning of the vp also must
coincide with the group velocity vgr of electromagnetic
wave, where vgr � jvgrj � c=n for n > 1 ([8], p. 142) and
vgr � cn for n < 1 ([8], p. 151). This well-known presen-
tation of vgr agrees with the Maxwell equation in media
[8]. Thus, the dependence of the Abraham momentum pa
on "p satisfies the relativistic equation for the momentum
of a free particle having the velocity vp and energy "p
[19]. The Abraham form of photon momentum in the
medium is also consistent with the famous Plank relation
between the energy flux and the corresponding electro-
magnetic field momentum [6,12]. If "p � 0 and the ra-
diation of the photon is impossible, then �M � 0 and
v0 � v1, v2 � 0 in (1) and (2). Thus, in consistency with
(1) and (2), it is possible to evaluate �M from the follow-
ing equation (only if �M � mp, because it is possibly a
more common case with �M>mp [20]):

�M � mp �
"p
c2

���������������
1�

v2
p

c2

s
�

� �h!
c2

���������
n2�1

p

n ; n > 1;
�h!
c2

��������������
1� n2

p
; n < 1:

(3)

For the VCR with the optical wavelengths, Eq. (3) yields
mp=me � 10�5 (for water with n � 1; 33).

This estimate is many orders greater than the upper
limit of a photon mass in vacuum, and therefore it may be
interesting to obtain the generalization of Maxwell-Proca
theory [21–23] for electromagnetic fields in media with
n � 1.
254801
Equation (3) for n < 1 exactly coincides with the well-
known [6,8] dispersion equation for high-frequency
transverse electromagnetic waves in isotropic noncolli-
sion plasma if mp � �M is fixed by equation mp �

�h!p

c2 ,
where !p is the plasma frequency. Thus, �Mc2 must have
a physical meaning as some potentially accessible energy,
which determines the possibility of the VCR realization
in a certain frequency region, due to the interaction
between the given medium and a fast moving electron.
For example, the VCR realization in isotropic plasma
(n < 1) takes place only due to the conversion of longi-
tude, extremely long wave plasmon with energy �Mc2 in
transverse Cherenkov’s photon for superthreshold veloc-
ity v0 of electron. In plasma physics the initiation by a fast
particle of the conversion process of longitude plasmon
into a transverse high frequency photon was also consid-
ered in [24,25], but without any connection with theVCR
phenomenon.

Equations (1) and (2) may coincide with the corre-
sponding equations of the Ginzburg quantum theory
[1,7,8], if n > 1, �M � 0, and if the very special medium
momentum ~pc (~pc � Mv2�2) presentation ~pc � pc is
used. Obviously, in the general case, the latter equation
may be violated.

Let us consider (1)–(3) for n > 1 in the limit v2 ! 0
and ~pc � Mv2�2 ! 0, when �M � 0. By using some
simple 4-vector algebra, it is possible to obtain the next
condition of the VCR effect realization [for n < 1, we
must replace n by 1=n in (4)]:

cos��
c

v0n�

�
1�

"
�0

�������������
n2�1

p

n

�
; n� �n�

�������������
n2�1

p
; (4)

where cos� �
v0�vp
v0�vp

, " �
"p

mec2
. Then, even for transverse

electromagnetic waves in plasma with n < 1, the VCR
effect may be also realized because for n < 1 in (4) we
have n� �

n
1�

���������
1�n2

p > 1.

Thus, condition (4) only for the limit n ! 1 (when
�M ! 0) is equivalent to the results of the theory
[1,7,8] and in the other cases with n � 1 we obtained
the new VCR quantum theory which for n < 1 embrace
the results of [24] on long wave plasmon transformation
[20]. In this Letter, for simplicity, we consider the VCR
theory only in the limit of Bose-condensed excitation
which has zero momentum ~p � �Mv2�2 ! 0 in (1) and
(2). For example, in plasma with n < 1 this VCR theory
describing the Cherenkov radiation as a result of the
longitudinal Bose-condensed plasmon transformation
into a high-frequency transverse electromagnetic wave
due to the scattering of this plasmon on the relativistic
electron (see also [20,24]). In the present VCR theory for
n > 1 the thermal phonons of the medium may be con-
sidered also as possible Bose excitations, which may
transform in the Cherenkov photon during VCR realiza-
tion. The corresponding temperature dependence of the
-2
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VCR phenomenon may be determined by the temperature
dependence of refracting index n. It is also possible to
obtain some other version of the VCR theory in the case
of finite momentum ~p in (1) and (2) for the elementary
Bose excitations of medium.

2. Relativistic form of Landau criterion for VCR.—To
obtain a relativistic generalization of the Landau criterion
for the VCR realization, it is necessary to use the energy
balance equation (1) in the coordinate system moving
with the initial electron velocity v0. In this system, the
medium has the velocity �v0, while the electron rests in
its initial state. From (1), in the limit v2 ! 0, it is possible
to write the following presentation of the energy law
conservation equation in this coordinate system:

mec
2

�
1��0�1

�
1�

�v0v1�
c2

�	
�"p�0

�
1�

�v0vp�
c2

�

��������������
1�

v2
p

c2

s 	
: (5)

The left-hand side of Eq. (5) is negative for all the values
v1 � v0 (and equal zero only for v1 � v0), because, in its
final state, the electron has some nonzero velocity and its
energy becomes higher than that in its initial state with
zero velocity. For this reason, the following threshold
condition (6) [obtained for theVCR phenomenon realiza-
tion with "p > 0, when the right-hand side of (5) is also
negative],

cos� >
c

v0n�
; (6)

coincides with the condition of the Doppler abnormal
effect (DAE) phenomenon realization. Actually, in this
coordinate system, even for a point electron with no
internal degrees of freedom, the emission of photon ra-
diation with energy "p > 0 is due to an increase in the
electron’s energy level, which is characteristic for the
DAE phenomenon in different physical systems [1,17].
From (6) and the necessary condition j cos�j � 1, the
following threshold velocity of electron for the VCR
and DAE phenomena realization [the same as from (4)
if " ! 0] may be obtained:

v0 > vth �
c
n�

: (7)
TABLE I. New VCR theory (�A
� ; �B

� ) and classic one (�A; �B) for
[2].

n n� cos�Am cos�Bm

H2O 1.3371 2.2247 0.6691 0.743
C6H12 1.4367 2.4683 0.5 0.642
C6H6 1.5133 2.6491 0.454 0.573
C11H12O2 1.5804 2.8049 0.3584 0.5
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Thus, the relativistic generalization of the Landau cri-
terion in (6) and (7) is more common than in condition (4),
because (6) and (7) determine the possibility of an ener-
getically favorable realization of the VCR phenomenon
for all the angles � within the interval 0 � � � �m [where
�m may be obtained from (6)], which is in agreement with
experimental data [2,26].

Condition (4) coincides with (6) and (7), when v1 � v0
in (5) with "p > 0, because, in this case, the left-hand
side of (5) is equal to zero.

In the nonrelativistic limit, when v0 � c and vp � c
from (5) for "p > 0, the Landau criterion [13] may be
obtained:

~"� �pv0�< 0; (8)

where ~" � "p�1�
�������������
1�

v2
p

c2

q
� �

"pv2
p

2c2 is the only kinetic
energy of excitation. Then ~" �

vpp
2 and the group velocity

coincides with the corresponding phase threshold veloc-
ity vth �

vp

2 , as in the Landau criterion [13] [see also
Frank (1959) [4] ].

In the next part, we consider the threshold condi-
tions (6) and (7) in comparison with some experimental
data [2] [Cherenkov (1959)] and with the VCR classic
theory [1,3,4,6–8].

3. Comparison of new theory with classic VCR theory
and experiment.—According to [2], the VCR effect is
observed in the whole region of the angles 0 � � � �A;Bm

with the maximum of radiation intensity I��� at the angle
� � �A;B0 < �A;Bm . Here, the index A corresponds to � rays
of ThC00, and the index B corresponds to theVCR induced
by Ra. Thus, I��� � 0, when � > �A;Bm and I��� � 0 for
� � 0. In [26], the same result was also obtained for the
VCR realization through the direct use of high-energy
electron beams. Let us determine the threshold velocity
parameter �A;B

� � 1
n� cos�

A;B
m

from (6) [or from (4) if " ! 0]

and also the same parameter �A;B � 1
n cos�A;Bm

from the

classic VCR theory [1,3,4,6–8]. The comparison of these
parameters �A;B

� and �A;B for the values of �A;Bm , which are
obtained from the experimental data [2], is illustrated in
Table I for the VCR effect in different mediums.

It follows from Table I that the VCR classic theory
yields the unreal values of �A;B > 1, while �A;B

� is smaller
than the unit for all the sources of � rays and for all the
threshold angles (�Am; �Bm) of Cherenkov radiation realization in

�A
� � v0

c �B
� � v0

c �A � v0

c �B � v0

c

1 0.6718 0.6049 1.1177 1.0064
8 0.8103 0.6303 1.392 1.083
6 0.8315 0.6581 1.4556 1.152

0.9519 0.6217 1.689 1.103
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mediums, where theVCR effect is detected [2]. Of course,
if we replace �A;Bm by �A;B0 in the determination of �A;B, the
physical real result �A;B < 1 is also obtained for theVCR
classic theory [1,3,4,6–8].

The present relativistic generalization of the Landau
criterion gives the favorable energetic base for the VCR
phenomenon threshold realization in all angles 0 � � �
�m, which are detected in experiment [2,26]. Thus, the
integral VCR intensity for all angles 0 � � � �m in the
present VCR theory and in experiment must be identical.
From the other side, the coherent nature of VCR must give
an interference distribution of VCR intensity I���, when
the interference maximum of intensity I��� takes place at
� � �0 with �0 < �m. The traditional VCR theory tied
only with this interference maximum of VCR at � � �0
and does not consider at all the energetic base for a
threshold arising of this coherent VCR. Actually, this is
clearer for the case of plasma with n < 1, where the
traditional VCR theory total excludes the possibility of
the Cherenkov radiation in the form of transverse high-
frequency electromagnetic waves. From the other side,
the present VCR theory gives this possibility due to the
transformation of longitudinal Bose-condensed plasmon
into the transverse Cherenkov photon during the scatter-
ing of a plasmon on the relativistic electron, which has
superthreshold velocity (see also [20,24]).

Note also that, in connection with the many problems
of plasma physics, the conditions (6), (7), and (4) for n <
1 may give the useful possibility for effective emission of
transverse electromagnetic waves due to the direct VCR
effect, when extremely long wave Bose-condensed ele-
mentary plasmons may converse into unbremsstrahlung
VCR [20].
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