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The consistency of a nonlinear system’s response to a repeated complex waveform drive signal is an
important consideration in classical and quantum systems as diverse as lasers, neuronal networks, and
manufacturing plants. We show from a consideration of different characteristic waveforms that there is
typically an optimal drive amplitude for the most consistent response; internal noise sources dominate
for small amplitude driving while deterministic system nonlinearity reduces consistency for large
amplitudes. We test this general concept and its measurement experimentally and numerically on the

specific example of a laser system.
DOI: 10.1103/PhysRevLett.93.244102

Many nonlinear dynamical systems have an ability to
generate consistent outputs when driven by a repeated
external signal. Consistency is defined as the reproduc-
ibility of response waveforms in a nonlinear dynamical
system driven repeatedly by a signal, starting from dif-
ferent initial conditions of the system. Consistency of
dynamics is essential for information transmission in
biological and physiological systems and for reproduction
of spatiotemporal patterns in nature. Consistency tests
could be applied in noninvasive diagnostic procedures
to detect changes in system parameters due to aging,
catastrophic events, or other system changes.

Several phenomena related to consistency have been
studied in various nonlinear dynamical systems.
Generalized synchronization has been observed [1-3] in
which there is a functional relation between the dynamics
of a drive and response system, but the dynamics may
differ greatly in character. If one now couples two inde-
pendent but identical response systems with the drive
system under generalized synchronization, the response
systems, starting from different initial conditions,
display identical synchronization after transients have
disappeared. Noise-induced synchronization is a phe-
nomenon where two identical nonlinear systems driven
by a common noise signal can be identically synchro-
nized to each other [4]. Reliability of spike timing in
neurons has been investigated [5], where neurons that are
repeatedly driven by a random drive signal can fire a
consistent spike train with high temporal precision. The
characteristics of these three examples of drive-response
systems are contained within the more general concept of
consistency. Reproducibility of the response outputs with
respect to a repeated drive signal is essential for all three
phenomena.

In stochastic resonance [6] and coherence resonance
[71, it is the periodicity or coherence of the system re-
sponse that is of interest, and this is modified by an
external noise signal. Here, the focus is on the reproduc-
ibility or consistency of the system response to a re-
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peated, complex waveform drive signal. The response
signal may or may not have a functional relationship to
the drive signal; its consistency is a measure of the ability
of the external drive to interact with and excite the system
degrees of freedom in a reproducible fashion. If the drive
signal is too weak, it cannot overcome the effect of
internal noise sources; if it is too strong, it may determin-
istically destabilize the response of the nonlinearly
coupled degrees of freedom.

The concept of consistency is illustrated in Fig. 1. Any
complex waveform such as deterministic chaos or sto-
chastic noise can be used as a drive signal. This drive
signal is sent repeatedly to a nonlinear dynamical system
(called the response system) starting from arbitrary ini-
tial conditions. Complex temporal waveforms of the re-
sponse system are obtained at each repetition of the drive
signal. Consistency can be defined as the ability of a
system to produce identical response outputs after some
transient period, when the system is driven by a repeated
drive signal. In this Letter we introduce a quantitative
measure of consistency, and experimentally and numeri-
cally demonstrate its measurement in the dynamics of a
physical laser system driven repeatedly by a complex
waveform. We observe and explain three regimes of re-
sponse—a growth in consistency as the drive signal
amplitude increases, followed by optimal consistency,
and then a decrease of consistency as the drive amplitude
increases still further. We believe that these are general
features of the response of nonlinear systems with several
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coupled degrees of freedom when sources of internal
noise are present.

To test consistency, we used chaos and noise waveforms
as drive signals. Our nonlinear dynamical system was a
laser-diode-pumped neodymium-doped yttrium alumi-
num garnet (Nd:YAG) microchip laser, similar to that
used for the observation of generalized synchronization
of chaos [3], except no feedback loop was used. Two
longitudinal modes are observed in the output of the laser
in a wide range of pump power. An acousto-optic modu-
lator (AOM) is inserted in the laser cavity to modulate the
loss of the laser cavity. The digitized drive signal stored
in a computer is sent to the AOM in the laser system
through an amplifier and a low-pass filter to smooth the
signal by using an arbitrary function generator connected
with the computer. The response laser system is driven
repeatedly by the same drive signal, and the temporal
waveform of the response laser output is detected by
using a digital oscilloscope and photodiode. We compare
the detected signals for different repetitions to observe
the consistency of the response waveforms.

First we used a chaotic signal generated by the same
laser system with closed feedback loop as a drive signal
[3]. The chaotic signal is sent to the response laser re-
peatedly. Temporal waveforms of the chaotic drive signal
and two response laser outputs obtained from our experi-
ment are shown in Fig. 2(a). Two consistent response
outputs are clearly observed after a transient of ~1 ms
in Fig. 2(a), even though the drive and response signals
are totally different. We next used a colored noise signal
generated by a numerical algorithm [8] as a drive signal
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FIG. 2. Experimental results of temporal waveforms of
(a) the chaotic drive signal and (b) the colored noise drive
signal, and two corresponding response laser outputs.
Numerical results of the temporal waveforms of (c) the chaotic
drive signal and (d) the colored noise drive signal, and two
corresponding response laser outputs. Consistent outputs are
observed for all the figures after transient.

and sent the noise signal to the laser system repeatedly.
The inverse of the correlation time for the colored noise is
set to be 40 kHz. Temporal waveforms obtained from our
experiments are shown in Fig. 2(b). Consistent outputs of
the response laser driven by the same colored noise signal
are obtained after transients as well.

Corresponding numerical results for chaotic and col-
ored noise drive signals are shown in Figs. 2(c) and 2(d),
respectively. Two response outputs starting from different
initial conditions converge to the consistent outputs after
transients in both cases. These numerical results agree
well with our experimental observation shown in
Figs. 2(a) and 2(b). We observed two longitudinal laser
modes in our experiments, resulting in a dynamical sys-
tem with 8 degrees of freedom. The numerical calcula-
tions to explain our experimental observations and to
investigate the detailed characteristics of consistency
were performed on the Tang-Statz-deMars (TSD) model
which includes the effect of spatial hole burning in a two-
mode laser [9]. The equations for the response laser are as
follows [3]:
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where n; is the space-averaged component of population
inversion density with spatial hole burning, normalized
by the threshold value. n; and n, are the spatial Fourier
components of population inversion density for the two
longitudinal modes. ¢; and e, are the normalized complex
electrical fields for the two-mode laser lights. wy = 1.57
is the optical pump parameter scaled to the laser thresh-
old. y; = 1.00 and vy, = 0.93 are the gain coefficients for
the two modes. K = 7¢/7, = 2.42 X 10*, where 7 =
0.23 ms is the upper state lifetime and 7, = 9.5 ns is
the photon lifetime in the laser cavity. 8 = 1.44 X 102
is the cutoff frequency of the low-pass filter (correspond-
ing to 100 kHz) [3]. The bias voltage of the AOM is
represented by the normalized variable B = 2.67. a =
4.0 X 1073 is the amplitude of the loss modulation, and
the amplitude of the photodiode response is R = 0.73.
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14(z) is the drive signal. The total intensity of the response
waveform is calculated from I,(1) = |e;|> + |e,|?. &, and
&, are the internal white Gaussian noise due to quantum
fluctuation for the two-mode laser. Time for the equations
is scaled by 7;. Numerical results are calculated with the
fourth-order Runge-Kutta-Gill method.

We used chaos and colored noise waveforms as drive
signals I4(r) exactly as in our experiments. For a chaotic
drive signal we make a copy of the set of response
equations in order to construct a system of equations
simulating a chaotic drive laser with optoelectronic
self-feedback [3]. We generated colored noise from the
numerical algorithm [8], such that (I;(t)I4(r + 7)) =
2D/7.) exp(—7/7.), with 1/7, = 40 kHz.

To investigate the characteristics of consistency, we
quantitatively define the consistency parameter C as the
cross correlation of two temporal response waveforms
normalized by the product of their standard deviations;
ie.,

c

(U= 1)U — Ty
O40pR ’

)

where I, and Ip are the total intensities of the two
response waveforms, I, and I are the mean values of
the two response waveforms, and o, and op are the
standard deviations of the two response waveforms. The
angle brackets denote time averaging.

We calculated the time evolution of the consistency C
from the time series shown in Figs. 2(a) and 2(b). The
consistency is averaged over 0.1 ms and calculated con-
tinuously. The amplitude of the drive waveform is mea-
sured by its standard deviation, o. The results are shown
in Fig. 3. For the curves indicated by the label ““consis-
tent,” the consistency parameter gradually increases dur-
ing the transient region over the first ~1 ms and stays at a
value close to 1 after that, for both chaos and colored
noise drive waveforms. However, when the amplitude of
the drive waveforms is increased, the consistency fluctu-
ates between —1 and 1 as shown in the curves indicated
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FIG. 3. Time evolution of the consistency parameter C calcu-
lated from Eq. (7). The curves indicated as consistent are
obtained from the temporal waveforms shown in Figs. 2(a)
and 2(b). (a) Experimental result with chaos drive
signal; consistent, o = 0.035; inconsistent, o = 0.12;
(b) experimental result with colored noise signal; consistent,
o = 0.045; inconsistent, o = 0.15.

by the label “inconsistent.”” The achievement of consis-
tency is dependent on the amplitude of the drive signal.

We varied the amplitude of the drive waveform to
measure the characteristics of consistency. We computed
the average of the consistency parameter C over 13 ms
after the transient period. Our experimental results for
the consistency as a function of the amplitude of the drive
waveform is shown in Fig. 4(a) for chaos and colored
noise drives. There is a maximum of the consistency
curve for both drive signals as the amplitude is increased.
At the very small amplitude region (o < 0.02), consistent
outputs are not observed because the internal noise-
driven relaxation oscillations are dominant in the laser
output. As the amplitude is increased, the drive signal
overcomes the internal noise and optimal, consistent out-
puts are observed. When the amplitude of the drive signal
is increased further, the consistency decreases and incon-
sistent outputs are observed. Our numerical results indi-
cate a similar curve with the maximum peak of
consistency as shown in Fig. 4(b) (solid curve) for the
chaos drive signal. In order to explain the development of
inconsistency in the case of strong driving, the maximal
conditional Lyapunov exponent along the trajectory of
the response laser output is also estimated without the
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FIG. 4. (a) Experimental result of the consistency parameter
C as a function of the amplitude (measured as the standard
deviation) of the chaos (solid curve) and colored noise (dashed
curve) drive signals. (b) Numerical result of C (solid curve) and
the maximal conditional Lyapunov exponent (dotted curve) as
a function of the amplitude of the chaos drive signal.
(c) Numerical result of C (solid curve) and the maximal condi-
tional Lyapunov exponent (dotted curve) as a function of the
amplitude of colored noise and white noise drive signals.
(d) Thresholds for inconsistency with drive amplitude (solid
curve) and with response amplitude (dotted line) as a function
of the inverse of the correlation time 1/, for the colored noise
drive signal. Note that the minimum of the solid curve co-
incides with the laser relaxation oscillation frequency.
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internal noise terms ¢ [dotted curve of Fig. 4(b)] [1,3]. We
found that inconsistency appears at large drive ampli-
tudes when the sign of the conditional Lyapunov exponent
changes from negative to positive. This result suggests
that dynamical response of the nonlinear system gener-
ates inconsistency for large amplitude drive waveforms.
On the other hand, inconsistency appears at small drive
amplitudes even though the conditional Lyapunov expo-
nent is negative. In this region, internal noise dominates
and prevents consistency. Consistency is thus optimized
between these two regimes for some intermediate ampli-
tude of drive waveform.

We define the threshold for inconsistency as the drive
amplitude at which the sign of the conditional Lyapunov
exponent changes from negative to positive values. The
threshold is dependent on the type of drive waveform. Our
numerical results show that the threshold for the chaos
drive signal (o, chaos = 0.061) is smaller than that for the
colored noise drive signal (o, cojor = 0.20) shown as seen
in Figs. 4(b) and 4(c). Since the chaotic signal is gener-
ated from the same laser system, it excites the dynamics
of the laser system more effectively than the colored
noise signal. This chaotic excitation thus leads more
quickly to instability and reduces the threshold for in-
consistency with the chaotic drive signal than with the
colored noise drive. In the limit of 7. — 0, which repre-
sents white noise, we do not find a threshold for incon-
sistency as shown in Fig. 4(c). This point is further
clarified when we change the correlation time 7, for the
colored noise systematically. The threshold for inconsis-
tency for the colored noise is plotted as a function of 1/7,
as shown in Fig. 4(d) (solid curve). The threshold value
changes as 1/, is changed. The curve of the threshold for
inconsistency displays a clear minimum around a fre-
quency of 80 kHz which corresponds to the relaxation
oscillation frequency of the laser. As 1/7, differs further
from the relaxation oscillation frequency, the inconsis-
tency threshold value becomes larger. In the high band-
width (white noise) limit, the inconsistency threshold
appears to become infinite and consistency is always
maintained with strong driving.

We also measure the amplitude of the response laser
outputs at the threshold for inconsistency in Fig. 4(d)
(dotted line). It is worth noting that the amplitude of
the response outputs is almost constant when 1/7, of
the colored noise is changed as shown in Fig. 4(d).
Therefore the threshold for inconsistency is dominated
by the amplitude of the response laser output,
T response — 0-18, 1.e., by the nature of its deterministic
dynamics in response to the drive signal.

In conclusion, we have quantitatively defined a mea-
sure of consistency for the response of nonlinear systems
to external drive waveforms. We have experimentally and
numerically determined the consistency of response out-
put in a laser driven repeatedly by different complex

waveforms—chaos and colored noise with different
bandwidths. An increase of consistency is observed as
the amplitude of the drive signal is increased for both
chaos and colored noise drive signals. After reaching an
optimal value which is dependent on the internal noise
strength, the consistency begins to decrease due to the
deterministic dynamics of the nonlinear response as
shown by the change in sign of the conditional
Lyapunov exponent. These aspects of consistency of re-
sponse to drive waveforms may be general features that
can be observed in many driven nonlinear classical and
quantum systems.
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