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Thomson Scattering from Ultrashort and Ultraintense Laser Pulses
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The Thomson scattering in an ultraintense (�1018 W cm�2) and ultrashort (20 fs) laser field is
calculated that demonstrates different characteristics from those of the low-intensity field case. The
electron trajectory no longer conforms to a figure-eight pattern, and the spectra demonstrate complex
shifting and broadening to suggest that Thomson scattering can be used for characterizing pulsed
lasers. The initial phase at the electron entrance of the field can critically affect the Thomson scattering,
but its effect is weighted by the intensity profile of the field. As a result, the fourfold symmetry of the
radiation pattern breaks down when the electron enters the field closer to the pulse peak. The
relationship between the Thomson scattering and Compton scattering in the high field is analyzed.
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Introduction.—Rapid progress in producing ultrain-
tense laser fields has created an emerging high-field phys-
ics, and the electron-photon interaction is at the core of
the subject. For example, Thomson scattering in intense
laser fields has shown much more complex characteristics
[1–4] than scattering in weaker fields.

Thomson scattering and Compton scattering are used
to describe the process of light scattering from a free
electron. In the low-field regime, Thomson scattering can
be considered as the low-energy limit of Compton scat-
tering, focusing only on the wave aspect of the field. In
the high-field regime, the photon aspect may not be com-
pletely neglected even if the photon energy is low, be-
cause the electron can coherently interact with a large
number of photons. Therefore, before we focus our discus-
sion on the Thomson scattering, we will evaluate the dist-
inction between the two processes in an ultraintense field.

The distinction between strong field-electron scatter-
ing and its weak field counterpart lies in the number of
photons with which the electron can simultaneously in-
teract. Note that the electron cannot interact with all
photons in the field but only with a number of coherent-
interacting or ‘‘dressed’’ photons in a volume defined by
characteristic lengths of both the field and electron, the
wavelength � and the electron classical radius re.With the
photon density given by � � n

V�
, the number of the

dressed photons z is then z � Cre�2 n
V�

, where C is a
geometric factor. Assuming C � 1

2
 , the total energy of
the dressed photons becomes

Up � z �h! �
1

2

re�

2 n
V�

�h!; (1)

which is exactly the ponderomotive energy derived
from the quantum electrodynamic theory [5]. The ex-
pression reduces to the classical definition of ponderomo-
tive energy by letting n

V�
�h!c � I, where c is the speed of

light and I is the laser intensity. At high intensity
(1014 W cm�2 and above), the ponderomotive energy Up

becomes indispensable in the energy conservation for any
04=93(24)=243001(4)$22.50 24300
laser-matter interaction processes, e.g., above threshold
ionization (ATI) and high-order harmonic generation,
because its value already exceeds the single photon en-
ergy �h!.

A momentum counterpart of the ponderomotive energy
should exist that can be defined as the total momentum of
the dressed photons, Pp � z �hk that is parallel to the
individual photon momentum. The ponderomotive four-
momentum is thus formed:

�Up;Pp� � zk � z� �h!; �hk�; (2)

which is on the light cone (j Pp j� cUp) rather than the
electron mass shell [6].

The emergence of the ponderomotive four-momentum
ensures a qualitative difference for the electron-photon
scattering process because it enters the four-momentum
conservation equation. In other words, the dressed elec-
tron has to be treated differently from a free electron. We
first consider the process of injecting a free electron into
the inside of the field whose four-momentum conserva-
tion is expressed by

Pi � lk � P� nk� zk� k01; (3)

where Pi � ��0mc2; �0mv� and P � ��mc2; �mv� are the
electron four-momentum before and after it enters the
field, and � � 1=

����������������������
1� �v=c�2

p
. Here l; n are the photon

numbers of the field before and after the electron enters
the field, respectively, and k01 is the four-momentum of the
secondary photon. Equation (3) can be simplified to

Pi � �j� z�k � P� k01; (4)

where j � l� n is the number of photons absorbed to ac-
count for the change of electron four-momentum P� Pi,
generation of a spontaneous photon k01, and the acquiring
of the ponderomotive four-momentum zk. In the high-
field regime, z is large, e.g., z� 104–5 for intensity
�1018 W cm�2; therefore j is also large. This high-order
multiphoton process cannot be reduced to the case of
Thomson scattering.
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Experimentally, it is found that injecting free electrons
into the high-field region is difficult as the ponderomotive
energy can repel the electrons. The process is understood
as ponderomotive scattering [7]. One way to overcome
ponderomotive scattering is to produce the electrons
through ionization so that the free electron is born within
the field [3,8]. We will assume this ionization condition
and leave the discussion of ponderomotive scattering to
another treatise. However, we would like to point out that
a resonant ponderomotive scattering exists for z �
integer, i.e., when the ponderomotive energy is an integer
multiple of the photon energy. Referring to Eq. (4), at this
resonant condition the electron can tunnel into the field
(P � Pi) without creating a spontaneous photon (k01),
similar to the resonant effect predicted for the electron
exiting the field during an ATI process [9].

Now that the electron is completely within the laser
field and has gained the ponderomotive four-momentum,
the new four-momentum conservation is given by

P� nk� zk � P0 �mk� zk� k02; (5)

where k02 is another spontaneous photon emitted inside the
laser field and P0 is the four-momentum of the electron
due to the recoil. Notice Eq. (5) becomes

P� j0k � P0 � k02; (6)

where the photon absorption j0 � n�m can be a small
number after canceling the large ponderomotive terms. At
low photon energy, the process described by Eq. (6) can
thus be regarded as the low-energy limit of the Compton
scattering, even for ultraintense field values.

Our conclusion is that the high-field-electron interac-
tion process must be divided into a Compton-like pon-
deromotive scattering, in which the electron penetrates
and leaves the field, and a Thomson scattering once the
electron is within the field. Only the radiation from the
electron within the field is treatable by the classical
electrodynamics, while the ponderomotive scattering
process may have to be calculated via a quantum electro-
dynamic formalism. The nonlinear Thomson scattering
experiment [3] shows that the dominant radiation is from
the electron in the field.

Electron trajectory.—The classical approach to the
Thomson scattering is a straightforward two-step calcu-
lation: First, use Newton’s laws to find the electron tra-
jectory, and then use Maxwell’s equations to calculate the
radiation. Only recently has the theory been extended to
an ultraintense field to address such topics as the figure-
eight motion, harmonic generation, and the initial phase
effects [1,2,10–12], and the work on a high-field pulsed
laser has just begun [13].

The electron trajectory in the field is governed by the
relativistic equations of motion:

dP
dt

�q
E�r;t��v�B�r;t��;
dE
dt

�qv E�r;t�; (7)
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where P � �mv and E � �mc2. A linearly polarized (in
the x direction) laser pulse traveling in the z direction is
described by E�r;t��f�t� k̂ r=c�x̂cos�!t�k r���,
where f�t� k̂ r=c� is the pulse shape function. A Gauss-
ian pulse is assumed as f�t� k̂  r=c� � exp
�4 ln�2��
�t� k̂  r=c�2=T2�, where T is the pulse width. The mag-
netic field relates to the electric field by B�r; t� � 1

cE�r; t�.
� is the initial phase of the laser field, which is deter-
mined by the laser field and can be set to zero. � is
different from the initial phase that the electron sees
when it enters the field, which we denote as the entrance
initial phase or entrance phase  0 � !t0 � k  r�t0�.  0
has been shown to have significant effects on Thomson
scattering in a continuous field [12,14]; however, in a
pulse field, its role has to be weighted by the pulse
function f�t� k̂  r=c�. The detailed analysis will be
presented in the section Phase dependence.

Equations (7) can be solved numerically, given the
pulse shape. It is to be noted that the term k  r inside
cos�!t� k  r� is not fixed due to the ponderomotive
momentum and has to be solved for simultaneously
with Eqs. (7) to give the correct local field strength on
the electron. In the following calculation, the laser field is
chosen to have a center wavelength of � � 1 !m and a
pulse width of 20 fs with a peak intensity of 1018 W cm�2.
We assume the electron is born still inside the field well
before the peak arrives, i.e., vx�t0� � 0;vz�t0� � 0 at
t0 � �4T.

Figure 1 shows the velocity waveforms of the electron
in both transverse (x-axis) and forward (z-axis) directions.
At the given intensity, the electron is driven to relativistic
speed in both directions, which is of interest for laser
acceleration. However, the electron loses its gained mo-
mentum at the tail of the pulse; therefore, it is a challenge
to preserve the high momentum the electron acquires
from the laser field once it leaves the field.

The longitudinal motion oscillates with twice the fre-
quency of the transverse motion, which results in second
harmonic generation. The electron never moves back-
wards, and the mean value of the oscillation corre-
sponds to the ponderomotive momentum [6] that causes
the oscillation frequency to be lower than the laser fre-
quency. This would predict a redshift of the radiation
spectra.

Figure 2 shows the electron trajectory. We plot x�t�
versus z�t�, with x�t0� � 0 and z�t0� � 0. Notice that the
presumed figure-eight trajectory cannot be realized be-
cause the electron never moves backward. The breakdown
of the figure-eight pattern is also manifested by the sharp
edges in the trajectory in Fig. 2, which was also demon-
strated both theoretically [13] and experimentally [15] in
previous works.

Radiation spectra.—Now that the electron motion is
known, the radiation phenomena are described by the
Lienard-Wiechert theorem. The energy radiated per unit
solid angle per unit frequency interval [16] is given by
-2
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FIG. 1. Velocity waveforms normalized by the speed of light
in (a) transverse and (b) forward directions for a 1 !m wave-
length and 20 fs pulsed field with peak intensity 1018 W cm�2.
The waveform of the laser field observed at a fixed position is
also shown (dotted line) in arbitrary units for comparison of
the phases.
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d2W
d!d�

�
e2!2

4
2c3

�Z 1

�1
dtfn� 
n� v�t��g

� expfi!
t� n  r�t�=c�g
�
2
; (8)

where n is the unit vector directed from the origin to the
observation point. Both v�t� and r�t� are measured in the
laboratory frame, so the solution of Eqs. (7) can be used
directly.

Figure 3 shows the radiation spectra of back scattering
($ � 180�; see the inset for the polar coordinate) from
the same laser pulse in Fig. 1 and t0 � �4T � �80 fs. As
in the continuous field case with zero entrance phase, only
the odd harmonics are produced [12], but with significant
redshift. The higher order harmonics have greater fre-
quency shifts, and all harmonics shift more at higher
intensity. The spectra are broader than the transform-
limited width of the laser field, with the maximum shifts
corresponding to the peak intensity. The extremely broad-
ened harmonic spectra resemble those observed experi-
mentally [3]. The multiple-peak structure is likely due to
the coherent relation between the transverse and longitu-
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FIG. 2. The electron trajectory observed from the laboratory
frame does not follow figure-eight pattern. The laser field is the
same as that in Fig. 1.
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dinal motions. These spectral details suggest that
Thomson scattering can be used to characterize the ul-
trashort and ultraintense laser field.

A question arises as to how to discern harmonics when
the broadening causes them to overlap. The problem can
be partially solved if we move the observation point away
from the backward direction. In general, observers posi-
tioned at small values of the angle $ observe less spectral
broadening at a given intensity. Equation (9) relates the
broadening to the peak intensity Ipeak and wavelength at
different observation angles $,

�! � �n!0

�
�1� cos$��1=2
c�re�2Ipeak

�0mc2 � �1� cos$��1=2
c�re�2Ipeak

�
;

(9)

where n is the harmonic order. Notice that a high intensity
pulse spreads the harmonics down to much lower frequen-
cies so that the Thomson scattering might be exploited as
a novel ‘‘lower frequency,’’ such as THz, radiation source.

Phase dependence.—The entrance initial phase, de-
fined as the phase the electron sees when it enters the
field, can critically affect the electron trajectory in a
continuous field [12,14]. For a pulse, however, one would
argue that if the electron intercepts the field well before
the peak arrives, any phase effects have to be minimized
due to causality. This suggests that the dependence on the
phase should be weighted by the pulse profile. A mathe-
matical analysis of the above statement is outlined here.
The symbolic solution to Eqs. (7) can be expressed by

P�t� � P�t0� �
Z t

t0
dt0qf�t0�
x̂ cos�!t0 � k  r�

� �v� x̂� cos�!t0 � k  r��=c: (10)
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FIG. 3. Spectrum for 1 !m, 20 fs laser pulse with peak
intensity (a) 2� 1018 W cm�2, (b) 1� 1018 W cm�2, and
(c) 5� 1017 W cm�2.
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FIG. 4. Azimuthal angular distribution observed at $ � 90�

and ! � 2!0 for the electron entrance time at t0 � �4T (solid
line), t0 � �T (�), and t0 � �1:008T (�). As indicated, the
polarization is along the ' � 0� direction. The laser pulse is
1 !m and 20 fs with peak intensity 1� 1018W cm�2.
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Knowing that f�t� oscillates more slowly than the field
itself, the above equation can be reduced to the first order
approximation:

P �t� � P�t0� � q
f�t�G�t� � f�t0�G�t0��; (11)

where the function G�t0� �
R
dt0
x̂ cos�!t0 � k  r� �

�v� x̂� cos�!t0 � k  r��=c is also fast oscillating.
Therefore the dynamics of the electron is dependent,
sensitively, on the initial phase  0 � !t0 � k  r�t0� at
the time the electron is born t0. However, G�t0�, which
represents the initial phase effect, is weighted by the
pulse function f�t0�. Thus, the initial phase effect is
maximum if the electron intercepts the field close to the
pulse peak, and diminishes if the electron is created
within the field well before the peak arrives.

Symmetry breakdown.—Here we predict an asymmetry
in the presumed fourfold symmetrical azimuthal radia-
tion pattern. The linear polarized field assures the reflec-
tion symmetry along the polarization ' � 0� axis.
Symmetry about the ' � 90� axis is usually assumed
because the electron spends virtually the same amount of
time interacting with the up and down sense of the field.
However, this assumption may not hold for an ultrashort
and ultraintense laser field where the electron can interact
much longer relatively with the field in one sense than the
other. As a result, the fourfold symmetry is reduced to
twofold symmetry about the polarization axis.

Figure 4 shows the azimuthal angular distribution for
the electron entering the field at different times.When the
electron enters the field well before the peak arrival (t0 �
�4T), the radiation demonstrates the fourfold symmetry.
However, when the electron is born in the field much
closer to the peak arrival (t0 ’ �T), only the symmetry
along the ' � 0� axis is preserved.

In experiments [3], multiple electrons entering the field
at different times spread the entrance phases, causing the
radiation to appear as fourfold symmetry. Symmetry
breakdown may be observed by using a single electron
or a prebunched electron beam. It is possible that the
broken symmetry can be utilized to pinpoint the ‘‘birth
time’’ of the free electron inside the laser field.

Conclusion.—In this work, we investigated the electron
interaction with an ultraintense and ultrashort laser pulse.
We presented the analysis to justify the classical theory
treatment of the Thomson scattering in the high field,
provided that the radiation during the electron entering
and leaving the field is excluded. The calculated dynam-
ics and emission of the electron inside the field reveal the
presence of the ponderomotive momentum. The fourfold
symmetry of the spatial distribution can be broken, with
the outcome depending on the initial phase and the posi-
tion of the pulse envelope at the time the electron is
created in the field. These results suggest that the
Thomson scattering can be employed to characterize
the ultraintense and ultrashort laser fields and to study
the ultrafast dynamics of the electrons.
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