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Origin of Apparent Critical Thickness for Island Formation in Heteroepitaxy
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We find that a continuum model of heteroepitaxy exhibits a sharp crossover with increasing
coverage, from planar growth to island formation. The ‘‘critical thickness’’ at which this Stranski-
Krastanov transition occurs depends sensitively on misfit strain, with a dependence strikingly similar
to that seen experimentally. The initial planar growth occurs because of intermixing of deposited
material with the substrate. While the transition is strictly kinetic in nature, it depends only weakly on
growth rate. The role of surface segregation is also discussed.
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FIG. 1 (color online). Evolution of structure and composition
during heteroepitaxy, for nominal Si0:60Ge0:40 on Si(001), at
deposition rate of 104 (arbitrary units). The onset of nonplanar
morphology is more abrupt at lower growth rates. Colors
indicate composition, from pure Si substrate (bottom) to
Si0:62Ge0:38 (top). The bottom panel is the initial surface
(slightly nonplanar), and subsequent panels are at equal time
intervals. The figure shows one unit cell of periodic system; the
lateral size is 640ws. Surface-layer thickness ws is indicated by
a black rectangle in bottom panel; the vertical scale is greatly
expanded to show the small perturbation. The rectangle is
repeated in the same position in subsequent panels for refer-
ence. Surface steps are a graphical artifact.
In heteroepitaxial growth of strained layers, the grow-
ing layer often remains planar up to some ‘‘critical thick-
ness,’’ at which point three-dimensional (3D) islands
form [1–6]. This Stranski-Krastanov transition is of great
practical importance, since many device structures re-
quire smooth planar layers, while 3D islands hold promise
as self-assembled quantum dots [7].

The transition also poses a long-standing puzzle in the
understanding of heteroepitaxy. A thick planar layer
under stress is known to be unstable [8,9] and ultimately
forms 3D islands [4]. On the other hand, atomically thin
layers can be stabilized by surface and interface energy.
For the two most-studied systems, Ge on Si(001) and
InAs on GaAs(001), islands appear only after deposition
of a few atomic layers [1,3,4]. Calculations for Ge on
Si(001) suggest that there are stabilizing finite-thickness
effects and that these may be sufficiently large to explain
the observed thickness [10].

The real puzzle is the behavior of alloys having lower
strain—InxGa1�xAs on GaAs or GexSi1�x on Si. As the
composition x and the corresponding misfit strain are
reduced, the critical thickness is observed to increase
dramatically. Transition thicknesses as large as 3–10 nm
[2,6] are seen for moderately In-poor InGaAs on
GaAs(001), corresponding to 10–30 monolayers (ML);
and similar behavior is seen for GeSi on Si(001) [5]. In
principle, this could be explained by the persistence of
stabilizing surface-substrate interactions up to such large
thicknesses [11,12], but there is no direct evidence for
such a mechanism. At the same time, kinetic models
might be expected to give a critical thickness that is
sensitive to growth rate [13], while no dramatic depen-
dence has been noted experimentally.

Here we report extensive simulations of strained-layer
growth, using a continuum model that properly accounts
for the alloy compositional degrees of freedom [14,15].
Under generic assumptions, we find behavior closely re-
sembling that seen experimentally, as illustrated in
Figs. 1 and 2. The surface remains rather flat up to some
thickness at which it suddenly starts to roughen. This
apparent critical thickness depends sensitively on compo-
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sition, but only weakly on deposition rate. Because the
behavior arises automatically in a published generic
model that was not constructed with the critical-thick-
ness problem in mind, we believe that we have identified a
key mechanism underlying the apparent transition.

Our results confirm the insightful proposal of Cullis
et al. [6] that the key factor controlling the transition is
the continuous increase of surface composition during
growth. Because of mixing between surface and subsur-
face layers, the surface composition is initially very dilute
and only asympotically approaches the composition of
the deposited material. The specific mechanism we find is
2004 The American Physical Society 216101-1
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FIG. 2 (color online). Apparent critical thickness vs compo-
sition cdep of the deposited material, for growth rates 1, 102,
and 104 (in arbitrary units). The bottom curve corresponds to
the slowest growth rate. (The dotted curve is the slowest
growth rate, including surface segregation as described in the
text.) The inset shows experimental results for InxGa1�xAs on
GaAs(001), from Ref. [2] (open circles) and from Ref. [6] (solid
squares). The lines in the inset are theoretical curves copied
from the main panel, with arbitrary vertical scaling chosen to
emphasize similarity to experiment.
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surprisingly simple. Strained layers are unstable, and the
growth rate of the instability is a very sensitive function
of strain [8]. Thus, as the surface composition increases,
the time scale for the instability decreases. The surface
remains essentially planar until this time scale becomes
comparable to the growth time. Surface segregation,
paradoxically, can increase the critical thickness, because
the surface-segregated layer does not contribute to the
strained-layer instability.

The model used here is described elsewhere [14,15]. In
brief, the system evolves by surface diffusion, while bulk
diffusion is assumed to be negligible. Atoms within a few
atomic layers of the surface are generally more mobile
than in the bulk [16,17], so we assume that atoms within a
depth ws (perhaps 2– 4 ML) are in equilibrium with the
surface. The free energy of this surface region, gs���, is a
function of �, which is the surface composition averaged
over the depth ws. In general, gs may be different than the
bulk free energy function gb, and any difference drives
surface segregation. The composition and morphology
evolve as
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Here the subscript 
 labels the two alloy components. F

is the incident flux of each component, D
 is the diffu-
sivity (taken as �
D0), v is the local growth velocity of
the surface normal to itself, and 
 is the chemical
potential for each species [14,15].
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We choose parameters based on Ge=Si�001� at 600 
C,
insofar as possible [18]. However, the results cannot be
compared quantitatively with any specific system. Here,
as in all treatments of stress-induced instability, a crucial
factor is the ‘‘surface stiffness’’ term �� in the chemical
potential [14,15], where � is the stiffness and � is the
local curvature of the surface. Yet while the surface
energy � is relatively well known for the Si(001) surface,
little is known about the surface stiffness � � ��
d2�=d�2. In fact, only recently has there been clear
evidence that the Ge=Si�001� surface is unfaceted (finite
stiffness) under typical growth conditions [19]. The stiff-
ness reflects the free energy of steps on the (001) surface,
so it may be a sensitive function of temperature, compo-
sition, and strain. The composition-dependent diffusivity
and the depth ws of interdiffusion are also poorly known.
We therefore focus on the qualitative aspects of the
behavior, which are insensitive to the specific parameters.
We refer to ‘‘Ge’’ and ‘‘Si’’ for convenience in discussing
the results, but we could as well refer to ‘‘InAs’’ and
‘‘GaAs,’’ the system most-studied experimentally.

We begin for simplicity with the case where � is
independent of composition, and there is no thermody-
namic driving force for surface segregation (gs � gb).
Figure 1 illustrates the evolution as Ge0:4Si0:6 is deposited
on a Si surface. The slight nonplanarity of the initial
surface, visible in Fig. 1, serves as the initial perturbation
which eventually triggers the instability. The deposited
material intermixes with a region of thickness ws, so as
long as the thickness of deposited material is much less
than ws, the composition at the surface is quite dilute. As
a result, the planar geometry remains stable, except at
wavelengths too long to be kinetically relevant; and the
initial perturbation actually decays. As more material is
deposited, the composition at the surface continuously
increases. The growth rate of a perturbation is a highly
nonlinear function of the composition, leading to the
rather abrupt onset of the instability.

To explore the behavior systematically, we use an effi-
cient linearized treatment, which is exact in the limit of
small perturbations. We consider equal initial height per-
turbations hq0 of the substrate at all q (white noise) and
calculate the time evolution of each hq. We take the
‘‘apparent critical thickness’’ to be the thickness at which
the largest jhqj is 10 times the original perturbation
amplitude hq0. (This criterion is somewhat arbitrary,
but because of the suddenness of growth, the choice of
criterion does not affect our conclusions.) It is already
understood that a rapidly growing instability will cause
the layer to break up into islands, so there is no need to
explicitly simulate this highly nonlinear process.

In Fig. 2, we show this calculated critical thickness vs
the composition cdep of the deposited material. The criti-
cal thickness depends rather weakly on the deposition
rate, considering the large range of rates shown. The
216101-2
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overall shape of the curve is strikingly similar to what is
seen experimentally (Fig. 2 inset).

In Fig. 3, we show in a more quantitative way the
evolution of surface morphology and composition for an
initial small sinusoidal perturbation of the substrate. As
in Fig. 1, the perturbation initially decays, because the
system is nearly unstrained. However, when the compo-
sition builds up sufficiently, the perturbation amplitude
begins to grow rapidly, leading to the appearance of an
abrupt transition.

The two solid lines in Fig. 3 correspond to different
deposition compositions, giving different critical thick-
nesses. However, in both cases, the ‘‘transition’’ occurs
when the surface composition reaches �23% Ge. This
supports a key conclusion of Cullis et al. [6] that the
critical thickness corresponds to the thickness at which
the surface composition reaches some threshold value.

Roughly speaking, we interpret this value of composi-
tion as follows. For a given growth rate F, there is a
characteristic time scale for growth which is inversely
proportional to F; for simplicity, we can take this time
scale as ws=F, the time to grow a layer of thickness ws.
There is a competing time scale, the time scale of the
instability, which depends on the surface composition [8],
decreasing with increasing misfit. Initially the composi-
tion is dilute (low strain) due to intermixing, and the
instability time scale is long compared to the time scale
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FIG. 3 (color online). Evolution of perturbation amplitude hq
and surface composition � with deposition thickness, at fixed
growth rate (1 in arbitrary units). The left (blue) curve of each
type (solid, dashed, and dotted) is for the deposition of
Ge0:40Si0:60; the right (red) curves are for Ge0:25Si0:75. In each
case we use the value of q that determines the critical thickness
in the case. The solid curves are results without surface segre-
gation. For results with surface segregation, we show separately
the composition ��1� of the surface monolayer (upper dotted
curves) and ��2� of the rest of ws (dashed curves). The hori-
zontal dashed line illustrates ‘‘critical composition.’’
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of growth, so the planar morphology appears stable. With
further deposition, the composition increases and the
instability time scale decreases. When the instability
time scale becomes comparable to the time scale of
growth, the instability of the planar morphology becomes
apparent. The critical composition thus depends on
growth rate. But the instability time scale is extremely
sensitive to composition (varying, in the simpler case of a
uniformly strained single component, as c8dep [8,20]), and
as a result, the critical composition and critical thickness
depend only relatively weakly on the growth rate. By
analogy with the single-component case, one might ex-
pect the apparent critical composition to vary as F1=8.

If there were strictly a critical composition ccrit below
which the planar surface is stable, the critical thickness in
Fig. 2 would diverge as cdep approaches ccrit [6]. Although
there is no divergence in our simulations, and no strict
ccrit, this simplified picture nevertheless provides useful
insight into the shape of the curves in Fig. 2, explaining
why the critical- thickness varies so much more rapidly
with cdep at lower cdep.

Note also that, because the surface composition is
continuously increasing, the instability time scale is con-
tinuously decreasing. Thus the growth of the perturbation
is faster than exponential, contributing to the suddenness
of the apparent transition.

A modest decrease in temperature can greatly decrease
the diffusivity, typically by a factor of exp��E=kT�,
where the activation energy E is nearly 2 eV for Si.
Within our model, a decrease in diffusivity (with no other
changes) is equivalent to an increase in growth rate in
Fig. 2 by the same factor. Thus from Fig. 2, we see that in
the regime where the critical thickness is large, a small
decrease in temperature may have an anomalously large
effect in increasing the critical thickness. The same is
true for a reduction in composition cdep.

Both InGaAs and SiGe exhibit strong, thermodynami-
cally driven surface segregation. To model such surface
segregation, we take ws to be 3 ML and divide it into a
surface ML of composition ��1� and two subsurface MLs
of composition ��2�, where ����1�=3�2��2�=3. We add to
the surface-layer free energy a term driving segregation,
gs!gs�U��1�=3, and we take U�0:2 eV=atom. For a
given surface composition �, the decomposition into ��1�

and ��2� is determined by minimization of free energy.
Thus internal equilibrium over the thickness ws corre-
sponds to strong enrichment of Ge in the top ML.

Figure 3 compares the evolution with and without
surface segregation. Since segregation increases the frac-
tion of strained material at the surface, it might be
expected to have a destabilizing effect [6]. However, we
find just the opposite, that if other parameters are un-
changed, surface segregation increases the critical thick-
ness. Moreover, the transition occurs at almost exactly the
same surface composition with or without surface segre-
216101-3
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gation, if we consider not the surface-segregated ML ��1�,
but rather the material ��2� immediately below (i.e., com-
paring solid and dashed lines in Fig. 3). The effect on
critical thickness is also shown in Fig. 2 for the slowest
growth rate.

Over a wide range of composition, the increase in
critical thickness hc due to surface segregation is well
described by �hc � 0:64c�1

dep ML. This can be understood
by referring to Fig. 3 and considering how it would look
for an idealized situation of perfect surface segregation.
The surface composition ��1�would rise linearly to 1, and
the composition for the rest of ws would remain zero until
the surface monolayer filled in. But the completed surface
monolayer gives a stress that is independent of the local
thickness; so it acts as a surface stress, not a bulk stress,
and does not contribute to the linear instability [21]. In
this case, we expect that surface segregation would in-
crease the critical thickness by �hc � c�1

dep ML.
In the actual simulations, the surface-monolayer com-

position is only �0:90 by the time the layer reaches its
critical thickness, and the composition just below has
been rising continuously, so the effect on critical thick-
ness is quantitatively reduced to �hc � 0:64c�1

dep ML. As
seen in Fig. 2, this simple behavior breaks down for
deposition composition below 30% Ge (perhaps because
the surface layer is not saturated with Ge).

For a fully faceted system, island formation is ex-
pected to be a nucleated phenomenon [9], unless aided
by kinetic roughening [22]. In either case, the rate for
island formation again depends extremely sensitively on
the alloy composition at the surface, so the behavior
would be similar to that described here (except that
kinetic roughening would introduce an additional depen-
dence on growth rate [22]).

Finally, we note that there are other factors that may be
important in specific systems, that are not included here.
Most importantly, the surface stiffness � could depend
sensitively on surface composition. (This also introduces
another important and competing role for surface segre-
gation.) In the most extreme case, the surface could
change from faceted to unfaceted (infinite to finite stiff-
ness �) with changing composition at fixed temperature.
The surface diffusivity could also be different for the two
alloy components and could have a nontrivial dependence
on composition. Also, we assume that the surface can
fully equilibrate over a depth ws during growth. But this
assumption could break down, especially for rapid
growth at low T; and ws could vary with T.

In conclusion, we find that a simple continuum model
of heteroepitaxy leads automatically to an apparent criti-
cal thickness for island formation. Moreover, the depen-
dence on composition is strikingly similar to what is seen
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experimentally. The physics is essentially the same as in
classic treatments of the strained-layer instability [8],
except that we include intermixing at the surface.
Within this model, there is no true transition, but rather
a kinetic crossover due to the continuous increase of
composition (and hence of stress) at the surface.
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